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Abstract

Video co ding has b een under in tense scrutin y during the last y ears. The published in ternational

standards rely on lo w-lev el vision concepts, th us b eing �rst-generation. Recen tly standardiza-

tion started in second-generation video co ding, supp orted on mid-lev el vision concepts suc h as

ob jects.

This thesis presen ts new arc hitectures for second-generation video co decs and some of the re-

quired analysis and co ding to ols.

The graph theoretic foundations of image analysis are presen ted and algorithms for generalized

shortest spanning tree problems are prop osed. In this ligh t, it is sho wn that basic v ersions

of sev eral region-orien ted segmen tation algorithms address the same problem. Globalization of

information is studied and sho wn to confer di�eren t prop erties to these algorithms, and to trans-

form region merging in recursiv e shortest spanning tree segmen tation (RSST). RSST algorithms

attempting to minimize global appro ximation error and using a�ne region mo dels are sho wn

to b e v ery e�ectiv e. A kno wledge-based segmen tation algorithm for mobile videotelephon y is

prop osed.

A new camera mo v emen t estimation algorithm is dev elop ed whic h is e�ectiv e for image stabiliza-

tion and scene cut detection. A camera mo v emen t comp ensation tec hnique for �rst-generation

co decs is also prop osed.

A systematization of partition t yp es and represen tations is p erformed with whic h partition

co ding to ols are o v erview ed. A fast appro ximate closed cubic spline algorithm is dev elop ed

with applications in partition co ding.

Keyw ords: visual co ding, second-generation video co ding, image analysis, image segmen tation,

temp oral coherence, motion estimation.
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Resumo

A co di�ca� c~ ao de v � �deo tem sido in tensamen te estudada nos �ultimos anos. As normas in ternacio-

nais j� a publicadas baseiam-se em conceitos da vis~ ao de baixo n � �v el, sendo p ortan to de primeira

gera� c~ ao. Come� cou recen temen te a normaliza� c~ ao de t � ecnicas de co di�ca� c~ ao de segunda gera� c~ ao,

sup ortada em conceitos da vis~ ao de m � edio n � �v el tais como ob jectos.

Esta tese apresen ta no v as arquitecturas para co di�cadores de v � �deo de segunda gera� c~ ao e algu-

mas das corresp onden tes ferramen tas de an� alise e co di�ca� c~ ao.

Apresen tam-se fundamen tos de teoria dos grafos aplicada �a an� alise de imagem e prop~ oem-se al-

goritmos para generaliza� c~ oes do problema da �arv ore abrangen te m � �nima. Mostra-se que v ers~ oes

b� asicas de v� arios algoritmos de segmen ta� c~ ao orien tados para a regi~ ao resolv em o mesmo pro-

blema. Estuda-se a globaliza� c~ ao de informa� c~ ao e mostra-se que confere propriedades diferen tes

a esses algoritmos, transformando o algoritmo de fus~ ao de regi~ oes no algoritmo de �arv ores

abrangen tes m � �nimas recursiv as (RSST). Mostra-se a e�c� acia de algoritmos RSST que ten tam

minimizar o erro global de apro xima� c~ ao e que usam mo delos de regi~ ao a�ns. Prop~ oe-se um

algoritmo baseado em conhecimen to pr � evio para segmen ta� c~ ao em v � �deo-telefonia m� ov el.

Desen v olv e-se um um algoritmo de estima� c~ ao de mo vimen tos de c^ amara e�caz na estabiliza� c~ ao

de imagem e na detec� c~ ao de m udan� cas de cena. Prop~ oe-se tam b � em uma t � ecnica de comp ensa� c~ ao

de mo vimen tos de c^ amara para co di�cadores de primeira-gera� c~ ao.

Sistematizam-se os tip os e as represen ta� c~ oes de regi~ oes, rev endo-se dep ois t � ecnicas de co di�ca� c~ ao

de parti� c~ oes. Desen v olv e-se um algoritmo r� apido e apro ximado para c� alculo de splines c � ubicas

fec hadas.

P ala vras c ha v e: co di�ca� c~ ao visual, co di�ca� c~ ao de v � �deo de segunda gera� c~ ao, an� alise de ima-

gem, segmen ta� c~ ao de imagem, co er ^ encia temp oral, estima� c~ ao de mo vimen to.
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Chapter 1

In tro duction

\The time has c ome," the Walrus said,

\T o talk of many things:"

Lewis Carroll

The p erformance of classical video co ding algorithms, in terms of the classical co ding criteria

(bitrate, distortion, and cost), seems to b e reac hing a plateau [161 , 3]. That is, the marginal

p erformance gains of tuning these algorithms are no w nearly negligible. According to Adelson

et al. [3 , 195], the classical approac hes use concepts usually related to lo w-lev el vision, suc h

as luminance, color, spatial frequency , temp oral frequency , lo cal motion, and lo w-lev el op era-

tors suc h as linear �ltering and transforms. New approac hes, using mid-lev el visual concepts,

suc h as regions, textures, surfaces, depth, global motion, and ligh ting, are deemed necessary

for a breakthrough in video co ding p erformance. This need has b een recognized for some time

no w [144, 141, 96], though limited computing capabilities ha v e hindered somewhat the adv ances

to w ards the implemen tation of complete mid-lev el vision video (second-generation) co ding al-

gorithms.

During the last y ears, and follo wing the ev er increasing adv ances of tec hnology , the use of image

and video in ev eryda y life has b een gro wing con tin uously . This has sparkled new needs among

users: in teractivit y , con ten t editing, and con ten t based indexing are just a few examples. These

needs require the access to the con ten t of video sequences. This access ma y , in some cases, b e

done after enco ding and deco ding, i.e., b y p erforming analysis at the receiv er side. In most

cases, though, it is essen tial to ha v e this capabilit y directly at bit stream lev el. Con ten t access

should th us b e done with a minim um of e�ort: a \fourth [co ding] criterion" has b een iden ti�ed,

coined b y Picard [162 ] as \con ten t access e�ort." This criterion is related to the complexit y or

e�ort required to access the video con ten t, and hence to pro vide con ten t-based facilities.

The results obtained un til no w b y mid-lev el vision video co ding algorithms, though extremely

imp ortan t, do not sho w p erformance impro v emen ts as large as initially exp ected [177 , 40, 30].
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2 CHAPTER 1. INTR ODUCTION

Ho w ev er, this apparen t lac k of success is truly a misjudgmen t, since the p erformance has b een

measured, un til no w, using only the bitrate, distortion, and cost criteria. When the fourth

criterion is in tro duced, the newly dev elop ed algorithms certainly ha v e a leading edge o v er the

classical ones: ob jects and regions, rather than square blo c ks, are what an user w an ts to in teract

with.

The new users' needs ha v e also b een recognized b y MPEG-4. These ideas w ere in tro duced

in MPEG-4 [138 ] b y asking for some \new or impro v ed functionalities" [139 ]: con ten t-based

manipulation and bit stream editing, con ten t-based m ultimedia data access to ols, and con ten t-

based scalabilit y .

This thesis summarizes a series of prop osals to w ards co ding of visual ob jects. The w ork has

progressed o v er a n um b er of y ears and can b e seen as a con tribution to the dev elopmen t of

second-generation visual co ding standards of whic h MPEG-4 is an example.

1.1 Structure of the thesis

Chapter 2, \Video and m ultimedia comm unications", con tains a brief o v erview of m ultimedia,

the In ternet and video comm unications. It can b e seen as a motiv ation for the w ork dev elop ed.

Video co decs are classi�ed as �rst-, second-, or third generation according to the analysis to ols

required: �rst-generation for lo w-lev el vision analysis, second-generation for mid-lev el vision

analysis, and third-generation for high-lev el vision analysis. A brief summary of the analysis

and co ding to ols prop osed in this thesis, organized according to the presen ted structure, can b e

found in Section 2.6.

Chapter 3, \Graph theoretic foundations for image analysis", de�nes most of the theoretical

concepts that are used throughout. In this c hapter the imp ortan t theory of spanning trees,

a branc h of graph theory , and related concepts using seeds, is discussed together with the

corresp onding algorithms. An amortized linear time algorithm is also presen ted for an imp ortan t

class of spanning tree problems.

Chapter 4, \Spatial analysis", con tains prop osals for a kno wledge-based mobile videotelephon y

segmen tation algorithm, an extended RSST (Recursiv e SST) segmen tation algorithm using an

a�ne region mo del, a sup ervised RSST segmen tation algorithm, i.e., a RSST algorithm using

seeds, and a time-recursiv e v ersion of the RSST algorithm pro viding time coheren t segmen tation

of mo ving images. The classical segmen tation algorithms, suc h as region gro wing, region merg-

ing, edge detection follo w ed b y con tour closing, are all describ ed in the framew ork of the theory

of spanning trees in tro duced in the previous c hapter. The relations b et w een these algorithms

is discussed in the common framew ork of spanning trees. The e�ects on these algorithms of

globalization of information are also discussed.

Chapter 5, \Time analysis", prop oses a simple algorithm for estimating camera mo v emen t in

mo ving images and a metho d for its cancellation (image stabilization) to impro v e image qualit y

in hand-held or car-moun ted cameras. The algorithm is based on a motion v ector �eld obtained

through blo c k matc hing. Sev eral results are sho wn whic h demonstrate its e�ectiv eness.
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Chapter 6, \Co ding", prop oses a metho d of enco ding camera mo v emen t information using

a simple extension to the H.261 standard (the discussions on quan tization are general and

transp osable to an y other co dec using motion v ector �elds with reduced resolution relativ e to

that of the underlying images) and reviews the imp ortan t issue of partition represen tation and

co ding. A fast appro ximation to the calculation of closed cubic splines is also prop osed. The

analysis and co ding to ols presen ted in this and the previous t w o c hapters can b e seen as steps

to w ards the building of to ols for a new co dec arc hitecture.

Chapter 7, \Conclusions: Prop osal for a new co dec arc hitecture", prop oses a new second-

generation co dec arc hitecture, mak es some suggestions for future w ork, and lists the thesis

con tributions.

Finally , App endix A describ es the test sequences used and their formats, and App endix B

con tains a v ery brief description of the F rames video co ding library , whic h w as dev elop ed b y the

author as the basis for the implemen tation of all the algorithms.
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Chapter 2

Video and m ultimedia

comm unications

It is supp ose d that b e c ause a thing is the rule it

is right.

Oscar Wilde

2.1 T rends of m ultimedia comm unications

\Medium" literally means \middle". According to the O ALDCE (Oxford Adv anced Learner's

Dictionary of Curren t English) [71], it means \that b y whic h something is expressed," i.e., that

b y whic h a message is expressed, since, according to Negrop on te [142], \the medium is not the

message." Messages can b e expressed using a v ariet y of media. Multimedia is the pro cess of

expressing a message using sev eral media. In this sense, m ultimedia is not new. Multimedia

exists since there are b o oks with images,

1

actually ev en b efore that, since h umans comm unicate

b y sp eec h and gestures.

Un til last cen tury our abilit y to store and transmit messages w as v ery limited. Only text and still

images and diagrams could b e stored for future use (e.g., in b o oks), and long range transmission

w as limited to ph ysical transp ort of prin ted or handwritten material, with rare exceptions. The

telegraph, for long range transmission of text, the telephone, for long range transmission of

v oice, the radio, for long range transmission of sound, c hanged that picture considerably . But

p erhaps the most imp ortan t in v en tions of the last cen tury w ere the phonograph, for storing

sounds, and the cinematograph, b y whic h storing of mo ving images b ecame p ossible.

1

Di�eren t media can share the same sense (or \c hannel") in to the h uman brain. T ext and imagery , though

di�eren t media, are b oth sensed using vision.

5



6 CHAPTER 2. VIDEO AND MUL TIMEDIA COMMUNICA TIONS

In the b eginning of this cen tury it w as p ossible, at least in principle, to express messages using

m ultimedia as w e kno w it to da y and store them for future use. In practice, this happ ened

only in the thirties, with the in tro duction of sound sync hronized with image in the cinema.

Stereoscopic imagery w as also a v ailable at that time.

2.1.1 Distribution metho ds

A message, as expressed through mo ving images and sound in a �lm, is mean t to b e con v ey ed

to a receptor. Although mo vie theaters are still a v ery successful and pro�table w a y of doing

it, they in v olv e considerable dela y and trouble. Using Negrop on te's [142 ] \bits" and \atoms"

de�nitions, the pro ducer distributes the �lm cartridges (atoms) con taining enco ded images and

sounds (bits) whic h are then broadcasted from a screen and sp eak ers to a restricted audience.

2

A new distribution paradigm w as clearly necessary .

TV (T elevision) partially solv ed the distribution problem, b y using radio broadcast of analog-

ically enco ded mo ving images and sound. Ho w ev er, TV also in tro duced some new problems:

b eing broadcasted, an yb o dy with a TV set could enjo y it. Who (and ho w) should then pa y for

the con ten t con v ey ed? F rom TV taxes (virtually unc hargeable), to income taxes (in the case

of subsidized television), through adv ertisemen ts and mixtures thereof, sev eral solutions ha v e

b een prop osed, most of whic h are still b eing used to this da y . These solutions w ere not enough.

P oin t-to-p oin t comm unication, suc h as that pro vided b y the telephone, w as necessary .

Computer net w orks, pro viding p oin t-to-p oin t comm unications in a di�eren t framew ork, w ere

also an imp ortan t dev elopmen t. In the 1970's the TCP (T ransmission Con trol Proto col)/IP (In-

ternet Proto col) proto cols w ere dev elop ed and put to use mostly b y the go v ernmen t and educa-

tional institutions in the USA. By the eigh ties it w as spread all o v er the w orld, though mostly

restricted to the academic w orld. In the b eginning of the nineties, follo wing the dev elopmen t b y

the CERN (Conseil Europ een p our la Rec herc he Nucleaire) of the suite of WWW (W orld Wide

W eb) proto cols and formats, viz. UR*,

3

HTTP (Hyp ertext T ransfer Proto col), and HTML (Hy-

p ertext Markup Language), the W eb explo ded: it b ecame attractiv e to the common user, and

hence economically viable.

In the late forties, TV started to b e distributed b y cable in areas where the broadcast signal

could not b e receiv ed with normal an tennas (comm unit y an tenna television). Cable television

w as so on found to o�er considerable adv an tages relativ e to broadcast television: increased

qualit y , increased n um b er of c hannels through a larger a v ailable bandwidth, no need for an tennas

and th us lo w er visual impact (imp ortan t in certain urban areas), etc. Recen tly , CA TV (Cable

T elevision) op erators, t ypically di�usion orien ted, realized they had deplo y ed o v er the y ears

an almost ubiquitous broadband net w ork whic h could b e impro v ed with small in v estmen ts to

pro vide up-links to the user. Th us, with the help of cable mo dems, pro viders started building a

sort of \residen tial area net w orks", connecting users in the neigh b orho o d to the cable head-end

2

Images and sounds in �lm are mostly enco ded in an analog format, ev en though digital sound is expanding

quic kly . These images and sounds con tain information, whic h can b e measured in bits, ev en if digital enco ding

is not used.

3

E.g., UR C (Uniform Resource Characteristics), URI (Uniform Resource Iden ti�er), URL (Uniform Resource

Lo cator), and URN (Uniform Resource Name).
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and thence to the w orld.

The explosion of the W eb in the nineties, together with the p ersonal computer and the almost

ubiquitous wide band CA TV net w orks, suddenly allo w ed di�eren t con ten t to b e deliv ered to

di�eren t consumers. Consumers could no w c ho ose and ev en in teract with the material deliv ered

(and pa y accordingly): the age of the W eb, teleshopping, PPV (P a y-P er-View), V OD (Video-

On-Demand) and W ebTV w as b orn.

2.1.2 Activit y paradigms

There are essen tially t w o activit y paradigms for information pro vided to the consumers. The

push paradigm, when the information pro vider pushes the information to a passiv e user, and

the pull paradigm, when the activ e user requests information from the service pro vider.

TV broadcast is push, since the information is pushed to the consumer without requiring an y

action on his part (b esides turning the TV on and c ho osing a c hannel). Ho w ev er, V OD is pull,

since the user requests whatev er in terests her.

The W eb, un til recen tly , exhibited only the pull b eha vior. All the action w as on the part of the

end user, whic h w ould alw a ys mak e sp eci�c requests as to what information should b e deliv ered

to him. No w ada ys, the push paradigm has b een implemen ted b y most bro wsers, through the

concept of automatically up dated c hannels, in a clear parallel with TV di�usion.

2.1.3 Con v ergence tendencies

Con v ergence of distribution metho ds and tec hnologies

A w ealth of comm unication services exist to da y . Most of the c hannels in v olv ed in these ser-

vices are slo wly b eing enhanced to pro vide bidirectional comm unications and impro v ed band-

width. F or instance, CA TV net w orks no w pro vide bidirectional data c hannels through cable

mo dems, satellite constellations are b eing deplo y ed for p ersonal mobile comm unications, and the

UMTS (Univ ersal Mobile T elecomm unication Service), pro viding a wider bandwidth than to-

da y's cellular phones, is exp ected in the near future. Also, the analog c hannels o�ered b y the old

PSTN (Public Switc hed T elephone Net w ork) are slo wly b eing digitized to pro vide ISDN (In-

tegrated Services Digital Net w ork). Recen tly , ADSL (Asymmetric Digital Subscrib er Line)

started to b e used to establish wideband data c hannels on the telephonic copp er lo op.

A t the same time, all �elds of m ultimedia and comm unications are b eing enhanced through

the use of digital tec hnology . Digital recorded sound is already used in the mo vie theaters

(probably to b e follo w ed so on b y digital mo ving images) and digital TV will so on b e a v ailable,

and a�ordable, in all dev elop ed coun tries. There is, th us, a clear con v ergence to w ards b oth

wideband (except where ph ysically imp ossible) and bidirectionalit y .
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Con v ergence of services and activit y paradigms

The services a v ailable are also con v erging. There is a tendency to supp ort b oth broadcast and

p oin t-to-p oin t distribution, di�eren t media, and b oth push and pull paradigms. Cable mo dems

allo w p oin t-to-p oin t comm unications where formerly broadcast w as the rule, and mo dems o v er

POTS (Plain Old T elephone Service) allo w broadcast (or at least the W eb equiv alen t of broad-

cast, m ulticast) where formerly only p oin t-to-p oin t comm unications w as used. Videotelephone

o v er POTS is no w p ossible (and so on will b e also p ossible on cellular phones), and the TV

service w as long ago upgraded to include teletext. Videotelephon y , on the other hand, is also

p ossibly on the W eb, and supplemen ts the old p ear-to-p ear comm unications services of the

In ternet suc h as email and (electronic) talk, and, more recen tly , IR C (In ternet Rela y Chat).

Con v ergence of con ten ts

On the demand side, consumers require high qualit y con ten t. The pro duction of m ultimedia

con ten t, in whic h the en tertainmen t industries (TV, cinema and games) excel, is th us thriving.

Consumers are also demanding more and more in teractiv e con trol o v er the information they

receiv e, an issue whic h is a sp ecialt y of the informatics (soft w are/computer) industries. Th us

the tendency for mergers and acquisitions b et w een companies in the en tertainmen t, informatics

and net w ork businesses.

Consumers also require mobilit y and compatibilit y . Th us large informatics companies are also

in v esting on global, satellite based, mobile net w orks, and more and more care is tak en no w ada ys

with standardization and compatibilit y b y con ten t pro viders, TV companies, and informatics

companies.

2.1.4 A distributed database

It seems reasonable to exp ect that the con v ergence pro cess will lead to univ ersal access to infor-

mation. There will probably b e little di�erence b et w een TV, phone, fax, and the PC (P ersonal

Computer). In fact, the PC is already doubling as TV, a phone, and a fax. The W eb will con-

nect almost ev erything and ev ery one. It is exp ected to pro vide p eople with a complete leisure,

w ork, and so cial en vironmen t, accessed through a w ealth of di�eren t in terfaces, suc h as screens

together with remote con trols, desktop screens, k eyb oards, p oin ting devices, microphones and

sp eak ers, v oice con trolled hand-held devices with handwritten c haracter recognition (e.g., ev o-

lutions of the P almPilot

TM

), data-glo v es, etc. Suc h a net w ork of information can b e seen a

h uge distributed, c haotic, database. Ev en to da y , the amoun t of information is suc h that sp ecial

purp ose indexing mec hanisms and searc h engines are b eing dev elop ed.
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2.2 Media represen tation

T ak e a CD (Compact Disk) of an orc hestra pla ying Mozart's symphon y 41, Jupiter. What is

the essen tial part: the score or the sound (a unique in terpretation)? Although 600 megab ytes

are used in a t ypical CD to store the sound, the corresp onding score ma y b e stored in m uc h less

space. CD audio do es not enco de the structure: it enco des, as faithfully as p ossible, a cop y of

the original sound. The same thing happ ens with fax: I still �nd it frustrating to explain to users

of fax mo dems wh y it is they can not imp ort the receiv ed faxes (mostly text) directly in to their

w ord pro cessors, without using the (still) error prone OCR (Optical Character Recognition)

soft w are.

Consider, ho w ev er, that faxes w ere made in telligen t: they w ould analyze the input page, detect

text zones, recognize the text, and enco de it as text, instead of blac k and white raster images

of c haracters.

4

This w ould clearly lead to impro v ed usabilit y , if not also to a reduction of

transmission time.

Visual data, esp ecially video (tak en here as sequences of images sampled from the natural w orld

scene), is a v ery imp ortan t part of to da y's m ultimedia, and its imp ortance tends to increase with

the con v ergence of en tertainmen t and informatics industries. Ho w ev er, video is still enco ded

with the same \blindness" that a�ects fax and CD sound: the structured con ten ts of video

scenes are simply ignored in the enco ding pro cess, leading to a represen tation whic h is not at

all structural [142 ], faithful as it ma y b e to the original.

Visual analyzers w ould do the same for video as the h yp othetical fax analyzer for a blac k and

white image: from a sequence of video images, they w ould extract a structural represen tation of

the scene therein, the scene's \score" plus \in terpretation n uances". Suc h a structural represen-

tation, aside from the exp ected economies in enco ded size, w ould allo w the user to manipulate

the scene at will: a big step to w ards complete in teractivit y .

The exp onen tial gro wth of digital tec hnology , where clo c k frequencies duplicate almost ev ery

y ear and memory densities (bits p er v olume) almost triplicate in the same p erio d of time, has

led to an ev er increasing use of computers b y con ten t pro viders (suc h as �lm pro ducers and

TV companies). Syn thetic imagery corresp onds no w ada ys to an imp ortan t part of the bits

exc hanged w orldwide. Ho w ev er, not m uc h e�ort w as put un til no w in to the e�cien t (so on to

b e de�ned) represen tation of syn thetic data, whic h is inheren tly structural.

Hence, t w o imp ortan t problems m ust b e solv ed urgen tly: ho w to obtain structural represen ta-

tions from natural data (the score and the in terpretation n uances from a symphon y recording,

the text from a prin ted do cumen t, the description of the scene seen in a video sequence) and

ho w to e�cien tly enco de structural represen tations, either syn thetic or obtained from natural

data.

The �rst of these problems is analysis. In the case of visual data, analysis is addressed b y

computer vision whic h, according to [68, Haralic k and Shapiro], is \the science that dev elops

the theoretical and algorithmic basis b y whic h useful information ab out the w orld can b e auto-

4

When the original text is comp osed using a w ord pro cessor, sending it b y fax to a remote computer is a bit

of a parado x, ev en though it is still quite common.
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matically extracted and analyzed from an observ ed image, image set, or image sequence from

computations made b y sp ecial-purp ose or general-purp ose computers."

The second problem is related to the enco ding of the structural description of the data. In

the case of visual data, sev eral enco ding metho ds ha v e b een devised in the past, ranging from

the analog television standards suc h as NTSC (National T elevision Systems Committee) and

P AL (Phase Alternating Line), to the digital video co ding standards ITU-T (ITU T elecom-

m unication Standardization Sector) H.261 [62], ISO (In ternational Organization for Standard-

ization)/IEC (In ternational Electrotec hnical Commission) MPEG-1 [136 ], and, more recen tly ,

ITU-T H.263 [63 ] and ISO/IEC MPEG-2 [137] (also ITU-T H.262). These standards ha v e

t ypically dealt with non-structural represen tations of imagery . The �rst standard to address

structured mo ving image represen tations will b e ISO/IEC MPEG-4.

2.3 Visual analysis

Ev en though syn thetic data amoun ts to a relev an t part of the a v ailable m ultimedia material,

natural data will alw a ys b e presen t. Natural data corresp onds to data whic h is obtained, usually

through sampling, from the real w orld. While it is reasonable to exp ect that sensors, suc h as

video cameras, will increase in complexit y o v er the y ears, for instance b y incorp orating distance

or depth sensors, it is unlik ely that they will ev er pro vide a structural represen tation of the

sampled data at their output.

Hence, analysis, that is, the decomp osition of the input data in to a meaningful set of some

mo del parameters, is a v ery imp ortan t task. Automatic visual analysis, as stated b efore, is

almost the same as computer vision: \building a description of the shap es and p ositions of

things from images" [107 ]. With one di�erence, ho w ev er. The purp ose of computer vision is

ultimately the comprehension of the scene captured b y the camera, through an em ulation of

the HVS (Human Visual System), while analysis usually has more mo dest ob jectiv es.

Analysis, as stated, is the iden ti�cation of some mo del parameters. This mak es mo deling one of

the most imp ortan t tasks in researc h leading to automatic analysis of video sequences, since it

seems clear that sophisticated mo dels can lead to a v ery accurate represen tation of the w orld,

but only at the cost of a v ery sophisticated, or ev en imp ossible, analysis: visual analysis is often

an ill-p osed problem [187, 9].

Visual analysis can ha v e sev eral purp oses [29 ]:

Analysis for co ding

The obtaining of a parametric description of the observ ed scene. The description can later

b e used to reconstruct the scene so that little or no information is lost. The description can

also b e enco ded and deco ded e�cien tly (analysis for bandwidth sa ving), and can also b e

manipulated (analysis for easy access), so that the user can in teract with the represen ted

w orld. The analogy with fax helps here. With \blind" fax, suc h as exists to da y , to edit

text just receiv ed is a nigh tmare. With in telligen t fax, ho w ev er, text w ould b e receiv ed as

suc h, and th us b e fully editable. The same applies to video.
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Analysis for description or indexing

The obtaining of a parametric description, though in this case it is not necessary to b e

able to reconstruct the observ ed scene or at least the original sampled (or sensed) data.

The parameters of the description ha v e mostly a seman tic meaning, whic h ma y help the

task of searc hing visual data in a database. The mo del parameters, or features, estimated

or iden ti�ed, will b e used as k eys of the database.

Analysis for understanding

The pro cess leading to understanding of the observ ed scene. While visual analysis to ols

in general are to ols leading to arti�cial in telligence, or so one exp ects, analysis for under-

standing is arti�cial in telligence prop er.

Analysis can b e man ual, automatic, or partially automatic, when an automatic algorithm is

guided b y user input (hin ts). An usual path in the researc h in this area, whic h, though it

progresses v ery quic kly , has still a long w a y to go, is to allo w the algorithms to b e sup ervised

and then attempt to mak e them automatic. This is a p olemic issue, ho w ev er, as can b e seen

in the article \Ignorance, m y opia, and naiv ete in computer vision systems" [81 ] and in the

subsequen t dialogue in [7 ] and [94 ].

2.3.1 Lev els of visual analysis

Some authors divide the vision pro cess in to lev els [107 , 195] whic h are related to the t yp es of

mo dels or primitiv es assumed:

Lo w-lev el

5

vision

The mo del is a sequence of pixel matrixes. The correlation b et w een pixels is assumed

to b e high. Ev olution from one image to the next is describ ed b y a simple motion �eld,

uniform almost ev erywhere.

Mid-lev el

6

vision

The mo del is a p ossibly hierarc hical set of edge segmen ts, blobs, uniformly textured regions

(or equiv alen tly b oundaries) or regions of uniform motion. Surfaces and their relativ e

p osition ma y also b e used. Motion can b e asso ciated with segmen ts and/or edges or

b oundaries.

High-lev el

7

vision

The mo del is a set of 3-D ob jects arranged hierarc hically . Ob jects are seman tically iden-

ti�ed. Eac h ob ject has an asso ciated complex motion.

Understanding

The role, class or iden tit y of (almost all of ) the ob jects is kno wn.

5

Or image.

6

Or primal plus 2 1 = 2-D sk etc hes.

7

Or 3-D mo del represen tation.
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This division is here a mere matter of con v enience. It is also somewhat arbitrary , since feedbac k

mec hanisms seem to exist b et w een the upp er and the lo w er lev els of the vision pro cess. Visual

analysis will b e classi�ed in the follo wing according to the �rst three lev els, since understanding

is not one of the purp oses here. The terms lo w-lev el, mid-lev el and high-lev el analysis will b e

used throughout this thesis.

2.3.2 T o ols for visual analysis

Analysis can b e seen as b eing done at three lev els: lo w-, mid-, and high-lev el. Di�eren t image

analysis to ols ha v e b een dev elop ed o v er the y ears whic h can b e classi�ed as b elonging to eac h

of these lev els. Restricting atten tion to those to ols more closely related to analysis for co ding,

the follo wing (rather incomplete) classi�cation can b e used:

Lo w-lev el vision analysis

Linear transformations (transforms), frequency analysis, motion estimation (optical 
o w,

blo c k matc hing), etc.

Mid-lev el vision analysis

Edge detection, con tour detection, segmen tation in to syn tactically uniform regions, motion

estimation (motion of edges and regions), etc.

High-lev el vision analysis

3D (Three-dimensional) structure from shading and motion, 3D structure from disparit y

(stereo vision), etc.

2.4 Visual co ding

Co ding

8

is the pro cess of translating a sequence of sym b ols b elonging to a giv en alphab et, the

message,

9

in to a sequence of sym b ols of a di�eren t alphab et (usually the binary alphab et).

Co ding is said to b e lossless if the original message can b e reco v ered exactly from the enco ded

one.

Visual co ding is the pro cess b y whic h the parameters of the structural represen tation of a visual

scene obtained either b y analysis or directly , in the case of syn thetic imagery , are enco ded.

When the represen tation is obtained b y analysis of natural data, the term video co ding if often

used.

8

Co ding should alw a ys b e understo o d as referring to source co ding throughout this thesis, as opp osed to

c hannel co ding.

9

Note the di�eren t meanings of the w ord \message". In a comm unications framew ork, it is the set of ideas

expressed using a giv en medium or ensem ble of media. In the con text of information theory , it is a sequence of

sym b ols, to whic h a measure of information can b e asso ciated [183 ].
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2.4.1 Ob jectiv es

Enco ding, the translation b et w een one alphab et and another, can ha v e sev eral ob jectiv es. It

can b e seen as the pro cess of minimizing a cost functional giv en some constrain ts. There are

sev eral measures whic h can b e used to express b oth the cost functional and the constrain ts, and

whic h, w eigh ted di�eren tly , re
ect the ob jectiv es of eac h particular co ding sc heme:

Compression ratio (or, in v ersely , bitrate)

The size of the original message divided b y the size of the enco ded message, b oth expressed

in bits. By maximizing compression, the bandwidth or space requiremen ts are reduced,

according to whether the data is transmitted or stored.

Qualit y (or, in v ersely , distortion)

A measure of the di�erence b et w een the original message and the one obtained b y deco ding

the enco ded message. Error resilience is accoun ted for in this measure b y allo wing errors

to a�ect the enco ded data.

Cost

The cost of the enco der and deco der (w eigh ted appropriately).

Con ten t access e�ort

A measure of the easiness with whic h only sp eci�ed parts of the original message can

b e reco v ered from the enco ded message. By maximizing ease of access, simple terminals

can still allo w the user to manipulate the scene. Video tric k mo des can also b e seen as

requiring easy access to con ten ts (in this case to single video images).

Dela y

The in terv al b et w een the instan t a sym b ol of the original message is input to the enco der

and the corresp onding sym b ol is output from the deco der, assuming no c hannel dela y .

Qualit y is p erhaps the most di�cult measure to mak e, in the case of visual co ding. Ho w can

an ob jectiv e measure of qualit y re
ect the qualit y of the reconstructed scene as p erceiv ed b y

h umans? Ev en though studies ha v e b een conducted o v er the y ears to dev elop suc h a measure,

based on the prop erties of the HVS, no single univ ersally accepted measure exists. Tw o measures

of qualit y are t ypically used to da y in the case of video co ding: a simple ob jectiv e measure, called

PSNR (P eak Signal to Noise Ratio), and sub jectiv e qualit y measures based on ev aluation b y a

signi�can t set of p ersons.

Cost is related mostly to implemen tation of enco ders and deco ders, though it can b e related

also to the required bandwidth, whic h is dep enden t on the compression ratio, and th us already

considered through that measure. Implemen tation costs can b e related to the memory and

CPU (Cen tral Pro cessing Unit) p o w er required for b oth enco ders and deco ders.

The cost functional and constrain ts can b e constructed from the measures ab o v e so as to re
ect

the di�eren t requiremen ts of an application. Some applications ma y require qualit y as high

as p ossible for a minim um allo w ed compression ratio, others the highest p ossible compression

for a minim um allo w ed qualit y . The cost of co ders and deco ders ma y b e w eigh ted di�eren tly:
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applications where con ten t is enco ded once and deco ded man y times put a larger w eigh t on the

cost of deco ders.

2.4.2 Main co dec blo c ks

Figure 2.1 sho ws a t ypical blo c k structure of a co dec. The enco der part consists of an analysis

blo c k, whic h obtains a structural scene represen tation from giv en natural data, follo w ed b y the

enco der, whic h enco des this represen tation so as to b e sen t do wn a logical c hannel (either a real

c hannel or some ph ysical storage medium). If syn thetic data is a v ailable, it is input directly

to the enco der without b eing analyzed, pro vided it is already describ ed in an appropriately

structured w a y . The deco der p erforms the opp osite tasks. The enco ded data is deco ded so

as to obtain the structural scene represen tation whic h is then used b y the renderer to create

appropriate stim uli to the h uman receiv ers, whic h can ha v e di�eren t lev els of in teractivit y with

the system.

Often some pro cessing is p erformed on the natural data b efore the analysis prop er. This pro-

cessing usually in tends to �lter or condition the data so as to render the analysis simpler or

more e�ectiv e. Since it tak es place b efore analysis and enco ding, it is called pre-pro cessing. It

is often tak en as b eing part of the analysis itself.

The w ord enco der is used here with t w o di�eren t meanings: in the case of natural data, whic h

requires analysis, enco der can b oth mean the complete system, from natural data represen tation

to the resulting enco ded message, or simply the blo c k whic h translates the structural represen-

tation in to the enco ded message, whic h is the strict meaning. In the sequel the exact meaning

will b e eviden t from the con text.

An enco der, in the broad sense of the w ord, serv es t w o main purp oses. Firstly , it is supp osed to

strip irrelev an t information (from the p oin t of view of the assumed receiv er of the information,

usually the HVS) from the input. Irrelev ancy remo v al is done b y the analysis blo c k, since,

according to Marr [107 ], \vision is a pro cess that pro duces from images of the external w orld

a description that is useful to the view er and not cluttered with irr elevant information [our

emphasis]," and to em ulate vision is the ultimate purp ose of analysis. Secondly , the enco der,

again in the broad sense, is supp osed to remo v e redundancy . This is a role whic h is shared

b y the analysis and the enco der blo c ks, though the kind of redundancy remo v ed is di�eren t.

The analysis blo c k remo v es represen tation redundancy b y �tting the input data to a structural

mo del. F or instance, the highly redundan t image of a sphere can b e describ ed, with an ap-

propriate mo del, b y the p osition and size of the sphere, its surface c haracteristics, and a set

of ligh t sources. Suc h a description is m uc h less redundan t than the original arra y of pixels.

The enco der blo c k, on the other hand, remo v es statistical redundancy from the sequence of

sym b ols corresp onding to the structural represen tation. It m ust b e stressed here that remo v al

of redundancy is a rev ersible pro cess, while remo v al of irrelev ancy is not. In a sense, th us, it is

desirable that losses in co ding corresp ond as m uc h as p ossible to remo v al of irrelev ancy .
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Figure 2.1: Basic blo c k structure of a co dec.

2.4.3 Generations

In the case of natural scenes, i.e., video co ding, analysis is p erformed b efore enco ding prop er, as

can b e seen in Figure 2.1. Video enco ding tec hniques can th us b e classi�ed according to the lev el

of analysis t ypically required. The terms �rst- and second-generation video co ding w ere coined

b y Kun t et al. [96], and corresp ond appro ximately to the t w o �rst lev els of analysis presen ted

b efore. The requiremen ts in terms of analysis of these t w o generations of video co ders, plus a

third one related with high-lev el analysis are as follo ws:

First-generation

Co ders whic h require lo w-lev el analysis. Hybrid co ders [64] and motion comp ensated

h ybrid co ders [145] b elong to this generation. The fundamen tal to ols used in these co ders,

DCT (Discrete Cosine T ransform) and blo c k matc hing motion comp ensation, w ere already

dev elop ed in the b eginning of the eigh ties. All the already issued video co ding standards
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b elong to this generation.

Second-generation

Co ders whic h require mid-lev el analysis. This t yp e of analysis is t ypically more complex

than lo w-lev el analysis. Ev en though a lot of e�ort has b een put in to this �eld, a truly

reliable set of mid-lev el analysis to ols is not y et mature. This thesis con tributes mainly

to the problem of dev eloping to ols at this lev el.

Third-generation

Co ders whic h require high-lev el analysis. No truly reliable automatic analysis set of to ols

exists at this lev el. Most to ols still rely on h uman sup ervision, and it probably will remain

so for a few more y ears: most of the seman tic features/descriptors can only b e extracted

b y h umans at the presen t time [29 ].

This classi�cation, though useful, is somewhat arti�cial. F or instance, a mid- or high-lev el

analysis to ol can b e used to enhance a �rst-generation video enco der. This often happ ens when

video enco ding algorithms are b eing enhanced.

2.5 Standards

Standards are fundamen tal for univ ersalit y of service and in terw orking, b oth of whic h are of

paramoun t imp ortance for the end consumer. Standardization, ho w ev er, is a time-critical pro-

cess: if done to o so on, it ma y not b ene�t from the ongoing researc h in the area, if done to o late,

it ma y ha v e to face proprietary solutions prop osed b y industries of su�cien t w eigh t to mak e

the standard useless.

Standards ma y b e of t w o v ery di�eren t natures. English is a de facto language standard in most

of the w estern w orld. F renc h, on the other hand, is a de jur e standard, at least in F rance: it is

standardized b y the Academie F ran� caise and imp osed b y the F renc h state in o�cial do cumen ts.

The case with tec hnologies is similar.

Standards, whether de facto or de jur e , can b e created in di�eren t w a ys. Some are dev elop ed

b y an op en group of companies, univ ersities and individuals whic h w ork to w ards the standard

under some national, e.g., ANSI (American National Standards Institute), or in ternational, e.g.,

ISO, standardization b o dy . Others are dev elop ed b y similar groups, though w orking on the

framew ork of non-o�cial organizations suc h as the W3C (W orld Wide W eb Consortium) or the

IETF (In ternet Engineering T ask F orce). Others still are dev elop ed b y single institutions and

their sp eci�cation made public and accepted as de facto standards b y the rest of the mem b ers

of the mark et. Often de facto standards are later accepted as de jur e standards b y o�cial

standardization b o dies.

In the w orld of m ultimedia, examples can b e found in eac h of these cases. The video co ding

standards MPEG-1 and MPEG-2, and H.261 and H.263, w ere dev elop ed under in ternational

standard organizations, viz. ISO and ITU (In ternational T elecomm unication Union), and th us

are de jur e standards. The Ja v a

TM

language, on the other hand, w as dev elop ed b y a single

compan y , Sun Microsystems, and is b eing accepted quic kly as a de facto standard (it has also
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b een prop osed to ISO to b ecome a de jur e standard). The W eb standards, suc h as HTTP and

HTML, are b eing dev elop ed in the framew ork of the IETF and W3C non-o�cial organizations.

Con v ergence can also b e found in the w orld of standards: the MPEG (Mo ving Picture Exp erts

Group) comm unit y , traditionally video-orien ted, and the WWW comm unit y , more m ultimedia

orien ted, are con v erging. The MPEG comm unit y is �nalizing the �rst v ersion of MPEG-4.

MPEG-4 v ersion 1 will b e m uc h more than video and audio co ding with a m ultiplexing la y er,

as MPEG-1 and MPEG-2 w ere: MPEG-4 will standardize audio-visual 3D scene description

metho ds, b y inclusion of the ISO/IEC 14772 VRML (Virtual Realit y Mo deling Language)

standard. The WWW comm unit y , on the other hand, is issuing do cumen ts, whic h will probably

b ecome de facto standards, that address similar sub jects: PNG (P ortable Net w ork Graphics)

for enco ding of still images, supp ort of VRML for 3D virtual w orlds (whic h includes video

no des), and SMIL (Sync hronized Multimedia In tegration Language) for sync hronizing di�eren t

m ultimedia ob jects in a single presen tation. More than a con v ergence, what is b eing witnessed

is an o v erlap, a comp etition. The future will tell whether the minimalist, text-based, W3C

and IETF standards or the o v erwhelming MPEG standards will win. Mark et do es not alw a ys

c ho ose the b est tec hnology: often timing, as men tioned b efore, is the critical factor.

2.5.1 Standardization c hallenges

No w ada ys standardization of m ultimedia comm unications faces sev eral c hallenges. Di�eren t

tec hnologies (some of them standards), b y di�eren t organizations, will address distinct subsets

of the c hallenges listed b elo w:

Con ten t

In teresting con ten ts will so on include complex 3D scenes, con taining a mixture of syn thetic

and natural dynamic ob jects, whic h can b e manipulated b y the end user. Who will pro vide

this t yp e of information or con ten t? Ho w? I.e., using what to ols?

Bandwidth

Net w ork bandwidth and mass storage capacities b oth con tin ue to gro w exp onen tially .

Ev en in the unlik ely ev en t that they will con tin ue to increase exp onen tially forev er, \tec h-

nological malth usianism" tells us that the bandwidth/capacit y will nev er b e enough, since

con ten t will alw a ys gro w at a faster pace. Hence, there will alw a ys b e money to b e gained,

or spared, through compression of the m ultimedia data transmitted or stored.

The issue of compression has t ypically b een m uc h more of a concern for the video rather

than the m ultimedia p eople. A n um b er of standards, aiming at di�eren t applications, ha v e

b een dev elop ed for the compression of video and still images: H.261 and H.263, MPEG-1,

MPEG-2, MPEG-4 (so on to b e b orn), and ISO/IEC JPEG (Join t Photographic Exp erts

Group). F rom the m ultimedia w orld, less concerned, unfortunately , with bandwidth w aste,

little more than the W3C PNG exists to da y .

Access

Ho w should the information b e stored/transmitted to b e easily accessible, and hence

manipulated? This is a sub ject in whic h the m ultimedia p eople excel, but the video
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comm unit y has only recen tly started to address in a thorough w a y , in MPEG-4. There are

go o d reasons for the late con v ergence: compression and easy access are quite incompatible,

and for some time bandwidth w as more imp ortan t than in teractivit y . The balance is lik ely

to c hange.

Classi�cation

The W eb is a h uge, distributed database, whose size tends to increase exp onen tially . Ho w

can users na vigate through this apparen t c haos in a useful w a y? Ho w can m ultimedia

information suc h as text, 2D (Tw o-dimensional) pictures, 2D dra wings, 2D videos, sound

clips, mo vies, TV programs, 3D ob jects, and mixtures thereof, b e indexed, searc hed, and

retriev ed in a meaningful w a y? Will the indexing, or classi�cation, b e done automatically?

This is an issue whic h is b eing sim ultaneously addressed b y W3C and MPEG, through

the recen tly b orn MPEG-7 e�ort. W3C is w orking on Metadata, or information ab out

information, while MPEG-7 aims at standardizing m ultimedia indexing metho ds.

Righ ts protection

Pro viders of in teresting con ten t, individual authors or companies, will b e in terested in

getting paid. Ho w can IPR (In tellectual Prop ert y Righ ts) b e protected on the W eb?

What will the net w ork economics b e lik e? Ho w will IPR information b e included on

m ultimedia ob jects?

Access con trol and rating

Should all information on the W eb b e a v ailable to all? Who should con trol? Ho w to

con trol? Ho w to rate information? Ho w to cipher sensitiv e information?

W3C has addressed this question through a t yp e of Metadata called PICS (Platform for

In ternet Con ten t Selection), whic h aims at standardizing the metho d of including rating

information (lab els) in to W eb con ten t.

T rust

Is the information a v ailable on the W eb trust w orth y? Ho w to ascertain its real origin?

Ho w can information b e certi�ed? Ho w can one assure that a signature certi�es a giv en

piece of information and that this information has not c hanged in an y w a y?

W3C is also w orking on DSig (Digital Signatures), and there are some CEC (Europ ean

Comm unit y Commission) funded pro jects w orking on w atermarking of visual information.

In terw orking

Ho w to a v oid needless duplication of hardw are/soft w are needed to access information of

the same t yp e stored in di�eren t formats? This is the basic ob jectiv e of standardization

e�orts.

Ev olution

Ho w to pro duce standards that encourage, rather than prev en t, comp etition and tec hnical

ev olution?

MPEG-4 had the pro vision for ev olution as one of its ob jectiv es. Ho w ev er, due to timing

problems, MPEG-4 w as divided in to t w o phases. Phase 1, whic h is sc heduled for the

late 1998, will not pro vide for m uc h ev olution. Only phase 2 will include pro vision for

programmable terminals, and hence allo w, or ev en encourage, ev olution.
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2.5.2 Ev olution of visual co ding standards

Section 2.4.1 presen ted the v arious measures whic h can b e used to construct the cost functional

that video co ders minimize (or at least attempt to minimize). Most of them ha v e b een used in

one form or another b y enco ders complian t with the a v ailable video co ding standards. Ho w ev er,

easiness of access to con ten t w as �rst considered only in MPEG-1 and MPEG-2, in the form

of pro vision for quic k access to anc hor images. These images, kno wn as I images (I of In tra),

are indep enden tly enco ded and spread ev enly in time, th us allo wing the so-called tric k mo des

of video recorders: fast-forw ard, bac ktrac k, etc. This allo w ed only for a rather terse access to

con ten t. It w as only MPEG-4 whic h started to consider a more useful form of con ten t, ob jects,

and whic h pro vided means for expressing complex 3D audio-visual scenes with mixtures of

2D and 3D ob jects, natural or syn thetic. The real rev olution w as from MPEG-2 to MPEG-

4. MPEG-2 w as essen tially a rev amp ed v ersion of MPEG-1, using the same basic to ols, but

allo wing for increased resolution [95 ]: HDTV (High De�nition T elevision) required it. T rue

breakthroughs in the video co ding area ha v e b een quite rare. Most of the to ols used b y enco ders

complian t to MPEG standards, ev en MPEG-4, are small v arian ts, ho w ev er w ell-engineered,

of to ols dev elop ed decades ago [149], e.g., DCT and blo c k matc hing motion comp ensation.

Ho w ev er, the in tegral of all the incremen tal hardw are and soft w are tec hnology adv ances o v er

the last decades corresp onds to an impressiv e ev olution.

2.5.3 Consequences of standardization

Standards don't sp ecify enco ders: they sp ecify a bit stream syn tax and a deco der. Hence, they

implicitly de�ne a mo del for the structural data to b e enco ded. In this sense, video co ding

standards can also b e classi�ed as b elonging to one of the three generations presen ted b efore.

In a sligh tly more formal w a y , let B b e the space of bit streams complian t with a giv en standard.

Let E b e the space of the enco ders complian t with the same standard. Then, a giv en enco der

e ( � ), in the broad sense, is a function from the space R , of scene represen tation, to B , i.e.,

e ( � ) : R ! B . Space E is th us clearly limited b y the nature of B . Standards sp ecify deco ders,

that is, they sp ecify a function d ( � ) from B bac k to R . T ypically , space E , though restricted

b y the nature of B , is v ery large. Ev en if one restricts it to the space of complian t enco ders

pro viding appropriate reconstruction, that is, suc h that d ( e ( � )) is appro ximately the iden tit y ,

the space is to o large.

One can p ose the enco ding problem mathematically , though the complexit y of the solution

usually leads to heuristic solutions: ho w to enco de a giv en scene represen tation r ? This question

can b e answ ered b y �nding arg min

b 2 B

z ( d ( b ) ; r ), where z is a distortion measure. Ho w ev er,

this includes only a distortion, or qualit y , measure. One ma y b e in terested in minimizing other

measures. The generic problem is to �nd a generic enco der, i.e., an enco der leading to go o d

deco ding. A p ossibilit y is to �nd arg min

e 2 E

max

r 2 R

z ( d ( e ( r )) ; r ).

Whatev er the approac h tak en, heuristic or optimizing, it is clear that standards in tro duce

restrictions in to the space of p ossible enco ders. It also clear that they also lea v e a lot of ro om

for comp etition, esp ecially if error resilience is tak en in to accoun t when designing enco ders.

Also, standards do de�ne a deco der, but a deco der whic h op erates only with error free enco ded
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data. The design of deco ders with go o d error concealmen t strategies and the design of enco ders

pro viding for go o d error resilience at the deco der is op en to comp etition.

2.5.4 Standards and generations

Standards can b e classi�ed as �rst-, second- or third- generation, according to the c haracter

of the complian t enco ders. Ho w ev er, nothing prev en ts the building of a second generation

enco der (i.e., an enco der using mid-lev el analysis) whic h generates bit streams complian t with

�rst-generation standards. F or instance, MPEG-1 and MPEG-2 b elong clearly to the �rst

generation, while MPEG-4, whic h requires more sophisticated analysis to ols but still uses a

classical approac h to enco de the texture of the ob jects, can b e said to b e a step to w ards second-

generation standards. Actually , this has b een the t ypical road of ev olution, as some of the w ork

in this thesis demonstrates. When to ols aimed at b eing used in one of these transition enco ders

are dev elop ed, one ma y classify them as b elonging to transitions b et w een generations.

2.6 Analysis and co ding to ols

Figure 2.2 sho ws the analysis, pre-pro cessing and co ding to ols prop osed or discussed in this

thesis. The �gure classi�es these to ols in to the three generations, with t w o transition la y ers

added. The to ols are also listed b elo w, together with p oin ters to the sections where they are

describ ed:

� Analysis to ols:

{ T ransition to second-generation:

1. Kno wledge-based segmen tation [123 , 125, 124] (Section 4.4).

2. Camera mo v emen t estimation [129, 127 , 130 , 128, 113, 122] (Section 5.3).

{ Second-generation:

1. RSST segmen tation [32, 33] (Section 4.5).

2. TR-RSST (Time-Recursiv e RSST) segmen tation [119] (Section 4.7).

{ T ransition to third-generation:

1. RSST with h uman sup ervision [33] (Section 4.6).

� Pre-pro cessing to ols:

{ T ransition to second-generation:

1. Image stabilization [127 , 130 , 128, 113, 122] (Section 5.5).

� Co ding to ols:

{ T ransition to second-generation:

1. Camera mo v emen t comp ensation for impro v ed prediction [129 , 127, 130, 128,

113 , 122] (Section 6.1).
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{ Second-generation:

1. Shap e co ding: a taxonom y and an o v erview of co ding tec hniques [120 , 121 ] (Sec-

tions 6.2 and 6.3), parametric curv e co ding to ols [116 , 114, 79, 78] (Section 6.4).

camera

mo v emen t

comp ensation

kno wledge-based

segmen tation

stabilization

image

fast closed

cubic splines

RSST

segmen tation

represen tations

t yp es and

of partition

taxonom y

co dec arc hitecture

estimation

mo v emen t

camera

TR-RSST segmen tation

sup ervised RSST segmen tation

analysis:

co ding:

pre-pro cessing:

�rst-generation

transition to

second-generation

second-generation

transition to

third-generation

Figure 2.2: Analysis, pre-pro cessing to ols and co ding to ols prop osed or discussed.
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Chapter 3

Graph theoretic foundations for

image analysis

N~ ao devemos nunc a pr o cur ar ser mais pr e cisos

e exactos do que o pr oblema em c ausa r e quer.

Karl P opp er

This c hapter de�nes the main concepts used throughout this thesis. It is divided in to sections

dealing with images, image lattices, image graphs, etc. Concepts are in tro duced, whenev er

p ossible, in a b ottom-up manner: concepts are de�ned b y using previously de�ned concepts.

Often the e�ciency of algorithms kno wn to solv e problems related to the de�nitions giv en here

is discussed: the usual O ( � ) notation of algorithmics is used [28 ].

3.1 Color p erception

There are t w o t yp es of ligh t sensor cells in the retina: ro ds and cones. Ro ds are used for nigh t

(scotopic) vision, while cones are used for da yligh t (photopic) vision. Both are kno wn to b e

used in t wiligh t (mesopic) vision.

Ro ds greatly outn um b er cones. Ho w ev er, the distribution of the ro d cells is suc h that its

densit y is nearly zero in the fo v ea, that is, the zone on the retina corresp onding to the cen ter

of atten tion. In this zone cones are densely pac k ed.

1

Ro ds are m uc h more sensitiv e to ligh t

than cones: a single quan tum is kno wn to b e su�cien t to excite a ro d. The di�eren t densit y

distribution of ro ds and cones seems to b e an ev olutionary compromise b et w een accuracy of

1

A simple exp erimen t con�rms the absence of ro ds in the fo v ea. Lo ok directly at a dim star and then lo ok

sligh tly to its side: its apparen t ligh tness will increase.

23
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vision (fundamen tal during da ytime) and abilit y to detect threats (fundamen tal during dusk).

While ro ds are sensitiv e to a wide range of ligh t frequencies, they all ha v e the same t yp e of

resp onse, hence scotopic vision is essen tially \blac k and white": colors are not discriminated.

Cones, on the other hand, are really three di�eren t t yp es of cells with di�eren t frequency

resp onses. One t yp e of cones, sa y \red" cones, is esp ecially sensitiv e to frequencies around pure

red, another, \green" cones, to frequencies around pure green, and the last, \blue" cones, to

frequencies around pure blue, where \pure" means consisting of single frequency . The o v erall

resp onse of the cones spans the visible ligh t sp ectrum. Ho w ev er, the maxim um sensitivit y of

the com bined action of cones o ccurs at a sligh tly higher w a v elength (to w ards red) than that of

ro ds (to w ards blue): it is the so-called Purkinje w a v elength shift. This seems to b e related to

the fact that during t wiligh t ligh t is more bluish than during da ytime, since it is mostly indirect

ligh t di�racted b y the atmosphere particles.

In the framew ork of image comm unications and m ultimedia, photopic (da ytime) vision is the

rule, so that the resp onse of ro ds can b e mostly ignored. The resp onse of cones can b e mo deled

as a nonlinear function of the inner pro duct of a sp ectral sensitivit y function, whic h is a c har-

acteristic of the giv en t yp e of sensor cell in a Standard Observ er, and the p o w er sp ectrum of

the ligh t attaining the sensors (see for instance [189 ]). \Red", \green", and \blue" cones ha v e

di�eren t sp ectral sensitivit y functions whic h partially o v erlap in frequency .

F urther information on color p erception ma y b e found in [164 , 1, 27].

3.1.1 Color spaces

Color repro duction uses the fact that the HVS has only three t yp es of cones. In order for t w o

ligh t sources to b e p erceiv ed as ha ving equal color it is not necessary for their p o w er sp ectra

to b e equal: they only ha v e to pro duce the same resp onse for eac h of the three t yp es of cones.

Hence, most image data is a v ailable in a three comp onen t format.

Color data is often presen ted in a CR T (Catho de-Ra y T ub e). Since the p o w er emitted b y suc h

screens is t ypically prop ortional to a (arithmetic) p o w er of the input v oltage (the exp onen t b eing

the so-called gamma v alue), cameras are usually designed to p erform gamma correction. The

correction sp eci�ed b y ITU-R (ITU Radio comm unication Sector)

2

Recommendation BT.709-

2 [80 ] follo ws

I

0

=

(

4 : 5 I if 0 � I � 0 : 018, and

1 : 099 I

0 : 45

� 0 : 099 if 0 : 018 < I � 1,

(3.1)

whic h is the in v erse of the ideal monitor p o w er function

I =

8

<

:

I

0

4 : 5

if 0 � I

0

� 0 : 081, and

�

I

0

+0 : 099

1 : 099

�

1

0 : 45

if 0 : 081 < I

0

� 1,

2

F ormerly CCIR (Comit � e Consultatif Internationale des Radio Comm unications).
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where I is the ligh t in tensit y and I

0

is the video signal, b oth linearly scaled so that they span

the in terv al from zero to one (for the in tensit y range of in terest).

It should b e noted that the resp onse of the HVS to in tensit y is appro ximately the in v erse of the

t ypical CR T nonlinearit y [164 ]. Hence, since image analysis attempts to em ulate the HVS, the

nonlinear v ersion of the color signals at the output of gamma corrected cameras can and should

b e used directly .

R GB

The p o w er sp ectrum of the ligh t input in to the camera at eac h p oin t in the image is transformed,

b y three di�eren t sensors, in to a trio of v alues. The transformation can b e mo deled again as

the inner pro duct of the sensor sp ectral sensitivit y function (whic h can actually dep end on a

set of �lters) b y the inciden t p o w er sp ectrum. These three v alues, with appropriate sensors

and p ossibly after a linear transformation, are R , G and B (for red, green, and blue): the

linear R GB (Red, Green, and Blue) color space, where eac h v alue is linearly scaled to span the

in terv al from zero to one. Eac h of the three linear R GB signals then undergo es the gamma

correction nonlinear transformation in equation (3.1) . The resulting color space is nonlinear

R GB , or R

0

G

0

B

0

, where the prime stands for nonlinear.

Digital R GB video usually deals with a digitized v ersion of the R

0

G

0

B

0

color space. Since R

0

G

0

B

0

has an analog unit y excursion for eac h comp onen t, appropriate scaling and quan tization m ust

b e used. According to the ITU-R Recommendation BT.601-2 [20 ], the R

0

G

0

B

0

digital video

color space comp onen ts tak e in teger v alues b et w een 16 and 235 (excursion of 219), and th us are

co dable with eigh t bits,

R

0

219

= round(219 R

0

) + 16 ;

G

0

219

= round(219 G

0

) + 16, and

B

0

219

= round(219 B

0

) + 16 :

This color space will henceforth b e kno wn as R

0

G

0

B

0

219.

In digital computers, ho w ev er, an excursion of 255 is often used, resulting in the R

0

G

0

B

0

255

color space, whic h leads to smaller quan tization errors

R

0

255

= round(255 R

0

) ;

G

0

255

= round(255 G

0

), and

B

0

255

= round(255 B

0

) :

Y

0

C

B

C

R

Luma is a signal whic h is related to brigh tness, and whic h is usually , though wrongly , referred

to as luminance. Luminance, Y , is de�ned b y CIE (Commission In ternationale de l'

�

Eclairage)
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as radian t p o w er w eigh ted b y a sp ectral sensitivit y function that is c haracteristic of vision [164 ].

It can b e expressed as a w eigh ted sum of the linear R GB comp onen ts. Luma, Y

0

, on the other

hand, is a w eigh ted sum of the non-linear, gamma corrected, R

0

G

0

B

0

comp onen ts. Hence, Y

0

cannot b e obtained from Y b y gamma correction, as in (3.1) .

In order to sa v e bandwidth or storage space, video data is often pro vided in a format in whic h

color is subsampled relativ e to luma. This o w es to the fact that the HVS is less sensitiv e

to spatial detail in color than in brigh tness. The corresp onding color space separates color

information from luma b y subtracting luma from the R' and B' signals. The color signals,

kno wn as C

B

and C

R

, are then obtained b y scaling, o�setting and quan tizing. This color

space, kno wn as Y

0

C

B

C

R

, and the sampling format, are sp eci�ed in ITU-R Recommendation

BT.601-2 [20]. The comp onen ts of Y

0

C

B

C

R

can b e computed from R

0

G

0

B

0

b y

Y

0

= round(16 + 65 : 481 R

0

+ 128 : 553 G

0

+ 24 : 966 B

0

) ;

C

0

B

= round(128 � 37 : 797 R

0

� 74 : 203 G

0

+ 112 : 000 B

0

), and

C

0

R

= round(128 + 112 : 000 R

0

� 93 : 786 G

0

� 18 : 214 B

0

) ;

where Y

0

has an excursion from 16 to 235, and C

B

and C

R

ha v e and excursion from 16 to 240

(with zero corresp onding to lev el 128). Y

0

is usually kno wn as the luma signal, and C

B

and C

R

are kno wn as the c hroma signals.

3.2 Images and sequences

3.2.1 Analog images

De�nition 3.1. ([still] analog image) A 2D function f ( � ) : R ! R

n

de�ne d in a b ounde d

r e gion R � R

2

and taking values in R

n

. It is assume d that the c o or dinate s

x

in s =

�

s

x

s

y

�

2 R

2

gr ows rightwar ds and the c o or dinate s

y

gr ows upwar ds.

A still image usually corresp onds to the pro jection of a 3D scene on to a 2D plane (e.g., the

pro jection plane of a camera) at a giv en time instan t.

3

The dimension n of the space where the

function tak es v alues is the n um b er of color comp onen ts of the color space used. Usual v alues

of n are n = 3 for R GB , R

0

G

0

B

0

, or an y other color spaces adapted to the tric hromatic HVS,

and n = 1 for grey scale images.

When time is allo w ed to 
o w, the previous de�nition m ust b e extended to encompass mo ving

images:

De�nition 3.2. (mo ving analog image) A 3D function f ( � ) : R � T ! R

n

de�ne d in a

time interval T � R and in a b ounde d sp ac e r e gion R � R

2

.

3

Actually , b esides b eing the result of an in tegration o v er a short p erio d of time, it is not a true pro jection,

since the image is formed through a lens, and there is the question of fo cusing to consider.
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3.2.2 Digital images

Still or mo ving analog images m ust b e sampled and quan tized, i.e., digitized, b efore they can

b e manipulated b y digital computers. The result of sampling and quan tizing is a digital image:

De�nition 3.3. (image) A 2D function f [ � ] : Z ! Z

n

de�ne d in a b ounde d discr ete sp ac e

r e gion Z � Z

2

and taking values in Z

n

(quantize d c omp onent sp ac e).

De�nition 3.4. (mo ving image or video [or image] sequence) A 3D function f [ � ] :

N � Z ! Z

n

de�ne d in a discr ete time interval N � Z and in a b ounde d discr ete sp ac e r e gion

Z � Z

2

.

De�nition 3.5. (pixel) Each of the elements of v =

�

v

i

v

j

�

2 Z in the domain of a digital

image. The name \pixel" stems fr om \pictur e element".

In the case of mo ving images, pixels are extended with a, often implicit, time co ordinate in the

discrete time domain N of the image. Those 3D pixels are also kno wn as v o xels (from \v olume

elemen t").

There is a sp ecial class of digital image or mo ving image whic h is often of in terest: binary or

blac k and white images. These images tak e v alues on a set with only t w o v alues, whic h can b e

in teger v alues (usually 0 and 1, but often 0 and 255, for eigh t bits co ding), or, for instance, the

b o olean v alues \false" and \true".

3.2.3 Lattices, sampling lattices and asp ect ratio

Usually analog images are p erio dically sampled in space and time. The set of sample p ositions

de�nes a sampling pattern, normally in the form of a lattice (a sampling lattice):

De�nition 3.6. (lattice [181 ] ) L et u

j

, with j = 0 ; : : : ; m , b e a set of line arly indep endent

ve ctors in R

m

(the lattic e b asis). The set of sites s 2 R

m

such that s = s [ v ] =

P

m � 1

j =0

v

j

u

j

, with

v =

�

v

0

: : : v

m � 1

�

2 Z

m

, is a lattic e L in R

m

.

A digital image f [ � ] can b e obtained b y sampling and quan tizing an analog image f ( � ) according

to a 2D sampling lattice

f [ v ] = q

�

~

f ( s [ v ])

�

with v 2 Z ,

where

~

f ( � ) is an an ti-aliased, �ltered v ersion of the analog original f ( � ), and q ( � ) : R

n

! Z

n

is

a quan tization function. Notice that an ti-alias �ltering and quan tization are usually p erformed

indep enden tly on eac h color comp onen t.

Similarly , a digital sequence f [ � ] can b e obtained b y sampling and quan tizing an analog sequence

f ( � ) according to a 3D sampling lattice

f

n

[ v ] = f [ n; v ] = q

�

~

f ( s [ n; v ] ; t [ n; v ])

�

with n 2 N and v 2 Z ,
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where

~

f ( � ) is an an ti-aliased, �ltered v ersion of the analog original f ( � ), and q ( � ) : R

n

! Z

n

is a

quan tization function. Notice that usually the an ti-aliasing �lter is separable b et w een the space

and time dimensions.

Hence, a sampling lattice relates the pixels with the corresp onding p ositions in the original,

analog image.

Usual 2D sampling lattices

The most common 2D sampling lattices are the rectangular, generated b y u

0

=

�

0 � b

�

T

and

u

1

=

�

a 0

�

T

(square when a = b ), and the hexagonal, generated b y u

0

=

�

a= 2 � a

p

3 = 2

�

T

and

u

1

=

�

a 0

�

T

, as can b e seen in Figure 3.1. The names for these lattices stem from the shap e of

the regions in a V oronoi tessellation corresp onding to the lattice sites.

4

Often the term pixel is

applied to these regions, instead of to the co ordinates of the lattice sites. The meaning should

b e clear from the con text. Notice that the lattice v ectors in v ert the meanings of x and y (in

the case of the rectangular lattice) and in v ert the direction of the y axis. This is to main tain

the usual con v en tion of thinking of a digital image f as a matrix with elemen ts f [ i; j ], where i

gro ws do wn w ards and j righ t w ards.

u

0

u

1

(a) Rectangular lattice.

u

1

u

0

(b) Hexagonal lattice

Figure 3.1: Examples of 2D lattices ( u

0

and u

1

are the lattice basis v ectors). Lattice sites are

represen ted b y dots.

In the case of rectangular lattices, � = a=b is the pixel asp ect ratio. Ev en though the pixel

asp ect ratio rarely has the v alue 1 (corresp onding to square pixels), this fact is often neglected.

F or instance, the so on to b e issued MPEG-4 standard, the �rst in the MPEG family to sp ecify

a scene structure, and hence to mix video with computer graphics ob jects, seems to ha v e

4

Giv en a set of sites in space, the V oronoi tessellation surrounds eac h site with a region of in
uence corre-

sp onding to those p oin ts of the space whic h are closer to the giv en site than to an y other site. If the space is R

2

and the n um b er of sites is �nite (a su�cien t, though not necessary , condition), the V oronoi tessellation will ha v e

p olygonal, p ossibly un b ounded regions. The dual concept is the Delauna y triangulation.
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neglected this issue, at least in its �rst v ersion.

5

The result is distorted renderings of video

material whenev er � 6= 1.

A single lattice can b e generated b y di�eren t bases. The bases corresp onding to the smallest

p ossible v ectors are said to b e reduced [69 ]. The bases presen ted ab o v e for the rectangular and

hexagonal lattices in R

2

are reduced.

Usual 3D sampling lattices

In practice there are t w o sampling lattices used for mo ving, 3D images: progressiv e (or rectangu-

lar) and in terlaced. The progressiv e lattice is generated b y u

0

=

�

0 0 �

�

T

, u

1

=

�

0 � b 0

�

T

and u

2

=

�

a 0 0

�

T

(spatially square when a = b ). The in terlaced lattice is generated b y

u

0

=

�

0 � b= 2 �

�

T

, u

1

=

�

0 � b 0

�

T

and u

2

=

�

a 0 0

�

T

(spatially square when a = b ).

In b oth cases � is the sampling time p erio d. The in terlaced scanning used in analog cameras

in tro duces a time dela y b et w een the �rst and the last lines in a �eld. The digitized v ersion of

an analog in terlaced signal th us has a more complex structure than the one presen ted here.

Notice that the lattice v ectors, in the case of the rectangular lattice, again in v ert the meanings

of x , y , and no w also z (time), and in v ert the direction of the y axis. This is to main tain the

usual con v en tion of thinking of a digital mo ving image f as a sequence f

n

, with n 2 N , of

matrices with elemen ts f

n

[ i; j ], where i gro ws do wn w ards and j righ t w ards. Using the notation

ab o v e, f

n

[ i; j ] = f [ n; i; j ].

This notation is usually violated in the case of in terlaced 3D lattices. This is b ecause the spatial

domain of mo ving analog images is usually a rectangle in a �xed lo cation. Hence, it is common

to c hange the meaning of i in the notation f

n

[ i; j ] in to: The n um b er of the ro w, assuming that

at eac h time instan t ro w zero is the �rst ro w inside the giv en rectangular spatial domain.

In this thesis all mo ving images are assumed to ha v e b een sampled using a progressiv e lattice.

Metho ds for con v erting digital images from in terlaced to progressiv e sampling lattices are easily

constructed, but outside the scop e of this thesis.

3.3 Grids, graphs, and trees

This section presen ts some de�nitions and results regarding grids and graphs. Since some of

the material on graphs can b e found in go o d monographes on graph theory , suc h as [186 ],

sev eral results are presen ted informally and without pro of. A go o d reference for engineering

applications of graph theory is [23 ].

De�nition 3.7. (grid [181] ) A grid G ( V ; E ) in Z

m

is de�ne d by two sets:

1. V � Z

m

{ the set of vertic es.

5

Actually the asp ect ratio can no w b e sp eci�ed in the V OL (Video Ob ject La y er). A fortunate last-min ute

addition to the standard.
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2. E { a set of unor der e d p airs of p oints f v

a

; v

b

g with v

a

6= v

b

2 V , i.e., a neighb orho o d

system or the set of the e dges in the grid.

such that (se e [181] for further details):

1. the sets V and E ar e invariant with r esp e ct to some sub-gr oup t of tr anslations in Z

m

( t -invarianc e c ondition).

2. the e dges (elements of E ) do not cr oss (non-cr ossing c ondition).

Figure 3.2 sho ws a sc hematic represen tation of the usual square and hexagonal grids in Z

2

, b oth

with V = Z

2

. The names for the grids are related to the n um b er of neigh b ors of eac h v ertex.

The geometrical represen tation with squares is a mere matter of con v enience.

(a) Rectangular grid. (b) Hexagonal grid.

Figure 3.2: Examples of grids. V ertices are represen ted b y dots and edges b y lines.

A grid can b e seen as a simple graph. Additionally , b ecause of the non-crossing condition, grids

in Z

2

can b e seen as planar simple graphs. Edges in grids corresp ond to arcs in graphs.

De�nition 3.8. (simple graph [172 ] ) A simple (undir e cte d) gr aph G ( V ; A ) c onsists of a

nonempty set V of vertic es and a set A of unor der e d p airs of distinct elements of V c al le d ar cs.

Sinc e A is a set, ther e ar e no r ep e ate d ar cs. Sinc e the ar cs c onsist of unor der e d p airs of distinct

elements, no ar c c onne cts a vertex to itself.

Often it ma y b e imp ortan t to allo w the existence of m ultiple or parallel arcs. Since simple

graphs disallo w them, a more generic de�nition ma y b e needed:

De�nition 3.9. (m ultigraph [172 ] ) A multigr aph G ( V ; A ) c onsists of a nonempty set V of

vertic es, a set A of ar cs, and an ar c function g ( � ) : A !

�

f u; v g : u 6= v 2 V

	

. Two ar cs a

1

and a

2

ar e multiple or p ar al lel if g ( a

1

) = g ( a

2

) . Henc e, if g ( � ) is inje ctive, then the multigr aph

has no p ar al lel ar cs, and henc e is a simple gr aph. By a slight abuse of notation, f u; v g 2 A wil l

b e taken to me an 9 a 2 A : g ( a ) = f u; v g .

Still another generalization allo ws the existence of arcs connecting a v ertex to itself:
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De�nition 3.10. (pseudograph [172 ] ) A pseudo gr aph G ( V ; A ) c onsists of a nonempty set

V of vertic es, a set A of ar cs, and an ar c function g ( � ) : A !

�

f u; v g : u; v 2 V

	

. The

pseudo gr aph c an thus c ontain ar cs a such that g ( a ) = f u g , i.e., ar cs b etwe en a vertex and itself.

A pseudo gr aph without such self-c onne cting ar cs is, of c ourse, a multigr aph.

Prop erties whic h are true for pseudographs are also true for m ultigraphs. And prop erties whic h

are true for m ultigraphs are also true for simple graphs. Hence, throughout this thesis, the w ord

graph will b e tak en to mean pseudograph unless it is quali�ed with \m ulti-" or \simple". F or

simple graphs, the function g ( � ), whic h is injectiv e, is also tak en to exist.

De�nition 3.11. (simpli�cation) The pr o c ess of suc c essively eliminating (or mer ging) mul-

tiple ar cs fr om a multigr aph until a simple gr aph is obtaine d. In the c ase of pseudo gr aph, this

pr o c ess is pr e c e de d by the elimination of self-c onne cting ar cs. Henc e, simpli�c ation c onverts a

pseudo- or multigr aph into a simple gr aph.

De�nition 3.12. (planar graph [172 ] ) A gr aph is planar if it c an b e dr awn in the plane

without cr ossing ar cs.

A m ultigraph is planar if its simpli�cation is planar. The same is true for a pseudograph. Planar

graphs are esp ecially imp ortan t for image pro cessing. Hence, results concerning planar graphs

are giv en in a separate section.

De�nition 3.13. (v ertex adjacency or neigh b orho o d and degree [172 ] ) Two vertic es

u; v 2 V of a gr aph G ( V ; A ) ar e c al le d adjac ent or neighb or vertic es if ther e is an ar c a such

that g ( a ) = f u; v g 2 A . In that c ase, a is said b e incident with (or to c onne ct) vertic es u and v ,

and u and v ar e c al le d the end vertic es of a . The de gr e e d ( v ) of a vertex v is simply the numb er

of ar cs incident with it. The de gr e e d ( u; v ) of a p air of vertic es u and v is the numb er of ar cs

incident on b oth vertic es, i.e., d ( u; v ) = #

�

a 2 A : g ( a ) = f u; v g

	

.

6

Hence, d ( u; v ) is either zero or one in a simple graph and d ( u; u ) is alw a ys zero on m ulti- or

simple graphs, i.e., on graphs without self-connecting arcs. Also, the relations d ( u; v ) � d ( u )

and d ( u; v ) � d ( v ) alw a ys hold. Additionally , it can b e easily pro v en that

P

v 2 V

d ( v ) = 2# A

for an y simple, m ulti-, or pseudograph.

3.3.1 Graph op erations

Basic graph op erations

Giv en a graph G ( V ; A ), then:

� If a 2 A , then G � a means the graph G ( V ; A n f a g ).

� If a is suc h that g ( a ) = f u; v g with u; v 2 V , then G + a means the graph G ( V ; A [ f a g ).

6

# S is the n um b er of elemen ts, i.e., the cardinalit y , of the set S .
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� If v 2 V , then G � v means the graph G ( V n f v g ; A n A

0

), where A

0

=

�

a 2 A : v 2 g ( a )

	

,

the set of arcs inciden t on v .

� G + v means the graph G ( V [ f v g ; A ).

Sub divisions, mergings, short-circuits, and reductions

De�nition 3.14. (arc sub division [172 ] ) A tr ansformation of gr aph G ( V ; A ) to gr aph

G

0

( V

0

; A

0

) c onsisting in r emoving an ar c a 2 A incident on u; v 2 V and inserting a new

vertex w and two ar cs b and c such that g ( b ) = f u; w g and g ( c ) = f v ; w g . That is, the pr o c ess

of dividing an ar c into a se quenc e of two ar cs. The r esulting gr aph has A

0

= A n f a g [ f c g [ f d g

and V

0

= V [ f w g .

De�nition 3.15. (arc con traction or merging of adjacen t v ertices [186 ] ) A tr ansforma-

tion of a gr aph G ( V ; A ) to a gr aph G

0

( V

0

; A

0

) such that an ar c a with g ( a ) = f u; v g is r emove d

and the two adjac ent vertic es u; v 2 V (which may b e the same vertex) ar e r eplac e d by a single

new vertex w 2 V

0

. A r cs with end vertic es u or v ar e change d so that they ar e incident on w .

In the case of m ulti- or simple graphs, all arcs a suc h that g ( a ) = f u; v g are remo v ed in the

transformation, for otherwise self-connecting arcs w ould b e in tro duced. In the case of simple

graphs, pairs of arcs b et w een some v ertex x 6= u; v 2 V and u and v are merged in to a single

arc, so that no m ultiple arcs are in tro duced.

A related concept is that of short-circuiting:

De�nition 3.16. (v ertex short-circuiting) A tr ansformation of a gr aph G ( V ; A ) to a gr aph

G

0

( V

0

; A

0

) such that two arbitr ary vertic es u; v 2 V ar e r eplac e d by a new vertex w 2 V

0

. A r cs

with end vertic es u or v ar e change d so that they ar e incident on w .

The same considerations as for v ertex mergings apply with resp ect to m ulti- and simple graphs.

De�nition 3.17. (con traction) A gr aph G

0

that c an b e obtaine d by a se quenc e of ar c c on-

tr actions p erforme d on gr aph G is c al le d a c ontr action of G . The c ontr action G

0

is maximal if it

c ontains no ar cs.

The in v erse of an arc sub division is often of in terest. It will, ho w ev er, b e de�ned only for

pseudographs, since for pseudographs it do es main tain the graph circuits (and hence is in v arian t

with resp ect to homeomorphism, see De�nitions 3.23 and 3.43):

De�nition 3.18. (arc reduction) A tr ansformation of gr aph G ( V ; A ) to pseudo gr aph

G

0

( V

0

; A

0

) c onsisting in r emoving a vertex v 2 V with d ( v ) = 2 and such that 9 a; b 2 A

with a 6= b incident on v . I.e., the (two) ar cs incident on v ar e not self-c onne cting (otherwise

d ( v ) = 4 ). L et g ( a ) = f v ; u g and g ( b ) = f v ; w g ( v 6= u; w , of c ourse). The r emoval of v is

then fol lowe d by the r emoval of ar cs a and b and by the insertion of a new ar c c such that

g ( c ) = f u; w g (which may b e a self-c onne cting ar c).
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Th us, an arc reduction can b e seen as an arc con traction p erformed on one of the t w o distinct

arcs connecting to the c hosen v ertex, whic h m ust b e of degree t w o. Unlik e arc con tractions,

ho w ev er, it is easy to pro v e that arc reductions do not in tro duce nor remo v e circuits (see

De�nition 3.23) from the graph.

De�nition 3.19. (reduction) A gr aph G

0

that c an b e obtaine d by a se quenc e of ar c r e ductions

p erforme d on gr aph G is c al le d a r e duction of G . The r e duction G

0

is maximal if no further ar c

r e ductions ar e p ossible.

The v ertices that remain after the maximal reduction of a graph dep end in general on the order

of the arc reductions. Ho w ev er, the resulting maximal reductions, while p ossibly di�eren t, are

alw a ys isomorphic (see De�nition 3.42).

3.3.2 W alks, trails, paths, circuits, and connectivit y in graphs

De�nition 3.20. (w alk [186 ] ) A �nite alternating se quenc e of vertic es and ar cs v

0

; a

1

; v

1

; : : : ;

v

k � 1

; a

k

; v

k

, with v

i

2 V for i = 0 ; : : : ; k and a

i

2 A such that g ( a

i

) = f v

i � 1

; v

i

g for i = 1 ; : : : ; k ,

of a gr aph G ( V ; A ) , is a walk of length k b etwe en its end or terminal vertic es v

0

and v

k

(the

other vertic es ar e internal vertic es). If v

0

= v

k

the walk is close d; otherwise it is an op en walk.

A walk with end vertic es v

0

and v

k

is c al le d a v

0

; v

k

-walk.

De�nition 3.21. (trail [186 ] ) A tr ail is a walk with al l ar cs distinct. It is an op en tr ail if its

end vertic es ar e distinct; otherwise it is close d.

De�nition 3.22. (path [186 ] ) A p ath is an op en tr ail with al l vertic es distinct. A p ath with

end vertic es v

0

and v

k

is c al le d a v

0

; v

k

-p ath.

It can b e pro v ed easily that all op en w alks or trails con tain a path b et w een their end v ertices.

De�nition 3.23. (circuit [186 ] ) A cir cuit is a close d tr ail with al l vertic es distinct exc ept the

end vertic es.

The shortest circuit in a pseudograph has length one, in a m ultigraph has length t w o, and in a

simple graph has length three.

Since paths and circuits ha v e no rep eated arcs or v ertices (except the end v ertices of a circuit),

b oth can b e sp eci�ed uniquely from their set of arcs (in the case of a circuit the terminal v ertex

will remain am biguous, though). Hence, if P is a path and C is a circuit, then P and C will

often b e in terpreted as the set of arcs in the path and the set of arcs in the circuit, resp ectiv ely .

It should b e clear that all v ertices in a circuit ha v e degree 2 on that circuit, the same thing

happ ening to the all v ertices in a path except the end v ertices, whic h ha v e degree 1. Also, ev en

though paths of length zero are precluded b y the de�nition of path, they will sometimes b e

of use, in whic h case they will b e assumed to consist of a single v ertex and represen ted b y an

empt y set of arcs (in this case the represen tation b y the arcs is not su�cien t, but this is rarely

problematic).
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A u; v -path is in general not unique in a graph. It is unique, if it exists, only in the case of

acyclic graphs (graph with no circuits, see b elo w). In these cases of uniqueness, it mak es sense

to write P = u; v -path .

De�nition 3.24. (circuit arc [186] ) A n ar c a is a cir cuit ar c of gr aph G if ther e is a cir cuit

in G which includes a .

De�nition 3.25. (connectivit y) Two vertic es u; v 2 V of gr aph G ( V ; A ) ar e c onne cte d if

ther e is a u; v -p ath (or walk or tr ail) in the gr aph. A subset V

0

of vertic es of gr aph G ( V ; A ) is

c onne cte d if for al l p airs of vertic es u; v 2 V

0

ther e is a u; v -p ath (or walk or tr ail) c ontaining

only vertic es of V

0

. A single vertex is c onne cte d by de�nition. A gr aph G ( V ; A ) is said to b e

c onne cte d if V is itself c onne cte d, i.e., if ther e is a p ath (or walk or tr ail) b etwe en any p air of

vertic es.

It can b e easily pro v ed that the remo v al of a circuit arc from a connected graph leads to a graph

whic h is still connected. If there are no circuit arcs in a graph, then the graph has no circuits

and is said to b e an acyclic graph.

De�nition 3.26. ( n -arc-connectivit y) A c onne cte d gr aph is n -ar c-c onne cte d if at le ast n

ar cs must b e r emove d to disc onne ct it.

If all arcs in a graph are circuit arcs, then clearly that graph is 2-arc-connected.

De�nition 3.27. (bridge) A n ar c in a gr aph G is a bridge if its r emoval fr om G augments

the numb er of c onne cte d c omp onents of G (se e De�nition 3.34).

Notice that if a graph has a bridge, then it is 1-arc-connected, and that the n um b er of connected

comp onen ts alw a ys augmen ts b y one when a bridge is remo v ed.

3.3.3 Euler trails and graphs

De�nition 3.28. (Euler trails) A n Euler tr ail is a close d tr ail c ontaining al l the ar cs of a

given gr aph. A n op en Euler tr ail is an op en tr ail c ontaining al l the ar cs of a given gr aph.

De�nition 3.29. (Euler graph) A gr aph with al l vertic es of even de gr e e is an Euler gr aph.

It is kno wn from graph theory [174 ] that a connected graph G ( V ; A ) has an Euler trail i� (if

and only if) 8 v 2 V d ( v ) is ev en, i.e., i� it is an Euler graph. Also, it has an op en Euler trail,

but not a (closed) Euler trail, i� there are exactly t w o v ertices with o dd degree.

Another in teresting result is that Euler graphs, connected or not, can b e expressed, except for

isolated v ertices, as the union of arc-disjoin t circuits.

A more general de�nition is:

De�nition 3.30. (p ostman w alk) A p ostman walk is a close d walk c ontaining al l the ar cs of

a given gr aph. A n op en p ostman walk is an op en walk c ontaining al l the ar cs of a given gr aph.
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The Chinese p ostman problem

Let w ( � ) : A ! R

+

0

b e a w eigh t function de�ned on the arcs A of graph G ( V ; A ). The Chinese

p ostman problem is then to �nd a p ostman w alk v

0

; a

1

; v

1

; : : : ; v

k � 1

; a

k

; v

k

suc h that

P

k

i =1

w ( a

i

)

is minim um (the path length k is k > = # A ). Of course, if an Euler trail exists, it is also a

solution of the Chinese p ostman problem.

The Chinese p ostman problem is solv able in p olynomial time (i.e., it is not NP-complete) in

the case of undirected, simple graphs. See [186 ] and [51 ] for details.

3.3.4 Subgraphs, complemen ts, and connected comp onen ts

De�nition 3.31. (subgraph [174 ] ) A gr aph G ( V

0

; A

0

) is a sub gr aph of G ( V ; A ) if V

0

� V

and A

0

� A . It is a pr op er sub gr aph if either V

0

� V or A

0

� A .

The concept of maximal subgraph is also imp ortan t, and will b e useful for de�ning connected

comp onen ts:

De�nition 3.32. (maximal subgraph [172 ] ) A sub gr aph G ( V

0

; A

0

) of gr aph G ( V ; A ) is max-

imal if ther e is no ar c f v

a

; v

b

g 2 A n A

0

such that v

a

; v

b

2 V

0

, that is, if al l ar cs in A c onne cting

vertic es of V

0

also b elong to A

0

. The maximal sub gr aph G ( V

0

; A

0

) is said to b e vertex-induc e d

by V

0

� V .

Hence, eac h subset V

0

of v ertices from V induces a single maximal subgraph G ( V

0

; A

0

) of

G ( V ; A ), whic h can b e constructed b y including in A

0

all arcs with b oth end v ertices in V

0

.

A maximal subgraph can also b e de�ned as a subgraph to whic h no further arcs of the original

graph can b e added without also adding some v ertices.

Notice that a subgraph G ( V

0

; A

0

) of G ( V ; A ) ma y also b e arc-induced b y some A

0

� A . The

set of v ertices V

0

, in this case, is suc h that it con tains only end v ertices of arcs in A

0

.

De�nition 3.33. (complemen t [23] ) The c omplement G

0

( V

00

; A

00

) of a sub gr aph G

0

( V

0

; A

0

)

of gr aph G ( V ; A ) is the sub gr aph ar c-induc e d by A

0 0

= A n A

0

plus the vertic es in V n V

0

.

Hence, a subgraph and its complemen t nev er ha v e common arcs, but ma y ha v e common v ertices.

De�nition 3.34. (connected comp onen t) A maximal sub gr aph G ( V

0

; A

0

) of G ( V ; A ) is a

c onne cte d c omp onent of G ( V ; A ) if:

V

0

is c onne cte d, and

8f u; v g 2 A either u; v 2 V

0

or u; v 2 V n V

0

.

Algorithms

The connected comp onen ts of a graph can b e iden ti�ed using the DFS (Depth First Searc h)

algorithm, whose running time for a generic graph G ( V ; A ) is O (# V + # A ) [28 ]. If the graph
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is simple and planar, then the running time is also O (# V ), i.e., it is linear on the n um b er of

v ertices, see Section 3.4.1.

Ev en though this is not appropriate to an algorithm, the n um b er of connected comp onen ts of

a graph can b e seen to b e equal to the n um b er of v ertices in its maximal con traction.

3.3.5 Rank and n ullit y

De�nition 3.35. (rank) The r ank � ( G ) of a gr aph G ( V ; A ) is de�ne d as � ( G ) = # V � c ,

wher e c is the numb er of c onne cte d c omp onents of G .

De�nition 3.36. (n ullit y) The nul lity � ( G ) of a gr aph G ( V ; A ) is de�ne d as � ( G ) = # A �

# V + c = # A � � ( G ) , wher e c is the numb er of c onne cte d c omp onents of G .

3.3.6 Cut v ertices, separabilit y , and blo c ks

De�nition 3.37. (cut v ertex [23] ) If in a c onne cte d gr aph G ther e is a pr op er sub gr aph G

0

,

with at le ast one ar c, such that it has only one vertex v in c ommon with its c omplement G

0

, then

vertex v is said to b e a cut vertex of G . A vertex of an unc onne cte d sub gr aph is a cut vertex if

it is a cut vertex of one of its c onne cte d c omp onents.

If the remo v al of a v ertex and all inciden t arcs leads to an increase (of at least one) in the n um b er

of connected comp onen ts, then that v ertex is a cut v ertex. F or m ulti- and simple graphs, the

con v erse is also true. F or pseudographs, v ertices whic h are self-connected and whic h b elong to

a connected comp onen t with at least another v ertex are also cut v ertices regardless of whether

their remo v al increases the n um b er of connected comp onen ts.

De�nition 3.38. (separabilit y [23 ] ) A disc onne cte d gr aph is sep ar able. A c onne cte d gr aph

is sep ar able if it c ontains cut vertic es.

De�nition 3.39. (blo c k [23 ] ) A blo ck of gr aph G is a non-sep ar able sub gr aph of G such that

adding any further ar c wil l make it sep ar able.

A graph can alw a ys b e decomp osed in to its blo c ks. Notice that isolated v ertices (i.e., v ertices

without inciden t arcs, not ev en self-connecting arcs), are blo c ks, ev en though they cannot b e

obtained b y decomp osition of an y graph in to blo c ks. The blo c ks of a graph are alw a ys 2-arc-

connected, except for the trivial blo c k with t w o v ertices connected b y a single arc, as can b e

pro v ed easily .

3.3.7 Cuts and cutsets

De�nition 3.40. (cut) Given two pr op er subsets of vertic es V

1

; V

2

� V of a gr aph G ( V ; A )

such that V

1

[ V

2

= V and V

1

\ V

2

= ; , the cut h V

1

; V

2

i is the set of ar cs

�

a 2 A : g ( a ) =

f u; v g with u 2 V

1

; v 2 V

2

	

.
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De�nition 3.41. (cutset) A minimal set of ar cs of gr aph G such that its r emoval incr e ases

the numb er of c onne cte d c omp onents (of exactly one).

Hence, a cut h V

1

; V

2

i of a connected graph G is also a cutset if V

1

and V

2

are connected. In

general, it can b e pro v ed that cuts are either cutsets or unions of arc-disjoin t cutsets.

3.3.8 Isomorphism, 2-isomorphism, and homeomorphism

An imp ortan t concept, whic h tells when t w o graphs can b e seen as \equiv alen t", is that of

isomorphism:

De�nition 3.42. (isomorphic graphs) Two gr aphs G

1

( V

1

; A

1

) and G

2

( V

2

; A

2

) ar e isomor-

phic if ther e is a bije ctive function g ( � ) : V

1

! V

2

such that d ( u; v ) = d ( g ( u ) ; g ( v )) for al l

u; v 2 V

1

.

The concept of homeomorphism will b e useful for de�ning a few concepts related to the b orders

in 2D maps:

De�nition 3.43. (homeomorphic graphs) Two gr aphs G

1

and G

2

ar e home omorphic if b oth

c an b e obtaine d by suc c essive ar c sub divisions p erforme d on a p air of isomorphic originating

gr aphs. Or, if the their maximal r e ductions ar e isomorphic.

Finally , the concept of 2-isomorphism will b e of paramoun t imp ortance when dealing with graph

dualit y:

De�nition 3.44. (2-isomorphism [186 , 23] ) Two gr aphs G

1

and G

2

ar e 2-isomorphic if they

c an b e made isomorphic to one another by p erforming series of the fol lowing op er ations on any

of them:

1. De c omp ose a sep ar able gr aph into disc onne cte d blo cks and r e c onne ct them suc c essively by

short-cir cuiting p airs vertic es b elonging to di�er ent c onne cte d c omp onents.

2. If G

0

is a pr op er sub gr aph of either G

1

or G

2

, with at le ast one ar c, such that it has only

two distinct vertic es u and v in c ommon with its c omplement G

0

, de c omp ose the original

gr aph ( G

1

or G

2

) into G

0

and G

0

by splitting the vertic es u and v and then r e c onne ct the

same vertic es after turning ar ound one of the sub gr aphs.

Step 1 ab o v e do es not in tro duce nor remo v e circuits from the original graph: the short-circuited

v ertices th us b ecome cut v ertices, except if one of the comp onen ts b eing connected is an isolated

v ertex (in whic h case it simply \disapp ears"). Step 2 also do es not in tro duce nor remo v e circuits

from the original graph. The imp ortance of these facts can b e seen from the theorem stating

that t w o graphs are 2-isomorphic i� there is a bijectiv e corresp ondence b et w een their sets of

arcs suc h that circuits in one graph corresp ond to circuits in the other [186 ], though the order

of the arcs in the circuits ma y b e di�eren t.

Step 1 do es not c hange the n um b er of arcs in the graph, and, when a blo c k is separated b y

splitting a cut v ertex or t w o connected comp onen ts united b y short-circuiting t w o v ertices,
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b oth n um b er of v ertices and n um b er of connected comp onen ts either increase or decrease b y

one. Step 2 do es not c hange the n um b er of v ertices, arcs and connected comp onen ts of the graph.

Hence, neither the rank nor the n ullit y of the graph c hange. As a consequence, 2-isomorphic

graphs m ust ha v e the same rank, the same n ullit y , and the same n um b er of arcs.

3.3.9 T rees and forests

Theorem 3.1. (tree) The fol lowing statements ab out gr aph T ( V ; A ) ar e e quivalent:

1. T is a tr e e.

2. T is c onne cte d and acyclic.

3. T is c onne cte d and # A = # V � 1 = � ( T ) .

4. Ther e is a unique p ath in T b etwe en any p air of distinct vertic es.

5. A dding a new ar c (incident on existing vertic es) to T wil l cr e ate a single cir cuit.

Theorem 3.2. (forest) The fol lowing statements ab out gr aph F ( V ; A ) ar e e quivalent:

1. F is a for est.

2. F is acyclic.

3. If ther e is a p ath in F b etwe en a p air of distinct vertic es, then that p ath is unique.

4. F has c c onne cte d c omp onents and # A = # V � c = � ( F ) .

5. A dding a new ar c (incident on existing vertic es) to F wil l either r e duc e the numb er of

c onne cte d c omp onents by one or cr e ate a single cir cuit.

Theorem 3.3. ( k -tree) The fol lowing statements ab out gr aph

k

T ( V ; A ) ar e e quivalent:

1.

k

T is a k -tr e e.

2.

k

T is a for est with k c onne cte d c omp onents (tr e es).

3.

k

T is acyclic and has k c onne cte d c omp onents.

4.

k

T has # A = # V � k = � (

k

T ) .

5. A dding a new ar c (incident on existing vertic es) to

k

T wil l either r e duc e the numb er of

c onne cte d c omp onents by one or cr e ate a single cir cuit.

Eac h connected comp onen t of a forest or a k -tree is a tree. A forest with a single connected

comp onen t is a tree. A 1-tree is a tree.

If a tree T , a k -tree

k

T or a forest F are subgraphs of some graph G , the phrases \ T is a tree

of G ", \

k

T is a k -tree of G ", \ F is a forest of G ", will b e used.

F or a k -tree

k

T ( V ; A ),

k

T

i

( V

i

; A

i

), with i = 1 ; : : : ; k , refer to eac h of its comp osing trees

(connected comp onen ts). Ob viously , [

k

i =1

V

i

= V while V

i

\ V

j

= ; for i 6= j , and [

k

i =1

A

i

= A

while A

i

\ A

j

= ; for i 6= j .

Spanning trees and forests

De�nition 3.45. (spanning tree) A sub gr aph T ( V

0

; A

0

) of simple gr aph G ( V ; A ) is a sp an-

ning tr e e of G if T is a tr e e and it c overs G , i.e., V

0

= V .
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A connected graph G ( V ; A ) can b e co v ered b y a spanning tree T ( V ; A

0

) with # A

0

= # V � 1 =

� ( G ). The con v erse is true: if T ( V ; A

0

) is a tree whic h is a subgraph of G ( V ; A ), then T is a

spanning tree i� # A

0

= # V � 1 = � ( G ).

De�nition 3.46. (spanning forest) L et G b e a gr aph with c c onne cte d c omp onents. L et F

b e a for est which is also a sub gr aph of G . If F c onsists of a union of sp anning tr e es for al l the

c c onne cte d c omp onents of G , then F is a sp anning for est of G .

A spanning forest of a connected graph is a spanning tree. All spanning forests F ( V ; A

0

) of

a graph G ( V ; A ) with c connected comp onen ts ha v e # A

0

= # V � c = � ( G ). The con v erse is

also true: if F ( V ; A

0

) is a forest whic h is a subgraph of G ( V ; A ), then F is a spanning forest

i� # A

0

= # V � c = � ( G ), where c is the n um b er of connected comp onen ts of G .

De�nition 3.47. (cospanning forest and tree) L et F ( V ; A

0

) b e a sp anning for est of gr aph

G ( V ; A ) . Then the sub gr aph F

0

( V ; A n A

0

) wil l b e c al le d the c osp anning for est of for est F . If

G is c onne cte d, F is r e al ly a sp anning tr e e and F

0

wil l b e c al le d its c osp anning tr e e.

Branc hes and c hords

De�nition 3.48. (branc h and c hord) The ar cs in a sp anning for est ar e c al le d br anches of

the sp anning for est. The ar cs in the c orr esp onding c osp anning for est ar e c al le d chor ds of the

sp anning for est.

Notice that self-connecting arcs cannot b e part of an y spanning forest. Hence, self-connecting

arcs are alw a ys c hords. Also notice that bridges m ust b e part of all spanning forests, and hence

they are alw a ys branc hes.

F undamen tal circuits and cutsets

Spanning trees ha v e some in teresting prop erties. F or instance, remo ving a branc h from a span-

ning tree results in t w o connected comp onen ts (eac h one a tree on its o wn), i.e., ev ery branc h

is a cutset of the tree (trees are 1-arc-connected). The set of arcs in the original graph with one

end v ertex in eac h of these t w o comp onen ts is a fundamen tal cutset of the graph:

De�nition 3.49. (fundamen tal cutset) L et V

1

and V

2

b e the two sets of (c onne cte d) ver-

tic es obtaine d by r emoving br anch a fr om the sp anning tr e e T of gr aph G . The cutset h V

1

; V

2

i

in G is c al le d a fundamental cutset of gr aph G in r elation to the sp anning tr e e T .

Ob viously , there is a single branc h in ev ery fundamen tal cutset.

F undamen tal cutsets ma y also b e de�ned for spanning forests, if atten tion is restricted to the

connected comp onen t of the remo v ed branc h.

If T ( V ; A

0

) is a spanning tree of a giv en graph G ( V ; A ), then adding a c hord to the tree creates

a fundamen tal circuit:
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De�nition 3.50. (fundamen tal circuit) Given a gr aph G and a sp anning tr e e T , the cir cuit

that is cr e ate d by adding a chor d to T is c al le d a fundamental cir cuit of gr aph G r elative to the

sp anning tr e e T .

Similarly , there is a single c hord in ev ery fundamen tal circuit.

F undamen tal circuits ma y also b e de�ned with relation to spanning forests. Again, adding a

c hord to a spanning forest creates a single circuit.

It can b e pro v ed that an y cutset of a graph G con tains at least one branc h of ev ery spanning

forest of G . Similarly , a circuit of a graph G con tains at least one c hord of ev ery spanning forest

of G . F or connected graphs, replace \forest" with \tree" in the preceding text.

It can also b e pro v ed that the branc hes in a fundamen tal circuit are exactly those branc hes whose

fundamen tal cutsets con tain the c hord of the circuit. Con v ersely , the c hords in a fundamen tal

cutset are exactly those c hords whose fundamen tal circuits con tain the branc h of the cutset.

Let F b e a spanning forest of graph G . Let c b e a c hord of F and C its asso ciated fundamen tal

circuit. If a branc h b of F in C is cut, the corresp onding connected comp onen t of F is split

in to t w o comp onen ts. The arcs of G with end p oin ts in eac h of these t w o comp onen ts are the

fundamen tal cutset relativ e to branc h b . c is part of this cutset, b y the result in the previous

paragraph. Hence c connects t w o di�eren t connected comp onen ts of F � b , th us it is not part

of an y circuit. The conclusion is that if in a spanning forest F a c hord c is in tro duced and an y

branc h b in its fundamen tal circuit is remo v ed, a new spanning forest F + c � b will result. It

can also b e sho wn, using the results of the previous paragraph, that if in a spanning forest F a

branc h b is remo v ed and an y c hord c in its fundamen tal cutset is in tro duced, a new spanning

forest F + c � b will still result.

Of course, there are trivial v ersions of fundamen tal circuits and cutsets. In the case of self-

connecting arcs, whic h are alw a ys c hords, the corresp onding fundamen tal circuit consists of

that single self-connecting arc, and th us do es not con tain an y branc hes. On the other hand,

bridges, whic h are alw a ys branc hes, corresp ond to fundamen tal cutsets consisting of that single

bridge, and th us con tain no c hords.

Spanning k -trees

Spanning k -trees are an imp ortan t theoretical framew ork for segmen tation algorithms, since

they partition a graph in to k comp onen ts:

De�nition 3.51. (spanning k -tree) A k -tr e e

k

T ( V

0

; A

0

) of a gr aph G ( V ; A ) is a sp anning

k -tr e e of G if it c overs G , i.e., V

0

= V .

Since a spanning k -tree

k

T ( V ; A

s

) of a graph G ( V ; A ) has the same n um b er of v ertices as G

and A

s

� A , it follo ws that it has at least as man y connected comp onen ts. Hence, if c is the

n um b er of connected comp onen ts of G , then k � c . If k = c , then

k

T =

c

T is also a spanning

forest of G . Also, b y Theorem 3.2, # A

s

= # V � k .
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Theorem 3.4. Ther e is a sp anning k � 1 -tr e e of a gr aph c ontaining any sp anning k -tr e e of

the same gr aph, pr ovide d k > c , wher e c is the numb er of c onne cte d c omp onents of the gr aph.

Pr o of. Let

k

T ( V ; A

s

) b e a spanning k -tree of a graph G ( V ; A ), suc h that k > c , c b eing the

connected comp onen ts of G . The set A n A

s

is not empt y , since otherwise

k

T = G , and hence

k = c , whic h is not true b y h yp othesis. The set A n A

s

has at least one arc whic h connects

t w o di�eren t connected comp onen ts of

k

T , since otherwise all the arcs of G not already in

k

T

could b e in tro duced in to

k

T , e�ectiv ely transforming it in to G , without c hanging the n um b er

of connected comp onen ts, i.e., k = c , whic h is not true b y h yp othesis. Let then a 2 A n A

s

connect t w o connected comp onen ts of

k

T . Clearly a cannot in tro duce an y circuit in

k

T . Hence,

the new connected comp onen t obtained b y adding a is a tree, and the resulting subgraph of G

has k � 1 trees and still co v ers G : it is a spanning k � 1-tree.

The same w a y that inserting a connector (see De�nition 3.52) to spanning k -tree resulted in a

spanning k � 1-tree, remo ving a branc h from a spanning k -tree results in a spanning k + 1-tree:

Theorem 3.5. A ny sp anning k -tr e e of a gr aph G ( V ; A ) c ontains a sp anning k + 1 -tr e e of the

same gr aph, pr ovide d that k < # V .

Pr o of. Let

k

T ( V ; A

s

) b e a spanning k -tree of graph G ( V ; A ), suc h that k < # V . The set

A

s

is not empt y , since # A

s

= # V � k . Consider an arc a 2 A

s

. The remo v al of a do es not

a�ect the n um b er of v ertices in

k

T . Hence,

k

T � a is still spanning. Since remo v al of a cannot

in tro duce an y circuit,

k

T remains a forest. Hence, the n um b er of connected comp onen ts of

k

T � a is c = # V � # A

s

+ 1 = k + 1. Hence,

k

T is a spanning forest with k + 1 connected

comp onen ts: it is a spanning k + 1-tree.

Branc hes, c hords and connectors

De�nition 3.52. (Branc h, c hord and connector) L et

k

T ( V ; A

s

) b e a sp anning k -tr e e of

gr aph G ( V ; A ) with c c onne cte d c omp onents. The ar cs of G wil l b e name d br anches of

k

T if

they b elong to A

s

, chor ds of

k

T if they do not b elong to A

s

but their end vertic es b elong to the

same c onne cte d c omp onent of

k

T , and c onne ctors if they also do not b elong to A

s

but their end

vertic es b elong to di�er ent c onne cte d c omp onents of

k

T .

F undamen tal circuits and cutsets

A c hord of a spanning k -tree

k

T of a graph G is also a c hord of one of its comp onen ts, sa y

k

T

i

. Hence, in tro duction of a c hord in to the k -tree creates a circuit. This circuit is also a

fundamen tal circuit of G

i

, the subgraph of G induced b y the v ertices of

k

T

i

.

De�nition 3.53. (fundamen tal circuit of a k -tree) The cir cuit cr e ate d in a k -tr e e by

intr o duction of one of its chor ds.
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If a c hord of a spanning k -tree is inserted in to the spanning k -tree and an y of the branc hes in

the resulting circuit is remo v ed, a spanning k -tree still results. This stems from a similar result

for trees.

Notice that self-connecting arcs are c hords of an y spanning k -tree, their corresp onding funda-

men tal circuit con taining only the self-connecting arc.

A branc h of a spanning k -tree

k

T of a graph G is also a branc h of one of its comp onen ts, sa y

k

T

i

. Hence, remo v al of a branc h from a k -tree disconnects the corresp onding

k

T

i

. The c hords of

G

i

relativ e to

k

T

i

with end v ertices in eac h of the comp onen ts th us obtained form a fundamen tal

cutset of G

i

relativ e to

k

T

i

:

De�nition 3.54. (fundamen tal cutset of a k -tree) The cutset asso ciate d to the two c om-

p onents obtaine d by r emoval of a br anch of a k -tr e e fr om one of its c omp onents.

If a branc h of a spanning k -tree is remo v ed from the spanning k -tree and an y of the c hords in

the asso ciated fundamen tal cutset is inserted, a spanning k -tree still results. This stems from a

similar result for trees.

Since remo v al of an y branc h in a k -tree increases the n um b er of connected comp onen ts, inserting

a connector to a spanning k -tree and remo ving one of its branc hes still results in a spanning

k -tree.

Connectors of a k -tree connect distinct trees of the k -tree, and th us their in tro duction to the

k -tree reduces the n um b er of connected comp onen ts. Since remo v al of an y branc h in a k -tree

increases the n um b er of connected comp onen ts, inserting a connector to a k -tree and remo ving

one of its branc hes still results in a k -tree.

A bridge can either b e a branc h or a connector of a spanning k -tree, but it can nev er b e a c hord.

If it is a branc h, its corresp onding fundamen tal cutset consists of only itself.

Notice that, after inserting a connector in to a k -tree, thereb y creating a k � 1-tree, some of the

connectors of the k -tree ma y b ecome c hords of the new k � 1-tree. This is guaran teed not to

happ en when the connector is a bridge.

Seeded spanning k -trees

De�nition 3.55. ( n -seed resp ecting spanning k -tree) Given a gr aph G ( V ; A ) and a set

S � V of n vertex se e ds, a sp anning k -tr e e which includes at most one se e d in e ach of its

c omp onent tr e es is a n -se e d r esp e cting sp anning k -tr e e.

In the follo wing, the term seeded spanning k -tree will b e used often instead of n -seed resp ecting

spanning k -tree.

Ob viously , a n -seed resp ecting spanning k -tree of a graph G ( V ; A ) m ust ha v e n � k � # V .

De�nition 3.56. (smallest n -seed resp ecting spanning k -tree) Given a gr aph G ( V ; A )

and a set S � V of n vertex se e ds, a sp anning k -tr e e which includes at most one se e d in e ach
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of its c omp onent tr e es, wher e k is as smal l as p ossible, is a smal lest n -se e d r esp e cting sp anning

k -tr e e.

Theorem 3.6. A smal lest n -se e d r esp e cting sp anning k -tr e e of a gr aph with c c onne cte d c om-

p onents has k = n + c

0

, wher e c

0

is the numb er of c onne cte d c omp onents of the gr aph which do

not c ontain any se e d.

Pr o of. Let G

i

, i = 1 ; : : : ; c b e the comp onen ts of the graph G to span. If G

i

con tains no seeds,

it can b e spanned b y a single comp onen t of the k -tree. If it con tains n

i

seeds, it can b e spanned

b y n

i

comp onen ts of the k -tree. Hence, k = c

0

+

P

n

i

= c

0

+ n .

Corollary 3.7. A smal lest n -se e d r esp e cting sp anning k -tr e e of a gr aph with c c onne cte d c om-

p onents, e ach c ontaining at le ast one se e d, has k = n .

Branc hes, c hords, connectors and separators

Branc hes, c hords, and connectors are de�ned for seeded spanning k -trees as for spanning k -trees.

Ho w ev er, connectors b et w een seeded trees, whic h cannot b e inserted in to seeded spanning trees

without violating seed separation, will b e named separators:

De�nition 3.57. (separator) Sep ar ators ar e ar cs c onne cting two di�er ent c omp onents b oth

c ontaining se e ds.

Hence, in seeded spanning k -trees the term connector will b e reserv ed for simple, non-separating

connectors, all other connectors b eing separators.

Theorem 3.8. A se e de d sp anning k -tr e e is smal lest i� it has no c onne ctors, only sep ar ators.

Pr o of. Let

k

T b e a seeded spanning tree of G . It will b e pro v ed �rst that if

k

T is smallest,

then it has no connectors. Then it will b e pro v ed that if

k

T has no connectors, then it m ust b e

smallest.

If there is a connector, that is, a connector b et w een a seedless comp onen t of the k -tree and

an y other comp onen t, then that connector can b e inserted in to the k -tree, thereb y transforming

it in to a spanning k � 1-tree whic h is still resp ects the set of seeds, since at most one of the

comp onen ts connected through that connector has a seed. Hence, the spanning k -tree can not

b e smallest.

If

k

T is not smallest, then, since eac h seed in S = f s

1

; : : : ; s

n

g is con tained in a single comp onen t

k

T

i

of the spanning k -tree and all suc h seeded comp onen ts are separated, there m ust b e at

least one seedless comp onen t of

k

T in a seeded connected comp onen t G

m

of G or t w o seedless

comp onen ts of

k

T in a seedless connected comp onen t G

m

of G . Otherwise, b y Theorem 3.6,

k

T w ould indeed b e smallest. In b oth cases, there m ust b e a connector b et w een one of the

seedless comp onen ts and another comp onen t of the same connected comp onen t G

m

, since G

m

is

connected. Hence, there are connectors.
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Theorem 3.9. A l l se e de d sp anning k -tr e es which ar e not smal lest ar e sub gr aphs of some se e de d

sp anning k � 1 -tr e e of the same gr aph for the same set of se e ds.

Pr o of. Let

k

T b e a seeded spanning k -tree of some graph G . Assume

k

T is not smallest. By

Theorem 3.8,

k

T m ust ha v e at least one connector. T ak e an y connector c of

k

T and build the

graph

k

T + c . Since c is a connector, it connected t w o connected comp onen ts of

k

T , and hence

it in tro duced no circuits. Since the n um b er of connected comp onen ts in

k

T + c reduced b y one,

it is ob vious that it is a k � 1-tree. Since at least one of the comp onen ts connected b y c is

seedless,

k

T + c also resp ects seed separation. Hence,

k

T + c is a seeded spanning k � 1-tree of

whic h

k

T is a subgraph.

Theorem 3.10. A l l se e de d sp anning k -tr e es with at le ast one br anch have sub gr aphs which ar e

se e de d sp anning k + 1 -tr e es of the same gr aph for the same set of se e ds.

Pr o of. Let

k

T b e a seeded spanning k -tree of some graph G . Assume

k

T has at least one

branc h. T ak e an y branc h b of

k

T and build the graph

k

T � b . Since b is a branc h, its remo v al

separates a comp onen t of

k

T in to t w o comp onen ts, only one of whic h ma y ha v e a seed. Hence,

the resulting graph is a seeded spanning k + 1-tree and a subgraph of

k

T .

F undamen tal circuits, cutsets, and paths

F undamen tal circuits and cutsets are de�ned for seeded spanning k -trees as for spanning k -trees.

De�nition 3.58. (fundamen tal path) L et c b e a sep ar ator of a se e de d sp anning k -tr e e

k

T .

L et sep ar ator c sep ar ate two c omp onents

k

T

i

and

k

T

j

with se e ds s

i

and s

j

, r esp e ctively. The only

s

i

; s

j

-p ath in the tr e e

k

T

i

[

k

T

j

[ f c g is the fundamental p ath of

k

T r elative to sep ar ator c .

As happ ened with spanning k -trees, in seeded spanning k -trees an y branc h can b e exc hanged

with a c hord in its fundamen tal cutset and an y c hord can b e exc hanged with a branc h in its

fundamen tal circuit: none of these op erations violates the seeds separation, since the set of

v ertices in eac h connected comp onen t of the k -tree do es not c hange, only the arcs c hange.

Again as happ ened with spanning k -trees, in seeded spanning k -trees an y connector can b e

exc hanged with an y branc h. This op eration do es not violate the seed separation, since inserting

a connector (b y de�nition of connector) do es not connect t w o seeds and remo ving an y branc h

can only result in an extra, seedless comp onen t. The �nal n um b er of comp onen ts is the same.

A similar result can b e pro v ed for separators. In a seeded spanning k -tree an y separator can

b e exc hanged with an y branc h in its fundamen tal path. This is so b ecause, after insertion of

the separator in to the k -tree, the t w o comp onen ts plus the separator form a new tree and the

fundamen tal path is the only path in this new tree b et w een its t w o seeds. Hence, if an y branc h

in this path is remo v ed, the seed separation is again v alid and the n um b er of comp onen ts of the

k -tree is the same.
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Graphs and v ector spaces

De�nition 3.59. (circuit v ector [186 ] ) Cir cuits and unions of ar c-disjoint cir cuits of a gr aph

ar e c al le d cir cuit ve ctors of a gr aph.

De�nition 3.60. (cutset v ector [186 ] ) Cutsets and unions of ar c-disjoint cutsets of a gr aph

ar e c al le d cutset ve ctors of a gr aph.

Hence, cut and cutset v ector are one and the same concept.

The names circuit and cutset v ectors stem from the fact that the set of arc induced subgraphs

of a graph G ( V ; A ) with c connected comp onen ts, equipp ed with the ring sum of sets op erator,

7

is a v ector space of dimension # A o v er the Galois �eld GF (2) (see [186 ] for details

8

) where

t w o orthogonal subspaces can b e de�ned: the subspace of all circuits and unions of arc-disjoin t

circuits and the subspace of all cutsets and unions of arc-disjoin t cutsets.

It can b e pro v ed that, giv en a spanning forest F ( V ; A

s

) of a graph G ( V ; A ), the set of its

fundamen tal circuits (dimension # A � # A

s

= # A � # V + c = � ( G )) and the set of its

fundamen tal cutsets (dimension # A

s

= # V � c = � ( G )) are bases of the subspace of circuits

and unions of arc-disjoin t circuits and of the subspace of cutsets and unions of arc-disjoin t

cutsets, resp ectiv ely . Hence, an y circuit v ector can b e written as a ring sum of fundamen tal

circuits and an y cutset v ector (or cut) can b e written as a ring sum of fundamen tal cutsets.

Let F ( V ; A

s

) b e a spanning forest of a graph G ( V ; A ). Giv en a circuit consisting of the

set of arcs C , decomp ose it in to t w o disjoin t sets C

b

� A

s

and C

c

� A n A

s

, con taining

its branc hes and its c hords, resp ectiv ely . Then, it can b e pro v ed that C is the ring sum

of the fundamen tal circuits (relativ e to F ) corresp onding to the c hords in C

c

(and no other

com bination of fundamen tal circuits results in C ). It is straigh tforw ard to pro v e additionally

that the branc hes in C

b

o ccur in an o dd n um b er of suc h fundamen tal circuits, since branc hes

whic h do o ccur an ev en n um b er of times disapp ear in the ring sum.

The same thing can b e pro v ed for cuts relativ e to fundamen tal cutsets, if branc hes and c hords

are exc hanged in the previous paragraph.

Shortest spanning trees and forests

Let w ( � ) : A ! R b e a w eigh t function de�ned on the arcs A of graph G ( V ; A ). Let W ( � ) b e

de�ned as

W ( A ; w ) =

X

a 2 A

w ( a ) :

De�nition 3.61. (shortest [or minimal] spanning tree) A sub gr aph T ( V ; A

s

) of c on-

ne cte d gr aph G ( V ; A ) is a SST (Shortest Sp anning T r e e) of G if T is a sp anning tr e e and no

other sp anning tr e e T

0

( V ; A

0

s

) exists such that W ( A

0

s

; w ) < W ( A

s

; w ) .

7

The ring sum of t w o sets A and B is A � B = ( A [ B ) n ( A \ B ).

8

Multiplication of a set b y 1 results in the same set, m ultiplication b y 0 results in the empt y set ; .
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LST (Longest Spanning T ree), SSF (Shortest Spanning F orest), and LSF (Longest Spanning

F orest) are de�ned similarly .

Theorem 3.11. (c hord and branc h condition) L et F ( V ; A

s

) b e a sp anning for est of gr aph

G ( V ; A ) . The fol lowing ar e e quivalent:

1. F is a SSF of G .

2. (br anch c ondition) w ( b ) � w ( c ) for any br anch b of F and for any chor d c in the c orr e-

sp onding fundamental cutset r elative to F .

3. (chor d c ondition) w ( c ) � w ( b ) for any chor d c of F and for any br anch b in the c orr e-

sp onding fundamental cir cuit r elative to F .

Pr o of. It will b e sho wn that 1 ) 2 ) 3 ) 1.

1 ) 2: Assume 2 do es not hold for F , i.e., there is a branc h b and a c hord c in the fundamen tal

cutset of b suc h that w ( b ) > w ( c ). It w as sho wn b efore that F + c � b is still a spanning forest.

But W ( A

s

[ f c g n f b g ; w ) = W ( A

s

; w ) + w ( c ) � w ( b ) < W ( A

s

; w ). Hence, F cannot b e a SSF

of G , that is, : 2 ) : 1, whic h is the same as 1 ) 2.

2 ) 3: Assume 2 holds for F . T ak e an y c hord c of F and its corresp onding fundamen tal circuit

C . F rom a result b efore, c b elongs to the fundamen tal cutsets of all branc hes b in C . Hence,

since the branc h condition holds, w ( c ) � w ( b ) for all branc hes in C and 3 holds.

3 ) 1: Assume 3 holds for F ( V ; A

s

). Let F

0

( V ; A

0

s

) b e a SSF of G , for whic h, as w as already

pro v en, 3 holds (1 ) 2 and 2 ) 3). It will b e sho wn that F

0

can b e made equal to F through

a series of simple op erations whic h neither increases nor decreases the total w eigh t W ( A

0

s

; w ).

This pro v es that F is indeed a SSF, since W ( A

s

; w ) = W ( A

0

s

; w ).

If F and F

0

are equal, then F is also a SSF. Supp ose then that F and F

0

are di�eren t. Since

F and F

0

are b oth spanning forest, b oth con tain the same n um b er of arcs of G : # A

s

= # A

0

s

.

Hence, there is an equal non-zero n um b er of arcs in A

s

n A

0

s

and A

0

s

n A

s

. The arcs in A

0

s

n A

s

are c hords of F and vice v ersa.

T ak e a c hord c of F whic h is also a branc h of F

0

. Let C b e the corresp onding fundamen tal

circuit in F . C can b e written as the ring sum of the fundamen tal circuits of F

0

corresp onding

to the c hords of F

0

in C . Since c 2 A

0

s

, it m ust o ccur in an o dd n um b er of these fundamen tal

circuits, corresp onding to an o dd n um b er of c hords of F

0

in C . Let then b b e a c hord of F

0

in

circuit C suc h that its fundamen tal circuit in F

0

includes c . Then w ( c ) � w ( b ), since b and c

are resp ectiv ely branc h and c hord of the same fundamen tal circuit in F (3 holds for F ), and

w ( b ) � w ( c ), since b and c are also resp ectiv ely c hord and branc h of the same fundamen tal

circuit in F

0

(3 holds for F

0

). Hence, w ( b ) = w ( c ). Since F

0

� c + b is also a spanning forest

and it has the same w eigh t as F

0

, the c hord c of F can b e substituted b y the branc h b of F in

F

0

. Rep eating this pro cess while there are branc hes of F

0

whic h are c hords of F , suc h arcs can

b e successiv ely eliminated from F

0

without c hanging its global w eigh t W ( A

0

s

; w ). The pro cess

terminates when A

0

s

n A

s

is empt y , i.e., when A

0

s

= A

s

. Hence, W ( A

s

; w ) = W ( A

0

s

; w ) and

th us F is also a SSF.

F or LSF, simply in v ert the w eigh t relations in the c hord and branc h conditions.
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Lemma 3.12. L et T

0

( V

0

; A

0

s

) b e a c onne cte d sub gr aph of a sp anning for est F ( V ; A

s

) of a

gr aph G ( V ; A ) . L et G

0

( V

0

; A

0

) b e the sub gr aph of G induc e d by the vertic es V

0

in T

0

. If

T

0 0

( V

0

; A

0 0

s

) is a sp anning tr e e of G

0

, then the gr aph F

00

( V ; A

s

n A

0

s

[ A

0 0

s

) is also a sp anning

for est of G .

Pr o of. The subgraph T

0

is acyclic, since it is a subgraph of the acyclic graph F . Since it is

also connected, T

0

is a tree. Since it spans the v ertices of G

0

, it is a spanning tree of G

0

.

Notice that, since A

0

s

� A

s

, then #

�

A

s

n A

0

s

�

= # A

s

� # A

0

s

. Also notice that # A

0

s

= # A

00

s

,

since b oth T

0

and T

00

span G

0

.

Supp ose A

s

n A

0

s

and A

0 0

s

ha v e a common arc a . This implies, of course, that a b elongs to A

s

and A

00

s

but not to A

0

s

. Since a 2 A

00

s

, a is inciden t on t w o v ertices of G

0

. These t w o v ertices,

b y de�nition of tree, are connected through a unique path in T

0

. Hence, there are t w o di�eren t

paths in F b et w een these t w o v ertices (viz. a and the path in T

0

), whic h is a con tradiction,

since F is a forest. Th us, A

s

n A

0

s

and A

0 0

s

ha v e no common arcs, i.e., #

�

A

s

n A

0

s

[ A

00

s

�

=

# A

s

� # A

0

s

+ # A

00

s

= # A

s

.

Since F has the same n um b er of connected comp onen ts c as G , and since F

00

has only arcs of

G , it is clear that F

00

cannot ha v e less connected comp onen ts than F . It will b e sho wn that it

neither can ha v e more connected comp onen ts.

Consider the path P b et w een an y t w o connected v ertices v

1

and v

2

in F .

If P do es not include an y arcs of A

0

s

, then clearly v

1

and v

2

are also connected in F

00

. If

it con tains arcs of A

0

s

, these arcs connect v ertices of G

0

whic h are connected b y a path in T

00

.

Hence, all arcs of A

0

s

in P can b e substituted b y a path in T

0 0

, con taining only arcs in A

0 0

s

. Th us,

a w alk b et w een the t w o v ertices v

1

and v

2

exists in F

00

. Hence, v

1

and v

2

are also connected in

F

00

.

Th us, F and F

00

ha v e the same n um b er of connected comp onen ts c . Since they also ha v e the

same n um b er of arcs # A

s

= # A

0 0

s

= # V � c , F

00

is indeed a (spanning) forest of G .

Theorem 3.13. L et F

0

( V

0

; A

0

s

) b e a sub gr aph of a sp anning for est F ( V ; A

s

) of a gr aph G ( V ; A ) .

L et F

0

i

( V

0

i

; A

0

s

i

) b e a c onne cte d c omp onent of F

0

and G

i

( V

0

i

; A

0

i

) the sub gr aph of G induc e d by

V

0

i

. If F is a SSF, then F

0

i

is a SST of the c onne cte d gr aph G

i

.

Pr o of. Supp ose there is an i for whic h F

0

i

is not a SST of G

i

. Then, there is a ligh ter w a y

to co v er G

i

. Let F

00

i

b e a ligh ter co v ering of G

i

. Clearly , the branc hes of F whic h are in F

0

i

could then b e substituted b y the branc hes in F

00

i

, th us reducing its o v erall w eigh t. Since this

substitution, b y Lemma 3.12, still results in a spanning tree, F cannot b e a SSF, whic h is a

con tradiction. Th us, F

0

i

is indeed a SST of G

i

.

Corollary 3.14. If F is a SSF of gr aph G and F

i

one of its c onne cte d c omp onents, then F

i

is a SST of the c orr esp onding c onne cte d c omp onent G

i

of G .

Pr o of. The result is immediate from Theorem 3.13.
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Algorithms

There are t w o classic algorithms for computing the SST of a connected graph G ( V ; A ): Krusk al

and Prim [28]. Both w ork b y successiv ely adding to A

0

arcs from A n A

0

that are safe for A

0

.

An arc a is safe for A

0

, where A

0

is a subset of the arcs on some SST of G , if A

0

[ f a g is also a

subset of the arcs of some SST of G . The set A

0

is initially empt y . Th us A

0

is k ept alw a ys as the

subset of the arcs in some SST of G , this b eing the algorithm's in v arian t. Hence, the subgraph

F ( V ; A

0

) is an acyclic graph, i.e., a forest. The algorithm �nishes after exactly # V � 1 = � ( G )

arc insertions, when the forest F ( V ; A

0

) b ecomes a SST of G ( V ; A ).

Krusk al's algorithm [28 ] simply adds to A

0

one of the ligh test of the arcs connecting an y t w o

trees in the forest F . It runs, with an appropriate implemen tation, in O (# A lg # A ). In the

case of planar, simple graphs, it runs in O (# V lg # V ) (see Section 3.4.1).

Prim's algorithm [28 ] also successiv ely adds arcs to A

0

, though the arc added at eac h step is

c hosen as one of the arcs ha ving minim um w eigh t with a single end v ertex in the subgraph

induced b y A

0

. When A

0

is empt y , the subgraph consists of an arbitrarily c hosen v ertex,

whic h is the \seed" of the algorithm. Hence, the subgraph G

0

( V

0

; A

0

) induced b y A

0

on G is a

tree at all steps of the algorithm. An implemen tation using Fib onacci priorit y queues runs in

O (# A + # V lg # V ), whic h, in the case of planar, simple graphs, is asymptotically the same as

O (# V lg # V ) (see Section 3.4.1).

Both algorithms can b e pro v en correct through the use of the follo wing theorem from [28,

Corolary 24.2], repro duced here without pro of:

Theorem 3.15. L et G ( V ; A ) b e a c onne cte d gr aph with ar c weight function w ( � ) : A ! R .

L et A

0

b e a subset of the ar cs in some SST of G . L et F

i

b e a c onne cte d c omp onent in the for est

F ( V ; A

0

) . If a is one of the lightest ar cs c onne cting F

i

to some other c onne cte d c omp onent of

F , then a is safe for A

0

, i.e., A

0

[ f a g is also a subset of the ar cs in some SST of G .

These algorithms are also applicable to disconnected graphs, and hence also solv e the SSF

problem. The Krusk al algorithm w orks without c hange. As for the Prim algorithm, eac h run

of the basic algorithm builds the SST of a connected comp onen t of the graph. Hence, c runs

of the basic algorithm are necessary in a graph with c connected comp onen ts. Since v ertices

already in some tree ma y b e mark ed in constan t time at eac h step of the algorithm, th us not

c hanging its asymptotic p erformance, the seeds ma y b e searc hed in linear time, b y searc hing

the next unmark ed v ertex in a list of graph v ertices. Alternativ ely , b oth the Prim and Krusk al

algorithms ma y b e applied in parallel to eac h of the c graph comp onen ts.

Shortest spanning k -trees

SS k Ts are an imp ortan t framew ork in whic h to describ e some segmen tation algorithms:

De�nition 3.62. (shortest [or minimal] spanning k -tree) A sp anning k -tr e e of a gr aph

is a SS k T (Shortest Sp anning k -T r e e) of that gr aph if no other sp anning k -tr e e exists with a

smal ler weight.
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Theorem 3.16. The c onne cte d c omp onents

k

T

i

( V

i

; A

s

i

) , with i = 1 ; : : : k , of a SS k T

k

T ( V ; A

s

) of a gr aph G ( V ; A ) , ar e SSTs of the sub gr aphs G

i

induc e d in G by the c orr esp onding

set of vertic es V

i

.

Pr o of. Let G

i

( V

i

; A

i

) b e the subgraph of G induced b y the v ertices V

i

of a tree

k

T

i

of

k

T .

Supp ose

k

T

i

is not a SST of G

i

. Then it is p ossible to c hose another tree spanning G

i

with a

smaller w eigh t than

k

T

i

(c ho ose a SST of G

i

), without c hanging the w eigh t asso ciated to the

other comp onen ts of

k

T and thereb y reducing the w eigh t of

k

T . But this is a con tradiction,

since T

k

is a SS k T of G . Hence,

k

T

i

is indeed a SST of G

i

, for i = 1 ; : : : ; k .

The con v erse of this theorem is not true. Not all spanning k -trees of a graph G with the prop ert y

that eac h tree is a SST of its corresp onding subgraph of G are SS k T of G . Coun ter examples

are easy to con triv e.

Lemma 3.17. L et

k

T b e a sp anning k -tr e e of G . If C is a cir cuit in G c ontaining only br anches

and chor ds of

k

T , then C c an b e expr esse d as a ring sum of fundamental cir cuits of

k

T , and al l

br anches of

k

T in C o c cur in an o dd numb er of these fundamental cir cuits.

Pr o of. First it will b e pro v ed that circuit C is con tained in the subgraph G

i

induced b y the

v ertices of a comp onen t

k

T

i

of

k

T . Then, using Theorem 3.16 and the fact that circuits in a

graph can b e expressed as ring sums of its fundamen tal circuits relativ e to some SSF, the result

is immediate.

Let circuit C , of length l > 0, consist of v

0

; a

1

; v

1

; : : : ; v

l � 1

; a

l

; v

l

. Since the trees

k

T

i

of the

spanning

k

T partition the set of v ertices in to disjoin t sets, one for eac h

k

T

i

, v

0

b elongs to some

k

T

i

, with i 2 f 1 ; : : : ; k g . Supp ose no w that v

n

, with 0 � n < l , also b elongs to

k

T

i

. The arc

a

n +1

is not a connector. If it is a branc h, it connects t w o v ertices from the same comp onen t of

k

T . The same thing happ ens if a

n +1

is a c hord. Hence, v

n +1

also b elongs to

k

T

i

. Hence, b y

induction, all v ertices in the circuit b elong to the same comp onen t of

k

T . Since all the arcs in

G inciden t on v ertices of the same comp onen t

k

T

i

of

k

T b elong to the corresp onding G

i

, it is

clear that circuit C is con tained on some G

i

.

Theorem 3.18. (branc h, c hord, and connector conditions) L et

k

T ( V ; A

s

) b e a sp anning

k -tr e e of gr aph G ( V ; A ) . Consider the fol lowing statements:

1.

k

T is a SS k T of G .

2. (br anch c ondition) w ( b ) � w ( c ) for any br anch b of

k

T and for any chor d c in the

c orr esp onding fundamental cutset r elative to

k

T .

3. (chor d c ondition) w ( b ) � w ( c ) for any chor d c of

k

T and for any br anch b in the c orr e-

sp onding fundamental cir cuit r elative to

k

T .

4. (c onne ctor c ondition) w ( c ) � w ( b ) for any br anch b and for any c onne ctor c of

k

T .

The fact that a sp anning k -tr e e is also a SS k T implies that br anch, chor d, and c onne ctor c on-

ditions ar e true for

k

T , i.e.,

1 ) 2 ^ 3 ^ 4 :
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On the other hand, the c onne ctor c ondition to gether with either the br anch or the chor d c ondi-

tions ar e su�cient to guar ante e that a sp anning k -tr e e is a SS k T, i.e.,

2 ^ 4 ) 1 , and

3 ^ 4 ) 1 :

Pr o of. It will �rst b e sho wn that 3 , 2. Then, it su�ces to sho w that 1 ) 3, 1 ) 4, and

3 ^ 4 ) 1.

Let G

i

b e the subgraphs of G induced b y the v ertices of the connected comp onen ts

k

T

i

of

k

T .

3 , 2: Both 3 and 2 apply to c hords and branc hes of the same comp onen t

k

T

i

of

k

T . Since eac h

comp onen t

k

T

i

of

k

T is a spanning tree of G

i

, and since, according to Theorem 3.11, c hord and

branc h conditions are equiv alen t for spanning forests (of whic h spanning trees are particular

cases), 3 and 2 m ust also b e equiv alen t for the whole spanning k -tree

k

T .

1 ) 3: Let c b e a c hord of

k

T and C its fundamen tal circuit. If there is an y b 2 C suc h that

w ( b ) > w ( c ), then

k

T � b + c , whic h is clearly still a spanning k -tree of G , has a smaller w eigh t

than

k

T , whic h is a con tradiction, since

k

T is a SS k T. Hence, 3 m ust hold.

1 ) 4: Let c b e a connector of

k

T . If there is an y b 2 A

s

suc h that w ( b ) > w ( c ), then

k

T � b + c , whic h is clearly still a spanning k -tree of G , has a smaller w eigh t than

k

T , whic h is

a con tradiction, since

k

T is a SS k T. Hence, 4 m ust hold.

3 ^ 4 ) 1: Assume 3 and 4 hold for

k

T ( V ; A

s

). Let

k

T

0

( V ; A

0

s

) b e a SS k T of G , for whic h, as

w as already pro v en, 3 and 4 hold. It will b e sho wn that

k

T

0

can b e made equal to

k

T through

a series of simple op erations whic h neither increases nor decreases the total w eigh t W ( A

0

s

; w ).

This pro v es that

k

T is indeed a SS k T, since W ( A

s

; w ) = W ( A

0

s

; w ).

If

k

T and

k

T

0

are equal, then

k

T is also a SS k T. Supp ose then that

k

T and

k

T

0

are di�eren t.

Since

k

T and

k

T

0

are b oth spanning k -trees, b oth con tain the same n um b er of arcs of G :

# A

s

= # A

0

s

. Hence, there is an equal non-zero n um b er of arcs in A

s

n A

0

s

and A

0

s

n A

s

. The

arcs in A

0

s

n A

s

are c hords or connectors of

k

T and branc hes of

k

T

0

and vice v ersa.

Supp ose there is a c hord c of

k

T whic h is also a branc h of

k

T

0

. Let C b e the corresp onding

fundamen tal circuit in

k

T . C cannot consist solely of branc hes of

k

T

0

, since otherwise

k

T

0

w ould

not b e a k -tree. Hence, there are arcs of C whic h are not branc hes of

k

T

0

.

Supp ose that, of these arcs, there is one arc b whic h is a connector of

k

T

0

. Then w ( c ) � w ( b ),

since c is the c hord of a fundamen tal circuit con taining b in

k

T (3 holds for

k

T ), and w ( c ) � w ( b ),

since c is a branc h of

k

T

0

and b is a connector of

k

T

0

(4 holds for

k

T

0

). Hence, w ( c ) = w ( b ).

Since

k

T

0

� c + b is also a spanning k -tree and it has the same w eigh t as

k

T

0

, the c hord c of

k

T

can b e substituted b y the branc h b of

k

T in

k

T

0

.

If there is no connector of

k

T

0

in C , then C consists solely of branc hes and c hords of

k

T

0

. By

Lemma 3.17, it can b e expressed as the a ring sum of fundamen tal circuits of

k

T

0

. Since c 2 A

0

s

,

it m ust o ccur in an o dd n um b er of these fundamen tal circuits, corresp onding to an o dd n um b er

of c hords of

k

T

0

in C . Let then b b e a c hord of

k

T

0

in circuit C suc h that its fundamen tal

circuit in

k

T

0

includes c . Then w ( c ) � w ( b ), since b and c are resp ectiv ely branc h and c hord of
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the same fundamen tal circuit in

k

T (3 holds for

k

T ), and w ( b ) � w ( c ), since b and c are also

resp ectiv ely c hord and branc h of the same fundamen tal circuit in

k

T

0

(3 holds for

k

T

0

). Hence,

w ( b ) = w ( c ). Since

k

T

0

� c + b is also a spanning k -tree and it has the same w eigh t as

k

T

0

, the

c hord c of

k

T can b e substituted b y the branc h b of

k

T in

k

T

0

.

In either case, a branc h c of

k

T

0

can b e substituted b y a branc h b of

k

T in

k

T

0

. Rep eating this

pro cess while there are branc hes of

k

T

0

whic h are c hords of

k

T , suc h arcs are eliminated from

k

T

0

without c hanging its global w eigh t W ( A

0

s

; w ).

If

k

T

0

=

k

T after the ab o v e pro cess, then

k

T is indeed a SS k T. If not, then there m ust b e some

branc h b of

k

T whic h is not in

k

T

0

.

Supp ose that b is a c hord of

k

T

0

and C

0

is its corresp onding fundamen tal circuit in

k

T

0

. C

0

cannot consist solely of branc hes of

k

T , since otherwise

k

T w ould not b e a k -tree. Let then c

b e an arc of C

0

whic h is not in

k

T . Since all branc hes of

k

T

0

whic h are also c hords of

k

T ha v e

already b een remo v ed from

k

T

0

, c m ust b e a connector of

k

T . Then w ( b ) � w ( c ), since b and

c are resp ectiv ely branc h and connector of

k

T (4 holds for

k

T ), and w ( b ) � w ( c ), since b and c

are also resp ectiv ely c hord and branc h of the same fundamen tal circuit in

k

T

0

(3 holds for

k

T

0

).

Hence, w ( b ) = w ( c ). Since

k

T

0

� c + b is also a spanning k -tree and it has the same w eigh t as

k

T

0

, the c hord c of

k

T can b e substituted b y the branc h b of

k

T in

k

T

0

.

Supp ose no w that b is a connector of

k

T

0

. Since there is a branc h b of

k

T not in

k

T

0

, there

m ust b e a branc h c of

k

T

0

not in

k

T . Since all c hords of

k

T whic h are branc hes of

k

T

0

ha v e

already b een remo v ed, c m ust b e a connector of

k

T . Then w ( b ) � w ( c ), since b and c are

resp ectiv ely branc h and connector of

k

T (4 holds for

k

T ), and w ( b ) � w ( c ), since b and c are

also resp ectiv ely connector and branc h of

k

T

0

(4 holds for

k

T

0

). Hence, w ( b ) = w ( c ). Since

k

T

0

� c + b is also a spanning k -tree and it has the same w eigh t as

k

T

0

, the c hord c of

k

T can

b e substituted b y the branc h b of

k

T in

k

T

0

.

In either case, a branc h c of

k

T

0

can b e substituted b y a branc h b of

k

T in

k

T

0

. Rep eating

this pro cess while there are branc hes of

k

T whic h are either c hords or connectors of

k

T

0

, suc h

arcs are in tro duced in to

k

T

0

without c hanging its global w eigh t W ( A

0

s

; w ). When the pro cess

ends, A

s

n A

0

s

is empt y . Since # A

s

= # A

0

s

, this implies that A

s

= A

0

s

. Since the substitutions

p erformed on

k

T

0

did not c hange its global w eigh t, then one m ust conclude that

k

T

0

is still a

SS k T and

k

T =

k

T

0

is indeed a SS k T.

Theorem 3.19. If

k

T ( V ; A

s

) is a SS k T of gr aph G ( V ; A ) and c is a c onne ctor of

k

T with

minimum weight, then

k

T + c is a SS k � 1 T of G .

Pr o of. Let C b e the set of all connectors of

k

T , whic h b y h yp othesis is not empt y (otherwise

there w ould b e no c ). Let c = arg min

c 2 C

w ( c ). Then w ( c ) � w ( c

0

) 8 c

0

2 C .

It is clear, from the pro of of Theorem 3.4, that

k � 1

T

0

=

k

T + c is a spanning k � 1-tree of G .

Hence, b y Theorem 3.18, it su�ces to sho w that the branc h and connector conditions hold for

k � 1

T

0

in order to pro v e that

k � 1

T

0

is indeed a SS k � 1T.

Since c is a connector of

k

T , it has end v ertices in t w o di�eren t comp onen ts of

k

T , sa y

k

T

i

and

k

T

j

, with i 6= j . Let C

ij

b e the set of connectors b et w een these t w o comp onen ts. Let

k � 1

T

0

ij
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b e the union of

k

T

i

with

k

T

j

though c in

k � 1

T

0

. The set C

ij

is clearly the fundamen tal cutset

corresp onding to the branc h c in

k � 1

T

0

. Since c is a minim um w eigh t connector of

k

T and all

arcs in C

ij

are connectors of

k

T , it is clear that the branc h condition is v alid for branc h c in

k � 1

T

0

.

The arcs in C

ij

n f c g are clearly all c hords of

k � 1

T

0

, in particular of comp onen t

k � 1

T

ij

. Since

these arcs are also connectors of

k

T , whic h is a SS k T, then w ( c ) � w ( b ) 8 c 2 C

ij

and 8 b 2 A

s

,

and hence also for all branc hes b in

k

T

i

and

k

T

j

. It is clear, then, that the fundamen tal cutsets of

k � 1

T

0

ij

also ful�ll the branc h condition, since all the new c hords are hea vier than all branc hes of

k � 1

T

0

ij

, and the old c hords already ful�lled the branc h condition in

k

T , giv en that it is a SS k T.

All the other comp onen ts of

k

T are una�ected, and hence also ful�ll the branc h condition.

The connector condition is also ful�lled for

k � 1

T

0

, since there is only one new branc h, c , whic h

w as c hosen a minim um w eigh t connector of

k

T , and the connectors of

k � 1

T

0

are C n C

ij

.

Theorem 3.20. Every SS k T of a gr aph with c c onne cte d c omp onents is a sub gr aph of some

SS k � 1 T, pr ovide d that k > c .

Pr o of. Since k is larger than the n um b er of connected comp onen ts of G , there m ust b e at least

one connector of

k

T in G . Hence, it su�ces to c ho ose the connector with minim um w eigh t and

add it to the original SS k T. The result, b y Theorem 3.19, is a SS k � 1T.

Theorem 3.21. Every SS k T

k

T of a gr aph G is a sub gr aph of some SSF of that gr aph.

Pr o of. Let c b e the n um b er of connected comp onen ts of G . While k > c , it is p ossible,

b y Theorems 3.20 and 3.19, to construct a sequence of shortest spanning n -trees

n

T , with

n = k ; : : : ; c , where c is the n um b er of connected comp onen ts of the graph. It is clear that

n

T is

a subgraph of

m

T whenev er n � m . But

c

T is a SSF of G (a spanning c -tree of G is a spanning

forest of G ). Hence

k

T is a subgraph of

c

T .

Theorem 3.22. If

k

T ( V ; A

s

) is a SS k T of gr aph G ( V ; A ) and b is a br anch of

k

T with

maximum weight, then

k

T � b is a SS k + 1 T of G .

Pr o of. By h yp othesis A

s

is not empt y (otherwise there w ould b e no b ). Since b is maxim um,

i.e., b = arg max

a 2 A

s

w ( a ), it is clear that w ( b ) � w ( b

0

) 8 b

0

2 A

s

.

It is also clear, from the pro of of Theorem 3.5, that

k +1

T

0

=

k

T � b is a spanning k + 1-tree of

G . Hence, b y Theorem 3.18, it su�ces to sho w that the branc h and connector conditions hold

for

k +1

T

0

in order to pro v e that

k +1

T

0

is indeed a SS k + 1T.

Let C b e the fundamen tal cutset of

k

T relativ e to b . It consists of one branc h, b , and the

remaining arcs C n f b g are c hords. When b is remo v ed from

k

T , the arcs in C , including the

branc h b , c hange their role to connectors. The branc h condition m ust still b e true, since the

only c hange to remaining branc hes is that they ma y ha v e lost some c hords in their fundamen tal

cutsets.

The connector condition holds for the connectors of

k

T , whic h are also connectors of

k +1

T

0

,

since the only c hange w as the disapp earance of b . Since b , no w a connector, w as c hosen as
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a maxim um w eigh t branc h of

k

T , the connector condition holds for b . It remains to b e seen

that the c hords in C n f b g are indeed not ligh ter than an y remaining branc h. Since the branc h

condition holds for

k

T , w ( b ) � w ( c ) 8 c 2 C n f b g . But b w as c hosen suc h that w ( b ) � w ( b

0

)

8 b

0

2 A

s

. Hence, w ( c ) � w ( b ) 8 b 2 A

s

and 8 c 2 C n f b g , and the connector condition holds for

k +1

T

0

.

Theorem 3.23. Every SS k T of a gr aph G ( V ; A ) has a sub gr aph which is a SS k + 1 T, pr ovide d

that k < # V .

Pr o of. Since k is smaller than the n um b er of v ertices of G , there m ust b e at least one branc h

in

k

T . Hence, it su�ces to c ho ose the branc h with maxim um w eigh t an remo v e it from the

original SS k T. The result, b y Theorem 3.22, is a SS k + 1T.

Theorem 3.24. Given a SSF F ( V ; A

s

) =

c

T ( V ; A

s

) of a gr aph G ( V ; A ) with c c onne cte d

c omp onents, a SS k T may b e obtaine d, pr ovide d that k � # V , by r emoving fr om F a set B of

k � c br anches chosen so that w ( b ) � w ( b

0

) 8 b 2 B and 8 b

0

2 A

s

n B .

Pr o of. Apply Theorem 3.22 rep eatedly .

Algorithms

Theorem 3.19 pro v es that, at step n of the Krusk al algorithm, the forest of selected branc hes is

a SS# V � n T of the graph G ( V ; A ).

9

This is so b ecause, in Krusk al's algorithm, the arcs en ter

the forest in non-decreasing w eigh t order, and only if they are connectors, i.e., if they connect

t w o trees in the forest (c hords are discarded). Hence, Theorem 3.19 is applicable at eac h step.

Since the spanning # V -tree with no arcs is indeed a SS# V T, it is ob vious, b y induction, that

at eac h step of the Krusk al algorithm one has a SS k T.

Also, if a SSF F of a graph G is a v ailable, one can cut forest branc hes successiv ely , according to

Theorem 3.24, and th us obtain a sequence of SS k T, with increasing k . Ev en though this metho d

is not v ery e�cien t, it has a nice parallel with a similar algorithm whic h can b e used to obtain

SSSS k Ts (to b e de�ned later) of a graph. This t yp e of algorithms will b e called destructiv e,

since they ac hiev e the desired result b y remo ving branc hes from a SSF, i.e., b y destro ying a

SSF. The Krusk al algorithm, on the other hand, will b e termed constructiv e.

Shortest seeded spanning k -trees

De�nition 3.63. (shortest seeded spanning k -tree) A n -se e d r esp e cting sp anning k -tr e e of

a gr aph is a SSS k T (Shortest Se e de d Sp anning k -T r e e) of that gr aph if no other se e de d sp anning

k -tr e e exists with a smal ler weight.

9

A t step 0, i.e., b efore the �rst branc h is inserted, the forest has no arcs and hence has # V comp onen ts

(trees).
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De�nition 3.64. (smallest shortest seeded spanning k -tree) If a SSS k T is also smal lest,

i.e., k is as smal l as p ossible, then it wil l b e c al le d a SSSS k T (Smal lest Shortest Se e de d Sp anning

k -T r e e).

Theorem 3.25. The c onne cte d c omp onents

k

T

i

( V

i

; A

s

i

) , with i = 1 ; : : : k , of a SSS k T

k

T ( V ; A

s

) of a gr aph G ( V ; A ) , ar e SSTs of the sub gr aphs G

i

induc e d in G by the c orr esp onding

set of vertic es V

i

.

Pr o of. Let G

i

( V

i

; A

i

) b e the subgraph of G induced b y the v ertices V

i

of a tree

k

T

i

of

k

T .

Supp ose

k

T

i

is not a SST of G

i

. Then it is p ossible to c hose another tree spanning G

i

with a

smaller w eigh t than

k

T

i

(c ho ose a SST of G

i

), without c hanging the w eigh t asso ciated to the

other comp onen ts of

k

T and thereb y reducing the w eigh t of

k

T . But this is a con tradiction,

since T

k

is a SSS k T of G . Hence,

k

T

i

is indeed a SST of G

i

, for i = 1 ; : : : ; k .

Lemma 3.26. Consider two (unique) p aths P = v

0

; v

f

-p ath � A and P

0

= v

0

0

; v

f

-p ath � A in

a tr e e T ( V ; A ) . If v

0

6= v

0

0

, then the ring sum P � P

0

of P and P

0

is a v

0

; v

0

0

-p ath in T .

Pr o of. Let v b e the �rst v ertex in common b et w een P and P

0

, starting in v

0

and v

0

0

, resp ectiv ely .

Let P

1

and P

2

b e the segmen ts of P b efore and after v , resp ectiv ely , i.e., P

1

= v

0

; v -path and

P

2

= v ; v

f

-path. De�ne P

0

1

and P

0

2

similarly .

10

Clearly , P = P

1

[ P

2

and P

0

= P

0

1

[ P

0

2

. Since

in a tree there is a single path b et w een an y t w o v ertices, see Theorem 3.1, it is ob vious that

P

2

= P

0

2

. On the other hand, b y construction, P

1

\ P

0

1

= ; . Hence, P � P

0

= P

1

[ P

0

1

, that is,

a path b et w een v

0

and v

0

0

.

Lemma 3.27. If P � A is a v

0

; v

f

-p ath and P

0

� A is a v

0

; v

f

-p ath, i.e., b oth ar e p aths

b etwe en the same end vertic es in a gr aph G ( V ; A ) , then the ring sum P � P

0

of P and P

0

is

either empty, a cir cuit, or a union of ar c-disjoint cir cuits of G . Mor e over, P � P

0

is empty only

if P = P

0

and al l cir cuits in P � P

0

c ontain ar cs fr om b oth p aths.

Pr o of. Consider the subgraphs G

P

( V

P

; P ) and G

P

0

( V

P

0

; P

0

) of G induced b y P and P

0

, resp ec-

tiv ely . Let G

P � P

0

( V

P � P

0

; P � P

0

) b e the subgraph of G induced b y P � P

0

. Let v 2 V

P

[ V

0

P

.

If v = v

0

, then its degree in G

P � P

0

will either b e 0, if b oth paths share the same arc inciden t on

v

0

, or 2 otherwise. The same go es for v = v

f

. If v 6= v

o

; v

f

, then its degree will either b e 0, if

b oth paths share the same pair of arcs inciden t on v , 2 if b oth paths share a single arc inciden t

on v , or 4, if the arcs on b oth paths whic h are inciden t on v are all di�eren t. Clearly , v ertices

of degree 0 do not b elong to G

P � P

0

. Hence, graph G

P � P

0

is either empt y or it con tains only

v ertices with degrees 2 and 4, i.e., it is either a circuit or a union of arc-disjoin t circuits.

That the circuits con tain arcs from b oth paths is ob vious, for otherwise one of the paths w ould

con tain a circuit, whic h cannot happ en b y de�nition.

Lemma 3.28. L et

k

T b e a se e de d sp anning k -tr e e of gr aph G . L et C b e a cir cuit in G . If

C c ontains no c onne ctors, then C either c ontains no sep ar ators or it c ontains at le ast two

sep ar ators.

10

The fact that one of these paths can b e empt y in no w a y in v alidates the rest of the argumen ts.
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Pr o of. Let circuit C in graph G ( V ; A ) consist of the sequence v

0

; a

1

; v

1

; : : : ; v

k

, with v

0

= v

k

.

Let v

0

b elong to comp onen t

k

T

i

( V

i

; A

s

i

) of

k

T ( V ; A

s

). This circuit consists of branc hes, c hords,

and separators of

k

T . Only the separators connect v ertices of di�eren t comp onen ts of

k

T .

Hence, if a

l

is the �rst separator in the sequence ab o v e, v

i

2 V

i

with i < l . The separator a

l

connects comp onen t

k

T

i

with some comp onen t

k

T

j

, with i 6= j . If there is no other separator

in the sequence, then one similarly has to conclude that v

i

2 V

j

with i � l . But in that case

v

0

= v

k

2 V

j

, whic h is a con tradiction, since v

0

2 V

i

, and V

i

\ V

j

= ; for i 6= j . Hence, there

m ust b e another separator in the sequence.

Lemma 3.29. L et C b e a cir cuit in gr aph G . L et

k

T b e a se e de d k -tr e e of G . If b 2 C is a

br anch of

k

T , then either:

1. ther e is a c onne ctor c of

k

T in C ; or

2. b b elongs to a fundamental p ath of some sep ar ator c of

k

T in C ; or

3. b b elongs to the fundamental cir cuit of some chor d c of

k

T in C .

Pr o of. The circuit C cannot consist solely of branc hes of

k

T , since a k -tree do es not con tain

an y circuits. Hence, C m ust con tain at least one connector, separator or c hord of

k

T .

If C con tains at least one connector of

k

T , then 1 holds.

If C do es not con tain an y connector of

k

T , then it m ust con tain at least one separator or c hord.

If it con tains a separator, then, b y Lemma 3.28, it con tains at least t w o suc h separators. Let

k

T

i

b e the comp onen t of

k

T con taining b . Let b b elong to a path P b et w een t w o separators in C (it

is clear that b m ust b elong to one suc h paths). Let c

1

and c

2

b e the corresp onding separators

and let v

1

and v

2

b e the t w o v ertices in

k

T

i

whic h are end v ertices of c

1

and c

2

, resp ectiv ely .

Clearly , P is a v

1

; v

2

-path . If P

1

and P

2

are the restrictions to

k

T

i

of the fundamen tal paths

asso ciated to c

1

and c

2

, then it is clear that P

1

= v

1

; s

i

-path and P

2

= v

2

; s

i

-path , where s

i

is

the seed of

k

T

i

in

k

T . Hence, b y Lemma 3.26, P

12

= P

1

� P

2

= v

1

; v

2

-path is a path b et w een

v

1

and v

2

in

k

T

i

. No w either b b elongs to P

1

or P

2

, and 2 holds, or it do es not. Supp ose it do es

not. Then paths P and P

12

b et w een v

1

and v

2

are di�eren t, giv en that b b elongs to the former

but not to the latter. By Lemma 3.27, P � P

12

is a circuit or a sum of arc-disjoin t circuits of

G

i

, the subgraph of G induced b y the v ertices of

k

T

i

. Moreo v er, b 2 P � P

12

, since it do es not

b elong to P

12

. It is clear that b b elongs to one of the arc-disjoin t circuits in P � P

12

. Let it b e

circuit C

0

in G

i

. C

0

can b e written as the ring sum of the fundamen tal circuits corresp onding to

the c hords of

k

T

i

in C

0

and b o ccurs in an o dd n um b er of these fundamen tal circuits. Notice that

the c hords of these fundamen tal circuits all b elong to P , and hence to C , since P

12

con tains

only branc hes of

k

T

i

. That is, 3 holds.

If C do es not con tain an y separator, then it consists solely of branc hes and c hords. Hence, b y

Lemma 3.17, it can b e expressed as a ring sum of the fundamen tal circuits of

k

T corresp onding

to the c hords of

k

T in C and b o ccurs in an o dd n um b er of these fundamen tal circuits. That

is, 3 holds.

Lemma 3.30. L et

k

T b e a se e de d k -tr e e of a gr aph G . L et P b e a p ath in G c onne cting two

se e ds s

1

and s

2

, i.e., P is a s

1

; s

2

-p ath. If P c ontains no c onne ctors of

k

T , then it must c ontain

at le ast one sep ar ator.
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Pr o of. Supp ose P , whic h has no connectors of

k

T , also do es not ha v e separators of

k

T . Then

P consists only of c hords and branc hes of

k

T . Hence, b y a reasoning similar to the one in the

pro of of Lemma 3.28, one has to conclude that s

2

b elongs to the same comp onen t of

k

T as s

1

.

But this is a con tradiction, since

k

T resp ects seed separation b y h yp othesis. Hence, there m ust

b e separators in P .

Lemma 3.31. L et

k

T b e a se e de d k -tr e e of a gr aph G . L et P b e a p ath in G c onne cting two

se e ds s

1

and s

2

, i.e., P is a s

1

; s

2

-p ath. If b 2 P is a br anch of

k

T , then either:

1. ther e is a c onne ctor c of

k

T in P ; or

2. b b elongs to a fundamental p ath of some sep ar ator c of

k

T in P ; or

3. b b elongs to the fundamental cir cuit of some chor d c of

k

T in P .

Pr o of. If P con tains at least one connector of

k

T , then 1 holds.

If P do es not con tain an y connectors, then, b y Lemma 3.30, it m ust con tain at least one

separator of

k

T . Remo v al of the separators of

k

T from P segmen ts the path in to a series of

shorter paths eac h inside a single comp onen t of

k

T . Branc h b b elongs to one of these segmen ts.

If branc h b b elongs to a segmen t of path P

12

b et w een t w o separators c

1

and c

2

of

k

T , then,

using the same argumen ts as in the pro of of Lemma 3.29, either b b elongs to a fundamen tal

path of one of the separators c

1

; c

2

2 P , and 2 holds, or b b elongs to a fundamen tal circuit of

some c hord c 2 P

12

� P , and 3 holds.

Otherwise, b b elongs to a segmen t P

0

of path P b et w een a seed s

i

and a separator c

0

. This

segmen t con tains only branc hes or c hords of

k

T . Hence, it is con tained in the comp onen t

k

T

i

of

k

T to whic h s

i

b elongs. Consider the restriction P

0 0

of the fundamen tal path of

k

T

corresp onding to c

0

to the comp onen t

k

T

i

. Clearly , P

0 0

con tains only branc hes of

k

T . It is also

clear that b oth paths connect s

i

and the end v ertex v

i

of c

0

inside

k

T

i

. If b b elongs to P

0 0

, then

2 holds. Otherwise, b is in P

0

� P

00

, whic h, according to Lemma 3.27, is a circuit or a sum of

circuits. Hence, b m ust b e in the fundamen tal circuit of some c hord c in P

0

� P

0 0

. Since P

0 0

con tains only branc hes of

k

T , c m ust b elong to P

0

and hence to P . That is, 3 holds.

Theorem 3.32. (branc h, c hord, connector, and separator conditions) L et

k

T ( V ; A

s

)

b e a sp anning k -tr e e of gr aph G ( V ; A ) r esp e cting the set S = f s

1

; : : : ; s

n

g � V of n se e d vertic es

of G . Consider the fol lowing statements:

1.

k

T is a SSS k T of G .

2. (br anch c ondition) w ( b ) � w ( c ) for any br anch b of

k

T and for any chor d c in the

c orr esp onding fundamental cutset r elative to

k

T .

3. (chor d c ondition) w ( b ) � w ( c ) for any chor d c of

k

T and for any br anch b in the c orr e-

sp onding fundamental cir cuit r elative to

k

T .

4. (c onne ctor c ondition) w ( c ) � w ( b ) for any br anch b and for any c onne ctor c of

k

T .

5. (sep ar ator c ondition) w ( c ) � w ( b ) for any sep ar ator c of

k

T and for any br anch b in the

c orr esp onding fundamental p ath r elative to

k

T .

If a se e de d sp anning k -tr e e

k

T is also a SSS k T, then br anch, chor d, c onne ctor, and sep ar ator
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c onditions ar e true for

k

T , i.e.,

1 ) 2 ^ 3 ^ 4 ^ 5 :

On the other hand, the c onne ctor and sep ar ator c onditions to gether with either the br anch or

the chor d c onditions ar e su�cient to guar ante e that a sp anning k -tr e e is a SSS k T, i.e.,

2 ^ 4 ^ 5 ) 1 , and

3 ^ 4 ^ 5 ) 1 :

Pr o of. It will �rst b e sho wn that 2 , 3. Then, it su�ces to sho w that 1 ) 3, 1 ) 4, 1 ) 5,

and 3 ^ 4 ^ 5 ) 1.

Let G

i

b e the subgraph of G induced b y the v ertices of the connected comp onen t

k

T

i

of

k

T .

2 , 3, 1 ) 3, 1 ) 4: The argumen ts are similar to the ones used in the pro of of Theorem 3.18.

Notice that the deriv ed spanning k -tree is still resp ecting of the set of seeds in all cases.

1 ) 5 (or : 5 ) : 1): Let c b e a separator of a seeded spanning k -tree

k

T and P its corresp onding

fundamen tal path. If there is an y b 2 P suc h that w ( b ) > w ( c ), then

k

T � b + c , whic h is clearly

still a seeded spanning k -tree of G , has a smaller w eigh t than

k

T . Hence,

k

T cannot b e a SSS k T.

3 ^ 4 ^ 5 ) 1: Assume 3, 4, and 5 hold for

k

T ( V ; A

s

). Let

k

T

0

( V ; A

0

s

) b e a SSS k T of G , for

whic h, as w as already pro v en, 3, 4 and 5 hold. It will b e sho wn that

k

T

0

can b e made equal to

k

T through a series of simple op erations whic h neither increases nor decreases the total w eigh t

W ( A

0

s

; w ). This pro v es that

k

T is indeed a SSS k T, since W ( A

s

; w ) = W ( A

0

s

; w ).

If

k

T and

k

T

0

are equal, then

k

T is also a SS k T. Supp ose then that

k

T and

k

T

0

are di�eren t.

Since

k

T and

k

T

0

are b oth spanning k -trees, b oth con tain the same n um b er of arcs of G :

# A

s

= # A

0

s

. Hence, there is an equal non-zero n um b er of arcs in A

s

n A

0

s

and A

0

s

n A

s

. The

arcs in A

0

s

n A

s

are c hords, connectors or separators of

k

T and branc hes of

k

T

0

and vice v ersa.

i. Supp ose there is a c hord c of

k

T whic h is also a branc h of

k

T

0

. Let C b e the corresp onding

fundamen tal circuit in

k

T . Since 3 holds for

k

T , w ( c ) � w ( b ) for all b 2 C . By Lemma 3.29,

either:

1. there is a connector b of

k

T

0

in C , in whic h case, since 4 holds for

k

T

0

, w ( b ) � w ( c );

2. c b elongs to the fundamen tal path of some separator b of

k

T

0

in C , in whic h case,

since 5 holds for

k

T

0

, w ( b ) � w ( c ); or

3. c b elongs to the fundamen tal circuit of some c hord b of

k

T

0

in C , in whic h case, since

3 holds for

k

T

0

, w ( b ) � w ( c ).

In either case, b oth w ( c ) � w ( b ) and w ( c ) � w ( b ), that is, w ( b ) = w ( c ) and

k

T

0

� c + b is

still a seeded spanning tree resp ecting the same set of seeds. That is, in either case, the

branc h c of

k

T

0

can b e substituted b y the branc h b of

k

T in

k

T

0

. Rep eating this pro cess

while there are branc hes of

k

T

0

whic h are c hords of

k

T , suc h arcs are eliminated from

k

T

0

without c hanging its global w eigh t W ( A

0

s

; w ).

If

k

T

0

=

k

T after this pro cess, then

k

T is indeed a SSS k T. If not, then there m ust b e some

branc h b of

k

T whic h is not in

k

T

0

and vice v ersa.
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ii. Supp ose there is a branc h b of

k

T whic h is also a c hord of

k

T

0

. Let C

0

b e its corresp ond-

ing fundamen tal circuit in

k

T

0

. Since 3 holds for

k

T

0

, w ( b ) � w ( c ) for all c 2 C

0

. By

Lemma 3.29, either:

1. there is a connector c of

k

T in C

0

, in whic h case, since 4 holds for

k

T , w ( c ) � w ( b );

2. b b elongs to the fundamen tal path of some separator c of

k

T in C

0

, in whic h case,

since 5 holds for

k

T , w ( c ) � w ( b ).

Notice that case 3 of Lemma 3.29 cannot happ en, since all branc hes of

k

T

0

whic h are c hords

of

k

T ha v e already b een remo v ed (see step i. ab o v e).

In either case, b oth w ( b ) � w ( c ) and w ( b ) � w ( c ), that is, w ( b ) = w ( c ) and

k

T

0

� c + b is

still a seeded spanning tree resp ecting the same set of seeds. That is, in either case, the

branc h c of

k

T

0

can b e substituted b y the branc h b of

k

T in

k

T

0

. Rep eating this pro cess

while there are branc hes of

k

T whic h are c hords of

k

T

0

, suc h arcs are in tro duced in to

k

T

0

without c hanging its global w eigh t W ( A

0

s

; w ).

If

k

T

0

=

k

T after this pro cess, then

k

T is indeed a SSS k T. If not, then there m ust b e some

branc h b of

k

T whic h is not in

k

T

0

and vice v ersa.

iii. Supp ose there is some separator c of

k

T whic h is also a branc h of

k

T

0

. Let P b e its

corresp onding fundamen tal path in

k

T . Since 5 holds for

k

T , w ( c ) � w ( b ) for all b 2 P .

By Lemma 3.31, either:

1. there is a connector b of

k

T

0

in P , in whic h case, since 4 holds for

k

T

0

, w ( b ) � w ( c );

2. c b elongs to the fundamen tal path of some separator b of

k

T

0

in P , in whic h case,

since 5 holds for

k

T

0

, w ( b ) � w ( c ).

Notice that case 3 of Lemma 3.31 cannot happ en, since all branc hes of

k

T whic h are c hords

of

k

T

0

ha v e already b een remo v ed (see step ii. ab o v e).

In either case, b oth w ( c ) � w ( b ) and w ( c ) � w ( b ), that is, w ( b ) = w ( c ) and

k

T

0

� c + b is

still a seeded spanning tree resp ecting the same set of seeds. That is, in either case, the

branc h c of

k

T

0

can b e substituted b y the branc h b of

k

T in

k

T

0

. Rep eating this pro cess

while there are branc hes of

k

T

0

whic h are separators of

k

T , suc h arcs are eliminated from

k

T

0

without c hanging its global w eigh t W ( A

0

s

; w ).

If

k

T

0

=

k

T after this pro cess, then

k

T is indeed a SSS k T. If not, then there m ust b e some

branc h b of

k

T whic h is not in

k

T

0

.

iv. Supp ose there is some branc h b of

k

T whic h is also a separator of

k

T

0

. Let P

0

b e its

corresp onding fundamen tal circuit in

k

T

0

. Since 5 holds for

k

T

0

, w ( b ) � w ( c ) for all c 2 P

0

.

By Lemma 3.31:

1. there is a connector c of

k

T in P

0

, in whic h case, since 4 holds for

k

T , w ( c ) � w ( b );

Notice that case 3 of Lemma 3.31 cannot happ en, since all branc hes of

k

T

0

whic h are c hords

of

k

T ha v e already b een remo v ed (see step i. ab o v e). Also, case 2 of Lemma 3.31 cannot

happ en, since all branc hes of

k

T

0

whic h are separators of

k

T ha v e already b een remo v ed

(see step iii. ab o v e).

In either case, b oth w ( b ) � w ( c ) and w ( b ) � w ( c ), that is, w ( b ) = w ( c ) and

k

T

0

� c + b is

still a seeded spanning tree resp ecting the same set of seeds. That is, in either case, the

branc h c of

k

T

0

can b e substituted b y the branc h b of

k

T in

k

T

0

. Rep eating this pro cess
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while there are branc hes of

k

T whic h are separators of

k

T

0

, suc h arcs are eliminated from

k

T

0

without c hanging its global w eigh t W ( A

0

s

; w ).

If

k

T

0

=

k

T after this pro cess, then

k

T is indeed a SSS k T. If not, then there m ust b e some

branc h b of

k

T whic h is not in

k

T

0

.

v. A t this p oin t, if b is a branc h of

k

T whic h is not in

k

T

0

, then b is a connector of

k

T

0

, since

all branc hes of

k

T whic h w ere c hords and separators of

k

T

0

ha v e b een eliminated in steps ii.

and iv. Con v ersely , if c is a branc h of

k

T

0

whic h is not in

k

T , then c is a connector of

k

T ,

since all branc hes of

k

T

0

whic h w ere c hords and separators of

k

T ha v e b een eliminated in

steps i. and iii. Moreo v er, for eac h b as stated, there is a c (remem b er that

k

T and

k

T

0

ha v e

the same n um b er of arcs). Th us, b oth w ( c ) � w ( b ) and w ( b ) � w ( c ), i.e., w ( c ) = w ( b ).

Also,

k

T

0

� c + b is still a seeded spanning tree resp ecting the same set of seeds. That is,

the branc h c of

k

T

0

can b e substituted b y the branc h b of

k

T in

k

T

0

. Rep eating this pro cess

while there are branc hes of

k

T whic h are connectors of

k

T

0

, suc h arcs are eliminated from

k

T

0

without c hanging its global w eigh t W ( A

0

s

; w ).

After all the ab o v e steps, it is ob vious that

k

T

0

=

k

T . Hence, since the w eigh t of

k

T

0

nev er

c hanged along the pro cess,

k

T is indeed a SSS k T of G .

Corollary 3.33. A SSS k T is also a SSSS k T i� it has no c onne ctors and the chor d (or br anch)

and sep ar ator c onditions hold (se e The or em 3.32).

Pr o of. The result is immediate from Theorems 3.8 and 3.32.

Theorem 3.34. If

k

T ( V ; A

s

) is a SSS k T of gr aph G ( V ; A ) and c is a c onne ctor of

k

T with

minimum weight, then

k

T + c is a SSS k � 1 T of G .

Pr o of. Let C b e the set of connectors of

k

T , whic h b y h yp othesis is not empt y (otherwise there

w ould b e no c ). Since c is a minim um w eigh t connector, then w ( c ) � w ( c

0

) 8 c

0

2 C n f c g .

It is clear, from the pro of of Theorem 3.9, that

k � 1

T

0

=

k

T + c is a seeded spanning k � 1-tree

of G resp ecting the same set of seeds. Hence, b y Theorem 3.32, it su�ces to sho w that branc h,

connector, and separator conditions hold for

k � 1

T

0

in order to pro v e that

k � 1

T

0

is indeed a

SSS k � 1T.

Since c is a connector of

k

T , it has end v ertices in t w o di�eren t comp onen ts of

k

T , sa y

k

T

i

and

k

T

j

, with i 6= j . Let C

ij

b e the set of connectors b et w een these t w o comp onen ts. Let

k � 1

T

0

ij

b e the union of

k

T

i

with

k

T

j

through c in

k � 1

T

0

. The set C

ij

is clearly the fundamen tal cutset

corresp onding to the branc h c in

k � 1

T

0

. Since c is a minim um w eigh t connector of

k

T and all

arcs in C

ij

are connectors of

k

T , it is clear that the branc h condition is v alid for branc h c in

k � 1

T

0

.

The arcs in C

ij

n f c g are clearly all c hords of

k � 1

T

0

, in particular of comp onen t

k � 1

T

ij

. Since

these arcs are also connectors of

k

T , whic h is a SSS k T, then w ( c ) � w ( b ) 8 c 2 C

ij

and 8 b 2 A

s

,

and hence for all branc hes b in

k

T

i

and

k

T

j

. It is clear, then, that the fundamen tal cutsets of

k � 1

T

0

ij

also ful�ll the branc h condition, since all the new c hords are hea vier than all branc hes of
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k � 1

T

0

ij

, and the old c hords already ful�lled the branc h condition in

k

T , giv en that it is a SSS k T.

All the other comp onen ts of

k

T are una�ected, and hence also ful�ll the branc h condition.

The connector condition is also ful�lled for

k � 1

T

0

, since there is only one new branc h, c , whic h

w as c hosen a minim um w eigh t connector of

k

T , and the connectors of

k � 1

T

0

are C n C

ij

min us

p ossibly some new separators (see b elo w).

It remains to c hec k whether the separator condition still holds. It is clear that separators of

k

T are also separators of

k � 1

T

0

with the same fundamen tal paths. Since

k

T is a SSS k T, the

separator condition holds for the separators of

k � 1

T

0

whic h already w ere separators of

k

T .

Ho w ev er, the union of

k

T

i

with

k

T

j

through c ma y ha v e created some new separators.

If b oth

k

T

i

and

k

T

j

are seedless in

k

T , then no new separators w ere created, and hence the

separator condition holds for

k � 1

T

0

.

Otherwise, only one of

k

T

i

and

k

T

j

ma y ha v e con tained a seed. Without loss of generalit y ,

supp ose it is

k

T

i

. Then all connectors of

k

T

j

, whic h is seedless in

k

T , to some seeded comp onen t

of

k

T will b ecome separators. But, since these connectors of

k

T ful�ll the connector condition,

they are hea vier than an y branc h in

k

T . Hence, they are also hea vier than an y branc h in their

corresp onding fundamen tal paths in

k � 1

T

0

. Hence, the separator condition holds for

k � 1

T

0

.

Corollary 3.35. A l l SSS k T which ar e not smal lest ar e sub gr aphs of some SSS k � 1 T.

Pr o of. By Theorem 3.8, there m ust b e at least one connector in

k

T . The result is immediate

from Theorem 3.34.

Theorem 3.36. If

k

T ( V ; A

s

) is a SSS k T of gr aph G ( V ; A ) and b is a br anch of

k

T with

maximum weight, then

k

T � b is a SSS k + 1 T of G for the same set of se e ds.

Pr o of. By h yp othesis A

s

is not empt y (otherwise there w ould b e no b ). Since b is maxim um,

i.e., b = arg max

a 2 A

s

w ( a ), it is clear that w ( b ) � w ( b

0

) 8 b

0

2 A

s

.

It is also clear, from Theorem 3.10, that

k +1

T

0

=

k

T � b is a seeded spanning k + 1-tree of G for

the same set of seeds. Hence, b y Theorem 3.32, it su�ces to sho w that the branc h, connector,

and separator conditions hold for

k +1

T

0

in order to pro v e that

k +1

T

0

is indeed a SSS k + 1T.

Let C b e the fundamen tal cutset of

k

T relativ e to b . It consists of one branc h, b , and the

remaining arcs C n f b g are c hords. When b is remo v ed from

k

T , the arcs in C , including the

branc h b , c hange its role to connectors, since at most one of the resulting connected comp onen ts

is seeded. The branc h condition m ust still b e true, since the only c hange to remaining branc hes

is that they ma y ha v e lost some c hords in their fundamen tal cutsets.

The connector condition holds for the connectors of

k

T , whic h are also connectors of

k +1

T

0

,

since the only c hange w as the disapp earance of b . Since b , no w a connector, w as c hosen as

a maxim um w eigh t branc h of

k

T , the connector condition holds for b . It remains to b e seen

that the c hords in C n f c g are indeed not ligh ter than an y remaining branc h. Since the branc h

condition holds for

k

T , w ( b ) � w ( c ) 8 c 2 C n f b g . But b w as c hosen suc h that w ( b ) � w ( b

0

)

8 b

0

2 A

s

. Hence, w ( c ) � w ( b ) 8 b 2 A

s

and 8 c 2 C n f b g .



3.3. GRIDS, GRAPHS, AND TREES 61

The only further c hange to the class of arcs is that some separators in

k

T ma y ha v e c hanged to

connectors in

k +1

T

0

. Let

k +1

T

0

i

and

k +1

T

0

j

b e the t w o comp onen ts whic h resulted from remo ving

b from its comp onen t

k

T

l

in

k

T .

If

k

T

l

is seedless, so are

k +1

T

0

i

and

k +1

T

0

j

, and no separators c hanged to connectors.

Otherwise, supp ose, without loss of generalit y , that

k +1

T

0

i

con tains the seed of

k

T

l

. Then,

separators connecting to v ertices in

k +1

T

0

j

are no w connectors. The fundamen tal paths of these

separators all included the branc h b , since there is only one path b et w een t w o v ertices in a tree

and the seed is on

k +1

T

0

j

. Since these separators ful�lled the separator condition, and since b

is a maxim um w eigh t branc h of

k

T , it is ob vious that the new connectors are hea vier than an y

branc h in

k +1

T

0

. Hence, the connector condition holds for

k +1

T

0

.

The separators of

k

T whic h are also separators of

k +1

T

0

main tain their fundamen tal paths.

Hence, the separator condition holds for

k +1

T

0

.

Corollary 3.37. Every SSS k T of a gr aph G ( V ; A ) has a sub gr aph which is a SSS k + 1 T of G

with the same set of se e ds, pr ovide d that k < # V .

Pr o of. Since k is smaller than the n um b er of v ertices of G , there m ust b e at least one branc h

in

k

T . Hence, it su�ces to c ho ose the branc h with maxim um w eigh t and remo v e it from the

original SSS k T. The result, b y Theorem 3.36, is a SSS k + 1T of G with the same set of seeds.

Theorem 3.38. A l l SSS k T of a gr aph ar e sub gr aphs of some SSSS k

0

T of the same gr aph with

the same set of se e ds.

Pr o of. Let

k

T b e a SSS k T of a graph G with c connected comp onen ts and c

0

seedless connected

comp onen ts. Let

k

T resp ect a set of n seeds. According to Theorem 3.6, an y SSSS k

0

T of G has

k

0

= n + c

0

. Clearly , k � k

0

. If Theorem 3.34 is applied successiv ely to

k

T , thereb y constructing a

sequence

k

T ;

k � 1

T ; : : : ;

n + c

0

T b y insertion at eac h step of a ligh test connector, the �rst elemen t

of the sequence,

k

T , is a subgraph of the last elemen t of the sequence,

n + c

0

T =

k

0

T , whic h is a

SSSS k

0

T.

Theorem 3.39. A l l SSSS k T of a gr aph G ( V ; A ) have sub gr aphs which ar e SSS k

0

T of G with

the same set of n se e ds, pr ovide d that k � k

0

� # V .

Pr o of. F rom a SSSS k T

k

T , it is ob vious that, b y successiv e remo v al of a hea viest branc h, one

can build a sequence

k

T ;

k +1

T ; : : : ;

k

0

T whose elemen ts are all subgraphs of

k

T , and all shortest,

according to Theorem 3.36. Hence, elemen t

k

0

T is a SSS k

0

T as required.

Lemma 3.40. L et F b e a sp anning for est of a gr aph G . L et v

1

and v

2

b e two di�er ent but

c onne cte d vertic es of G . L et P b e the v

1

; v

2

-p ath in F . If b is a br anch of F which is also in

P and c a chor d in its fundamental cutset, then the ring sum of the ar cs in P with the ar cs

in the fundamental cir cuit C asso ciate d with c is the unique v

1

; v

2

-p ath in the sp anning for est

F � b + c .
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Pr o of. First notice that b b elongs to b oth P and C , and that c b elongs to C but not to P ,

since P con tains only branc hes of F . Also notice that F � b + c is still a spanning forest of G .

Let v

a

b e the �rst v ertex in C found when scanning all v ertices of P starting from v

1

. Similarly ,

let v

b

b e the �rst v ertex in C found when scanning all v ertices of P starting from v

2

.

Supp ose v

a

= v

b

. Since paths ha v e no rep eated v ertices, this implies that P and C touc h only

at a single v ertex, and hence do not ha v e common arcs, whic h cannot happ en b y h yp othesis,

since b is a common arc. Hence, v

a

6= v

b

.

The t w o v ertices v

a

and v

b

divide circuit C in to t w o segmen ts C

1

and C

2

, eac h a disjoin t

v

a

; v

b

-path. The c hord c either b elongs to C

1

or C

2

. Supp ose, without loss of generalit y , that

it b elongs to C

2

. Then, C

1

is comp osed solely of branc hes of F : it is the v

a

; v

b

-path in F .

Similarly , the t w o v ertices v

a

and v

b

divide path P in to three segmen ts, all arc-disjoin t paths

in F : the v

1

; v

a

-path P

1 a

, the v

a

; v

b

-path P

ab

, and the v

b

; v

2

-path P

b 2

. It is ob vious, then, that

P

ab

= C

1

, since paths are unique in forests, b y Theorem 3.2. It is also clear that P

1 a

\ C

2

=

P

2 b

\ C

2

= ; , b y selection of v

1

and v

2

. Th us, P \ C = C

1

and b 2 C

1

.

The ring sum of P and C is th us,

P � C =

= ( P [ C ) n ( P \ C )

= ( P

1 a

[ P

ab

[ P

b 2

[ C

2

) n ( P

ab

)

= P

1 a

[ P

b 2

[ C

2

;

whic h is ob viously a v

1

; v

2

-path. This path is comp osed solely of branc hes of F except for one

c hord, c 2 C

2

, and it do es not con tain branc h b 2 C

1

. Hence, this path b elongs to the spanning

forest F � b + c .

Theorem 3.41. L et F ( V ; A

s

) =

c

T ( V ; A

s

) b e the SSF of a gr aph G ( V ; A ) with c c onne cte d

c omp onents, and let S b e a set of n se e d vertic es. Supp ose ther e ar e c

0

se e d less and c

00

se e de d

c onne cte d c omp onents of G , i.e., c = c

0

+ c

00

. A SSSS k T, with k = n + c

0

, may b e obtaine d by

suc c essively r emoving fr om F a set of k � c = n + c

0

� c = n � c

00

br anches chosen so that e ach

is, at its step, the he aviest br anch on al l p ossible p aths in the k -tr e e b etwe en p airs of di�er ent

se e ds.

Pr o of. It will b e pro v ed that the c hosen branc hes lead to a set of separators whic h ful�ll the

separator condition.

If c

00

= n , then the seeds are already separated, and the SSF F is indeed a SSSS k T of G , since

there is no spanning k

0

-tree with a smaller k

0

nor a spanning k tree with a smaller w eigh t.

Assume that the set of seeds S is initially partitioned in to subsets S = S

1

[ � � � [ S

c

, eac h

con taining the seeds in connected comp onen t G

i

of G . Clearly S

i

= ; if G

i

is a seedless comp onen t

of G , and hence there are c

0

empt y sets S

i

. Let F

i

b e the connected comp onen t of F co v ering

G

i

. When the hea viest branc h in an y path b et w een t w o seeds is remo v ed from F , it is remo v ed

from one of its comp onen ts, sa y F

i

. Hence, F

i

is separated in to t w o connected comp onen ts,

eac h con taining a non-empt y set of seeds. The subset S

i

of S can b e split in to the corresp onding
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seeds. This pro cess ends when all sets in the partition of S , eac h corresp onding to a tree, con tain

either zero or one seed. The n um b er of seedless S

i

do es not c hange while branc hes are remo v ed.

Hence, the �nal n um b er of trees is c

0

+ n , as required. Since initially there w ere c connected

comp onen ts and a connected comp onen t is added for eac h remo v ed branc h, the total n um b er

of remo v ed branc hes is c

0

+ n � c = n � c

00

. F or eac h comp onen t F

i

of F with n

i

seeds, exactly

n

i

� 1 branc hes are remo v ed so as to separate its seeds. Hence, atten tion can b e concen trated

on eac h comp onen t at a time. The remo v al of the branc hes as stated indeed leads to a n -seed

resp ecting spanning c

0

+ n -tree of G . It remains to b e seen whether it is shortest.

Let F

i

b e a comp onen t of F con taining n

i

> 1 seeds. Clearly , n

i

� 1 branc hes will b e remo v ed

from F

i

. Since F

i

is a SST of the corresp onding connected comp onen t G

i

of G , see Corollary 3.14,

the c hords of F

i

in G

i

ful�ll the c hord condition. When the hea viest branc h b in an y path b et w een

seeds in F

i

is remo v ed, it b ecomes a connector of the spanning 2-tree obtained, the same thing

happ ening with all the c hords in the corresp onding fundamen tal cutset. All these connectors

connect seeded trees, and hence, ev en though eac h of the resulting trees ma y ha v e more than

one seed, they are separators. Actually , they will b e separators in the �nal n

i

-tree co v ering

F

i

. Since b is the hea viest branc h in an y path b et w een t w o seeds in F

i

, it ful�lls the separator

condition for whatev er resulting �nal partition of seeds among the trees.

Consider no w a c hord c in the fundamen tal cutset of b , C its fundamen tal circuit, and consider

also an y path P b et w een t w o seeds of F

i

whic h con tains b . By Lemma 3.40, C � P is the path

b et w een the same t w o seeds in F � b + c . Since w ( c ) � w ( b

0

) for all b

0

2 C (c hord condition

is ful�lled for F

i

), w ( b ) � w ( b

00

) for all b

00

2 P (b y selection of b ), and b is common to C and

P , then w ( c ) � w ( b

00

) for all b

00

2 P . Since this happ ens for all paths, c ful�lls the separator

condition for whatev er resulting �nal partition of seeds among the trees.

Hence, b y rep eating the ab o v e argumen ts for an y comp onen t trees with more than t w o seeds, it

is clear that the remo v al of the selected branc hes leads to a n -seed resp ecting spanning c

0

+ n -

tree whic h ful�lls the c hord, connector and separator conditions (the connector condition is

ful�lled trivially since there are no connectors in the �nal seeded c

0

+ n -tree), and hence, b y

Corollary 3.33, it is a SSSS c

0

+ n T.

Theorem 3.42. L et

k

T ( V ; A

s

) b e the SSSS k T of a gr aph G ( V ; A ) with c c onne cte d c om-

p onents, r esp e cting the set S of n se e d vertic es. Supp ose ther e ar e c

0

se e d less and c

00

se e de d

c onne cte d c omp onents of G , i.e., c = c

0

+ c

00

. A SSF of G may b e obtaine d by suc c essively adding

to

k

T a set of k � c = n + c

0

� c = n � c

00

sep ar ators chosen so that e ach is, at its step, the

lightest c onne ctor of any two tr e es in the curr ent for est.

Pr o of. It is clear that after k � c insertions of new branc hes in to the forest whic h initially is

k

T , with k comp onen ts, the resulting forest has k � k + c = c comp onen ts as required. That

this is p ossible is eviden t, since G has c comp onen ts and th us is spannable b y a forest with c

comp onen ts.

It remains to b e seen whether the �nal spanning forest F ful�lls the c hord condition.

The c hords of

k

T are clearly also c hords of F with the same fundamen tal circuit. Since, b y

Theorem 3.33, they ful�ll the c hord condition in

k

T , they also ful�ll it in F .
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Eac h time a separator c is in tro duced to the forest, it b ecomes a branc h whose fundamen tal

cutset corresp onds to the other separators c

0

connecting the t w o trees connected b y c . By

selection, w ( c

0

) � w ( c ). Let P and P

0

b e the fundamen tal paths asso ciated to c and c

0

in

k

T .

Then, w ( c ) � w ( b ) for all b 2 P and w ( c

0

) � w ( b ) for all b 2 P

0

. By Lemma 3.27, P � P

0

,

whic h cannot b e empt y since c

0

62 P and c 62 P

0

, is a circuit or a sum of arc-disjoin t circuits.

Since P � P

0

con tains a single c hord, it can only con tain one circuit, since otherwise there w ould

b e a c hordless circuit in the forest. This circuit is the fundamen tal circuit of c

0

and, from the

relations ab o v e, w ( c

0

) � w ( b ) for all b 2 P � P

0

. Hence, when a new branc h is in tro duced as

sp eci�ed, the corresp onding new c hords ful�ll the c hord condition. Hence, b y Theorem 3.11,

the �nal spanning forest is indeed a SSF of G .

Algorithms

There are essen tially t w o t yp es of algorithms for �nding a SSS k T of a graph, as w as hin ted

b efore: constructiv e algorithms and destructiv e algorithms. The problem of �nding a SSSS k T

of a graph is a particular case where k = n + c

0

, c

0

b eing the n um b er of seedless comp onen ts of

the graph and n the n um b er of seeds.

Constructiv e algorithms

Tw o basic constructiv e algorithms can b e dev elop ed for �nding the SSSS k T of a graph. Both

are based on Krusk al and Prim, and can b e pro v en correct using the follo wing theorem:

Theorem 3.43. L et G

0

( V

0

; A

0

) b e the extension of a gr aph G ( V ; A ) with an asso ciate d set

of n > 0 se e d vertic es S = f s

1

; : : : ; s

n

g , such that V

0

= V [ f v

e

g and A

0

= A [ A

e

, with

A

e

=

S

n

i =1

f a

e

i

g , wher e v

e

is an extr a, external vertex, and a

e

i

ar e extr a ar cs, c onne cting the

extr a vertex to e ach se e d vertex, i.e., g ( a

e

i

) = f v

e

; s

i

g . L et the weight of the extr a ar cs b e strictly

smal ler than any other ar c in the gr aph, i.e., w ( a

e

i

) < w ( a ) for al l a 2 A with i = 1 ; : : : ; n . If

the for est F

0

( V

0

; A

0

s

) is a SSF of G

0

, then F

0

� v

e

is a SSSS k T of G for the given set of se e ds.

Pr o of. The arcs of G

0

in A

e

, i.e., the extra arcs, m ust b e branc hes of F

0

. Supp ose that there is

an arc a

e

i

whic h is not a branc h of F

0

, i.e., it is a c hord of F

0

. Let C b e its fundamen tal circuit.

C cannot consist only of arcs in A

e

, since b y construction all arcs in A

e

connect to a di�eren t

seed. Let then b b e a branc h of F

0

in C whic h is an arc of G . By h yp othesis w ( b ) > w ( a

e

i

),

and, b y the c hord condition for SSF in Theorem 3.11, w ( b ) � w ( a

e

i

). This is a con tradiction.

Hence, a

e

i

is a branc h of F

0

.

The remo v al of v

e

from F

0

also remo v es all branc hes of F

0

that are inciden t on v

e

, i.e., the n

arcs in A

e

. Hence, F

0

� v

e

con tains only v ertices and branc hes of G . Since V

0

= V [ v

e

, F

0

� v

e

con tains all v ertices of G , hence, F

0

� v

e

spans G . Since F

0

is a forest, and hence acyclic, F

0

� v

e

m ust also b e acyclic. Hence, F

0

� v

e

is a spanning forest of G .

It is clear that, if G has c = c

0

+ c

00

connected comp onen ts, of whic h c

0

are seedless and c

00

are

seeded, G

0

has c

0

+ 1, since all seeded connected comp onen ts are connected through the extra arcs

in A

e

to one another. By de�nition of spanning forest, F

0

has also c

0

+ 1 connected comp onen ts.
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The remo v al of eac h arc in A

e

from F

0

increases the n um b er of connected comp onen ts b y one,

hence F

0

� a

e

1

� � � � � a

e

n

has c + 1 + n connected comp onen ts. Finally , remo v al of v

e

reduces

the n um b er of connected comp onen ts b y one, that is, F � v

e

has c

0

+ n connected comp onen ts,

and spans the graph G . Hence, it is a spanning n + c

0

-tree of G .

Supp ose there is a s

i

; s

j

-path P b et w een to seeds s

i

and s

j

of S in F

0

con taining only arcs of

G . Then, P ; a

e

j

; v

e

; a

e

i

; s

i

is clearly a circuit in F

0

, whic h is a con tradiction, since F

0

is a forest

and hence acyclic. This pro v es that all paths b et w een seeds m ust pass though the v ertex v

e

and

t w o extra arcs. That is, F � v

e

resp ects seed separation. Hence, F � v

e

is a n -seed resp ecting

spanning n + c

0

-tree of graph G with seeds S . It is also smallest, b y Theorem 3.6, since it has

the righ t n um b er of connected comp onen ts, and th us, b y Theorem 3.8, it has no connectors.

It remains to b e seen whether it is a SSSS k T. By Corollary 3.33, if F

0

� v

e

ful�lls the c hord

and separator conditions, then indeed it is a SSSS k T.

Let c b e a c hord of F

0

. If its fundamen tal circuit includes only arcs of G , this circuit will remain

unaltered in F � v

e

. Hence, c is also a c hord of F

0

� v

e

. Since, b y Theorem 3.11 the c hord

condition holds for all c hords of F

0

, it also holds for c .

Let c b e a c hord of F

0

. If its fundamen tal circuit includes an y of the extra arcs, then it cannot

b e a c hord of F

0

� v

e

. Hence, it m ust b e a separator. Let C b e the fundamen tal circuit of c in

F

0

. It is straigh tforw ard to see that circuit C includes exactly t w o arcs of A

e

, whic h b esides are

in succession. Hence, circuit C corresp onds in F

0

� v

e

to the fundamen tal path of c , connecting

t w o di�eren t seeds. Since the c hord condition holds for F

0

, again b y Theorem 3.11, w ( c ) � w ( a )

for all a 2 C and hence also in the fundamen tal path of c in F

0

� v

e

.

Since b oth c hord and separator conditions hold for F

0

� v

e

, it is indeed a SSSS k T.

Supp ose this theorem is used to dev elop a simple algorithm: build the SSF of the extended

graph, using Krusk al's or Prim's algorithms, and then remo v e the extra v ertex v

e

. Assume the

initial v ertex in Prim's algorithm is the extra v ertex v

e

. In b oth cases, it is straigh tforw ard to

see that the �rst n arcs in tro duced in to the forest are the extra arcs. Since all seeds, after the

�rst n steps of eac h algorithm, are connected through v

e

, branc hes whic h w ould connect t w o

connected comp onen ts with di�eren t seeds in F � v

e

are automatically forbidden, since they

are c hords of F

0

, i.e., they w ould in tro duce circuits in F

0

.

In the case of the Krusk al algorithm, this amoun ts to extending the basic algorithm so that only

connectors, and not separators, are considered as candidate branc hes. A t eac h step, the forest

obtained is a SSS k T of the graph, b y Theorem 3.34. This, of course, requires that separators

are someho w distinguished from connectors. This can b e done b y lab eling the v ertices according

to the seed of the comp onen t they b elong to. It simply requires running a DFS (linear in the

n um b er of v ertices) to lab el the unlab eled comp onen t of t w o comp onen ts connected through a

new branc h. If the t w o comp onen ts connected are unlab eled, nothing needs to b e done. The

o v erall time sp en t in lab eling is asymptotically linear on the n um b er of branc hes, and hence

on the n um b er of v ertices, i.e., O (# V ). In total, since only unlab eled v ertices are lab eled, # V

v ertices are lab eled. The running time of the algorithm th us do es not c hange asymptotically .
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In the case of the Prim algorithm, this amoun ts to extending the basic algorithm so that initially

there are n seeds instead of a single one. Since the forest gro ws from seeds one v ertex at a time,

it is a simple matter to propagate seed lab els along the v ertices of eac h connected comp onen t

(a di�eren t lab el for eac h seed) so as to eliminate from consideration arcs connecting v ertices

with di�eren t lab els. The reason for the use of the name \seed" for the v ertices that m ust b e

k ept separate should no w b e clear. In this extension of the Prim algorithm, the set of selected

branc hes at eac h step constitutes a forest with n trees. Hence, c

0

+ 1 iterations of the algorithm

are required, c

0

using the simple v ersion of the algorithm for eac h seedless comp onen t of the

graph and another using the n seeds whic h co v er the remaining seeded comp onen ts. The same

result ma y b e obtained in a single iteration b y inserting one �ctitious seed in eac h seedless

comp onen t of the graph. Unlik e what happ ens with the Krusk al extension for seeded k -trees,

this extension of the Prim algorithm, though leading to a SSSS k T of the graph, do es not ha v e

the nice prop ert y of all in termediate forests b eing SSS k Ts.

Both algorithms are imp ortan t b ecause of their uses in segmen tation. Ev en though the issue

of segmen tation will b e dealt with within Chapter 4, it ma y b e adv anced here that Prim's

algorithm is used mostly in region gro wing segmen tation algorithms and Krusk al' algorithm is

used mostly in region merging with seeds segmen tation algorithms, and that, although b oth

algorithms lead to SSSS k Ts, their extensions b y globalizing information ha v e v astly di�eren t

prop erties.

Destructiv e algorithms

Destructiv e algorithms start b y building a SSF of the graph. Then, follo wing Theorem 3.41,

a SSSS k T can b e obtained b y cutting appropriately c hosen branc hes of the forest. Curiously

enough, the same metho d can b e used, according to Theorem 3.24, to obtain a SS k T of the

graph. The only di�erence b et w een destructiv e algorithms for �nding SSSS k Ts or SS k Ts is

whic h branc h to cut at eac h step of the algorithm: for unseeded trees the hea viest among all

forest branc hes is c hosen, while for seeded trees the hea viest of those branc hes whose remo v al

separates seeds is c hosen. Since destructiv e algorithms successiv ely remo v e branc hes from a

forest, eac h time separating a connected in to t w o new connected comp onen ts, these algorithms,

in the framew ork of image segmen tation, are some times called region splitting algorithms, see

Chapter 4.

If the Krusk al algorithm is used to build the SSF, since it inserts forest branc hes of non-

decreasing w eigh t, a list of the branc hes of the forest sorted b y non-increasing order ma y b e built

without c hanging the asymptotic b eha vior of the algorithm. Hence, it will run in O (# A lg # A ).

Selection of the hea viest branc hes then tak es linear time, that is O ( k � c ), since k � c branc hes

m ust b e remo v ed from the sorted list, eac h remo v al taking a constan t time.

If the Prim algorithm is used, a priorit y queue can b e used to insert the branc hes of the forest.

If Fib onacci priorit y queues are used, then eac h insertion requires O (1) amortized time, so that

the queue tak es linear time, on # A

s

= # V � c , to build (see [28 ] for details). Hence, running

Prim and building the queue still tak es O (# A + # V lg # V ). Selection of the hea viest branc hes

then tak es O

�

( k � c ) lg (# V � c )

�

, since k � c branc hes m ust b e remo v ed, one at a time, from

the queue, eac h remo v al taking O

�

lg (# V � c )

�

, # V � c b eing the size of the queue.
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This w as in the case of the SS k T. The selection of the branc hes to remo v e in the case of the

SSSS k T is more in v olv ed, since only those branc hes whic h stand in the path b et w een t w o seeds

should b e tak en in to accoun t. The follo wing theorem will b e used to build an algorithm whic h

solv es the problem in linear time, pro vided a list of branc hes sorted b y non-decreasing w eigh t is

a v ailable, as in the case of the Krusk al algorithm for the destructiv e construction of a SS k T from

a SSF ab o v e. Ev en though there ma y b e more e�cien t algorithms, this pro v es that linear time

algorithms do exist, whic h means that, if sev eral di�eren t sets of seeds are to b e exp erimen ted

in building SSSS k Ts, the SSF can b e built once, follo w ed b y successiv e applications of an

asymptotically linear time algorithm. If the n um b er of exp erimen ts with sets of seeds is high

enough, the o v erall e�ciency appro ximates linear time asymptotically . That is, the algorithm

runs in asymptotically linear amortized time.

Theorem 3.44. L et F b e the SSF of a gr aph G . If

k

T is a SSSS k T of F , then

k

T is also a

SSSS k T of G .

Pr o of. Clearly ,

k

T has no c hords in F , since F is acyclic. But

k

T ma y ha v e separators (not

connectors, since it is smallest). Supp ose F has # V v ertices and c connected comp onen ts.

Supp ose c

0

of them are seedless. It is kno wn that k = n + c

0

, where n is the n um b er of seeds.

Also, the n um b er of arcs in

k

T is # V � n � c

0

and the n um b er of arcs in F is # V � c . Hence,

there are n + c

0

� c = n � c

00

separators of

k

T in F , where c

00

is the n um b er of seeded comp onen ts

of F .

It is also clear that

k

T spans G , is acyclic, do es not violate seed separation, and has the righ t

n um b er of connected comp onen ts to b e smallest.

The separators of

k

T in F are also separators of

k

T in G . Hence, they ful�ll the separator

condition. The arcs of G whic h are not branc hes of F , i.e., c hords of F , are either c hords or

separators of

k

T .

If their fundamen tal circuit C in F includes a branc h of F whic h is a separator of

k

T , then

they are themselv es separators, since they in tro duce no circuit in

k

T .

T ak e one suc h separator c of

k

T . Since it is also a c hord of F , it m ust ful�ll the c hord condition

for SSFs, that is w ( c ) � w ( b ) for all branc hes b of F in C , including the separators of

k

T . The

fundamen tal path of c in

k

T is, b y Lemma 3.40 (remem b er that c is in the fundamen tal cutsets

of all branc hes of its circuit), the ring sum of the path P b et w een the t w o seeds in F and the

circuit C . Since the fundamen tal path includes a single separator, c , all branc hes of F whic h

are separators of

k

T in C m ust also b e in P . Hence, using Lemma 3.31, it m ust b e concluded

that all arcs in P are ligh ter than the hea viest separator in P , and hence c is hea vier than an y

branc h of

k

T in its fundamen tal path. Hence,

k

T ful�lls the separator condition.

Let c no w b e a c hord of F suc h that its fundamen tal circuit do es not include an y separator of

k

T . Then c is also a c hord of

k

T and ob viously ful�lls the c hord condition.

Hence,

k

T is indeed a SSSS k T of G .

The Krusk al algorithm, with the seed extensions describ ed previously , can th us b e used to

calculate the SSSS k T of the SSF, and consequen tly of the graph. Ho w ev er, notice that:
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1. there is no need to initially sort the branc hes of F , since, b y h yp othesis, a sorted list is

already a v ailable.

2. there is no need to test whether an arc in tro duces a circuit or not, since F has no circuits.

The analysis of the Krusk al algorithm with the ab o v e simpli�cations rev eals that it runs indeed

in linear time, i.e., O (# V ).

F urther notes on trees and algorithms

There are some issues regarding shortest spanning ( k -) trees and forests whic h should b e men-

tioned here. The �rst has to do with the uniqueness of the solutions. In general, none of the

problems discussed so far (SSF, SS k T, SSS k T, SSSS k T) has a unique solution. It can b e pro v ed

that, if all arc w eigh ts are di�eren t, then solutions are alw a ys unique, but this is a rather con-

serv ativ e condition. Less conserv ativ e conditions of uniqueness can b e dev elop ed in eac h case,

but this will not b e attempted here. The consequences of non-uniqueness and w a ys of dealing

with the issue will b e discussed in Chapter 4, in the framew ork of a particular application:

segmen tation for image analysis.

Secondly , it m ust b e p oin ted out that in all constructiv e algorithms the addition of a branc h to

the gro wing forest can b e follo w ed b y a con traction of that branc h in the original graph, follo w ed

p ossibly b y remo v al of self-connecting arcs (whic h in the uncon tracted graph are c hords). This

results in con traction of the v ertices connected b y a tree in the ev olving forest to a single

represen tativ e v ertex. The remaining arcs of the graph retain their prop erties, and hence the

algorithms run exactly in the same manner with and without con traction. The pro of of this fact

is simple and will not b e giv en here. Suc h con tractions ma y b e v ery useful, since they allo w eac h

comp onen t of the ev olving forest, a segmen t or class or region in the framew ork of segmen tation,

to b e represen ted b y a single v ertex, hence simplifying p ossible region globalization pro cesses. In

the case of 2D maps, as will b e seen in Section 3.5, suc h simpli�cations of the map graph can b e

accompanied b y dual c hanges in the b order pseudograph, whic h ma y b e useful for globalization

of b order information and ev en for con tour co ding.

3.3.10 Graphs and lattices

The co ordinates v

k

of an y site of a lattice L in R

m

b elong to Z

m

. A grid can th us b e asso ciated

with a 2D lattice: eac h v ertex in the grid corresp onds to a site in the lattice and vice v ersa.

Lattice sites can b e asso ciated with grid v ertices through a site function: all sites s of a lattice

can b e written s = s [ v ] =

P

m � 1

j =0

v

j

u

j

where v = [ v

0

: : : v

m � 1

]

T

2 V = Z

m

. Figure 3.3 sho ws the

2D rectangular and hexagonal R

2

lattices with the corresp onding Z

2

grids sup erimp osed.

Hence, a grid and a lattice are usually asso ciated with a digital image: the latter sp eci�es the

p ositions of eac h pixel in the original con tin uous image, while the former in tro duces a structure,

or neigh b orho o d system, in to the set of image pixels. The t yp e of grid selected usually dep ends

on the spatial arrangemen t of the sampling lattice sites: the hexagonal grid in Z

2

is normally

asso ciated with a hexagonal lattice in R

2

, i.e., when digitalization is p erformed through a
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(a) Rectangular grid o v er rect-

angular lattice.

(b) Hexagonal grid o v er

hexagonal lattice.

Figure 3.3: Examples of 2D lattices with sup erimp osed grids. Grid v ertices and lattice sites

are represen ted b y dots and grid edges are represen ted b y lines. The V oronoi tessellation

corresp onding to the lattice sites is sho wn using dotted lines.

hexagonal sampling lattice, it is natural to use a hexagonal grid for represen ting the relations

b et w een the pixels.

When digitizing, Z m ust b e c hosen suc h that s [ v ] 2 R . Since R is usually a b ounded region

(mostly a rectangle), Z will also b e b ounded. The de�nition of grid giv en previously precludes

the use of a b ounded set of v ertices, since grids m ust b e t -in v arian t. Ho w ev er, it is p ossible

to restrict the simple graph corresp onding to an un b ounded grid to the v ertices Z of in terest.

Hence, the graphs asso ciated with digital images are usually not only simple, but also limited.

F rom here on, the stress will b e put on graphs, rather than grids, and th us G ( Z ; A ) will alw a ys

refer to a graph, usually a simple graph asso ciated to either an image or a sequence of images

de�ned either on Z � Z

2

or on N � Z � Z

3

.

De�nition 3.65. (image graph) A gr aph wher e the vertic es c orr esp ond to the image pixels

and ther e ar e ar cs b etwe en pixels which ar e ge ometric al neighb ors in the implicit sampling lattic e.

Often a single extr a external vertex is adde d to r epr esent the outside of the image which is

adjac ent to al l pixels in the b oundary of the image. It may b e ne c essary to al low the image

gr aph to b e a multigr aph. This happ ens when it is imp ortant to establish a c orr esp ondenc e

b etwe en its ar cs and the e dges (to b e de�ne d later) b etwe en pixels. In this c ase, the c orner pixels

in a r e ctangular lattic e on a r e ctangular domain may have two ar cs c onne cting them to the extr a

external pixel.

In image graphs there is an implicit neigh b orho o d system. The rectangular 2D graph, obtained

from the rectangular grid, de�nes a N

4

neigh b orho o d system,

11

where eac h v ertex has four

neigh b ors, as sho wn in Figure 3.4(a). Similarly a N

6

neigh b orho o d system is asso ciated with the

11

A neigh b orho o d system is N

n

if eac h v ertex in the graph has n neigh b ors, except p ossibly at the limits of

the graph.
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hexagonal grid, see Figure 3.4(c). Another t yp e of neigh b orho o d system, N

8

in Figure 3.4(b), can

b e asso ciated with images digitized using a rectangular 2D lattice. This t yp e of neigh b orho o d

system can b e v ery useful, ev en though it cannot corresp ond to an y p ossible grid, since it fails

the non-crossing condition for grids (this neigh b orho o d system is asso ciated with a non-planar

graph).

(a) N

4

on a rectangu-

lar lattice.

(b) N

8

on a rectangu-

lar lattice.

(c) N

6

on a hexagonal lat-

tice.

Figure 3.4: Examples of 2D image graphs with di�eren t neigh b orho o d systems. Graph v ertices

are represen ted b y dots and graph arcs are represen ted b y lines.

In the case of a progressiv e (3D) sampling matrix, the natural neigh b orho o d system, and hence

graph, to asso ciate with the digital pixel sequence is N

6

, where eac h v ertex has six neigh b ors,

as sho wn in Figure 3.5.

Pixel neigh b orho o ds and connectivit y

On a rectangularly sampled digital image f [ � ] de�ned on Z � Z

2

, the terms N

4

( v ) (or 4-neigh b ors

of v ), N

d

( v ) (or d-neigh b ors of v ) and N

8

( v ) (or 8-neigh b ors of v ), v b eing a 2D pixel v = [ i; j ],

will b e tak en to mean

N

4

( v ) = f [ i � 1 ; j ] ; [ i; j � 1] ; [ i; j + 1] ; [ i + 1 ; j ] g \ Z ; (3.2)

N

d

( v ) = f [ i � 1 ; j � 1] ; [ i � 1 ; j + 1] ; [ i + 1 ; j � 1] ; [ i + 1 ; j + 1] g \ Z , and (3.3)

N

8

( v ) = N

4

( v ) [ N

d

( v ) : (3.4)
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Figure 3.5: The 3D progressiv e sampling lattice with the N

6

neigh b orho o d system.

Tw o pixels v

1

and v

2

are 4-connected if v

2

2 N

4

( v

1

), d-connected if v

2

2 N

d

( v

1

), and 8-connected

if v

2

2 N

8

( v

1

).

Mixed connectivit y is de�ned with resp ect to a giv en prop ert y P ( : ) of the v alues of the pixels of

an image f . Tw o pixels v

1

and v

2

suc h that P ( f [ v

1

]) = P ( f [ v

2

]) are m-connected if v

2

2 N

4

( v

1

)

or if v

2

2 N

d

( v

1

) and 8 v 2 N

4

( v

1

) \ N

4

( v

2

) ; P ( f [ v ]) 6= P ( f [ v

1

]). Mixed connectivit y is a

mo di�cation of 8-connectivit y whic h eliminates m ultiple path connections in sets of pixels when

the N

8

image graph is used [56 ].

3.4 Planar graphs and dualit y

Planar graphs ha v e a series of in teresting prop erties. If a graph is planar, so is an y of its

con tractions, an y of its reductions, and, in general, an y homeomorphic graph. Notice, ho w ev er,

that if the con traction of a graph is planar, nothing can b e said ab out the planarit y of the

original.

3.4.1 Euler theorem

When a planar graph is dra wn without crossing arcs, its arcs divide the 2D plane in to regions

(or faces), all but one of whic h are b ounded. Dra wing a graph on a plane can b e seen to b e

equiv alen t to dra wing it on a sphere (see [186 ]), and, on a sphere, all regions are b ounded. Let

r b e the n um b er of regions in a planar em b edding of a connected planar graph G ( V ; A ). Then,

b y Euler's theorem [44], # V + r � # A = 2. This form ula can b e extended to encompass also

disconnected graphs. Let c b e the n um b er of connected comp onen ts in the planar graph. Then,

# V + r � # A = 1 + c . Or, whic h is the same, � ( G ) = r � 1 or ev en � ( G ) = 1 + # A � r .

An arc sub division p erformed on a planar graph remo v es one arc, adds other t w o arcs, and an

extra non-isolated v ertex: the n um b er of connected comp onen ts and the n um b er of regions do

not c hange. The same thing happ ens for an arc reduction, where the net result is one less v ertex
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and one less arc.

A nice corollary of Euler's theorem is that in an y planar, simple graph G ( V ; A ) with # V >

2, the relation # A � 3# V � 6 alw a ys holds [44 ]. The imp ortance of this relation, in the

framew ork of this thesis, stems from the fact that graph algorithms whose e�ciency is b ounded

ab o v e b y some p olynomial function f ( � ) of A , that is, algorithms whic h run in O ( f (# A )), are

also O ( f (# V )) in the case of planar, simple graphs. The result is also v alid if some of the

terms in f ( � ) are logarithms. Notice that, for simple graphs in general, one can only sa y that

# A � # V (# V � 1) = 2, whic h is an equalit y for a complete simple graph.

No simple relations exist b et w een the n um b er of arcs and the n um b er of v ertices in the general

case of pseudo- or m ultigraphs, ev en if planar.

3.4.2 Dualit y

De�nition 3.66. (dualit y [186 ] ) A gr aph G

2

( V

2

; A

2

) is a dual of a gr aph G

1

( V

1

; A

1

) if ther e

is a bije ctive mapping b etwe en A

2

and A

1

such that a set of ar cs in A

2

is a cir cuit ve ctor of G

2

i� the c orr esp onding set of ar cs in A

1

is a cutset ve ctor of G

1

.

F or questions of econom y of notation, it will b e assumed that dual graphs share the same set

of arcs, i.e., the bijectiv e mapping is the iden tit y function. In this case, it is the arc functions

of the dual graphs whic h are di�eren t and whic h map the same set of arcs to pairs of v ertices

from the t w o di�eren t graphs.

It can b e pro v ed that if graph G

2

is a dual of graph G

1

, then graph G

1

is a dual of graph G

2

.

Hence, it ma y b e said that t w o graphs are dual. If t w o graphs are dual, then circuits in one

corresp ond to cutsets in the other. Tw o dual graphs alw a ys ha v e the same n um b er of arcs, b y

de�nition.

But p erhaps the most imp ortan t fact ab out duals is that a graph has a dual i� it is planar.

Hence, dual graphs are alw a ys planar. Notice that duals, in general, are not unique. Ho w ev er,

it can b e pro v ed that all duals of a graph G are 2-isomorphic, and that ev ery graph 2-isomorphic

to a dual of G is also a dual of G .

Giv en an arbitrary disconnected planar graph, b y the de�nition of 2-isomorphism, it is alw a ys

p ossible to �nd a connected 2-isomorphic graph. Hence, an y planar graph, disconnected or not,

has a connected dual.

Giv en a 2D em b edding of a planar graph, a dual graph can b e deriv ed as follo ws:

De�nition 3.67. (geometrical dual of a planar em b edding) L et G ( V ; A ) b e a planar

gr aph with a given gr aphic al r epr esentation without cr ossing ar cs (a planar emb e dding). L et F

b e the set of the r e gions in its gr aphic al r epr esentation (including the outer, unb ounde d r e gion).

Then, the planar gr aph G

d

( F ; A ) with e ach ar c a 2 A such that g

d

( a ) = f r

1

; r

2

g , wher e r

1

and

r

2

ar e the r e gions which ar c a sep ar ates in the original gr aph, is the ge ometric al dual of the

given planar emb e dding of gr aph G ( V ; A ) .
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It can b e pro v ed that the geometrical dual of a planar em b edding of a planar graph is indeed

a dual of the planar graph. Also, b y construction, all geometrical duals are connected.

Let G

d

( V

d

; A ) b e the geometric dual of a planar em b edding of the planar connected graph

G ( V ; A ). Clearly , b y construction of geometric duals, # V

d

= r , where r is the n um b er of

regions of G . Then, b y Euler's theorem, # V = r

d

, where r

d

is the n um b er of regions in G

d

.

Hence, giv en t w o connected dual graphs, the n um b er of v ertices in one is equal to the n um b er

of regions in the other.

Since 2-isomorphic graphs ha v e the same rank and the same n um b er of arcs, then, b y Euler's

form ula, all duals of a planar graph ha v e the same n um b er of regions.

Theorem 3.45. If two gr aphs ar e dual, the nul lity of one is e qual to the r ank of the other.

Pr o of. Let G ( V ; A ) and G

d

( V

d

; A ) b e t w o planar graphs. Let G

0

( V

0

; A ) and G

0

d

( V

0

d

; A ) b e 2-

isomorphic to G and G

d

, resp ectiv ely , but connected. Hence, G

0

and G

0

d

are duals. If t w o graphs

are 2-isomorphic, they ha v e the same rank. Hence, � ( G ) = � ( G

0

) and � ( G

d

) = � ( G

0

d

). By Euler's

form ula, � ( G ) = � ( G

0

) = 1 + # A � r

0

and � ( G

d

) = � ( G

0

d

) = 1 + # A � r

0

d

, where r

0

= r is the

n um b er of faces of G and G

0

and an y 2-isomorphic graphs, and r

0

d

= r

d

is the n um b er of faces

of G

d

and G

0

d

and an y 2-isomorphic graphs. But r

0

= # V

0

d

. Hence � ( G ) = 1 + # A � # V

0

d

=

# A � � ( G

0

d

) = # A � � ( G

d

) = � ( G

d

).

It will b e seen in the follo wing that dualit y can b e used to relate t w o t yp es of information found

in 2D maps: information ab out adjacency b et w een regions and information ab out the b orders

b et w een regions.

Dual op erations

Giv en t w o dual graphs G and G

d

, it is p ossible to de�ne an algebra of dual op erations on b oth

graphs whic h still result in dual graphs.

Let a b e an arc in the dual graphs G and G

d

. Let G

0

b e the graph obtained b y con tracting arc

a in G , and G

0

d

the graph obtained b y remo ving a from G

d

. Then G

0

and G

0

d

are also duals with

the same corresp ondence b et w een the arcs. Hence, con traction and remo v al of arcs are dual

op erations.

Let a b e an arc in the dual graphs G and G

d

. If a is self-connecting in G , then it is a circuit

v ector in G . By dualit y , it is also cutset v ector in G

d

, i.e., it is a bridge in G

d

. Hence, remo v al

of a self-connecting arc and remo v al of the corresp onding bridge are dual op erations.

Consider a v ertex v with d ( v ) = 2 and t w o di�eren t arcs a

1

and a

2

of G inciden t on v . P erforming

an arc reduction of v is the same as con tracting one of its arcs, sa y a

1

. The t w o arcs are clearly

a cutset v ector of G . This cutset v ector either consists of a single cutset or it consists of t w o

cutsets. The �rst case o ccurs only if a

1

and a

2

are circuit arcs. The second case o ccurs when

b oth a

1

and a

2

are bridges. In the dual graph the �rst case corresp onds to a

1

and a

2

forming

a circuit, that is, to a

1

and a

2

b eing parallel or m ultiple arcs. The second one, to a

1

and a

2
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b eing self-connecting arcs. Hence, p erforming an arc reduction on t w o circuit arcs is the same

as merging (or simplifying) the t w o corresp onding parallel arcs in the dual.

Spanning trees and forests

One of the most imp ortan t results relating dualit y and spanning trees is the follo wing theorem:

Theorem 3.46. The chor ds of a sp anning for est of a gr aph induc e a sp anning for est in the

dual gr aph, assuming it exists.

Pr o of. Let G ( V ; A ) and G

d

( V

d

; A ) b e t w o dual (planar) graphs. Let F ( V ; A

s

) b e a spanning

forest. W e w an t to pro v e that F

d

( V

d

; A

s

d

), with A

s

d

= A n A

s

, is a spanning forest of G

d

.

First w e pro v e that F

d

is acyclic. Then w e pro v e that it has exactly # A

s

d

= # A � # A

s

=

# V

d

� c

d

= � ( G

d

), where c

d

is the n um b er of connected comp onen ts of G

d

. It is also clear that

F

d

is a subgraph of G

d

. T ogether, these facts pro v e that F

d

is indeed a forest of G

d

.

F

d

is acyclic: Supp ose that F

d

has a circuit C . Circuit C is also a circuit of G

d

, ob viously . The

arcs in C are a cutset in G . This cutset m ust con tain at least one branc h b of F . But then

b 2 A

s

and b 2 A

s

d

= A n A

s

, whic h is a con tradiction. Hence, F

d

is acyclic.

# A

s

d

= � ( G

d

): By Theorem 3.45 � ( G ) = � ( G

d

), i.e., � ( G ) = # A � � ( G

d

). But, since F is a

spanning forest, # A

s

= � ( G ). Hence, # A

s

d

= # A � # A

s

= � ( G

d

).

De�nition 3.68. (dual spanning forest) Given a sp anning for est F ( V ; A

s

) of gr aph

G ( V ; A ) with dual G ( V

d

; A ) , the sub gr aph F

d

( V

d

; A n A

s

) is the dual sp anning for est of F .

12

Corollary 3.47. Given a sp anning for est in a gr aph and its dual sp anning for est in the dual

gr aph, the fundamental cir cuits in one gr aph c orr esp ond to the fundamental cutsets one the

other.

Pr o of. Let F ( V ; A

s

) b e a spanning forest of G ( V ; A ) with dual G

d

( V

d

; A ), and F

d

( V

d

; A n A

s

)

its dual spanning forest. Let b b e a branc h of F . Let C b e its corresp onding cutset in G . Since

fundamen tal cutsets con tain only one branc h, C n f b g consists solely of c hords. But C , b y

dualit y , is a circuit in G

d

. The c hords of F are the branc hes of F

d

, and vice v ersa. Hence, C is a

circuit in G

d

whic h con tains only one c hord of F

d

. Hence, it is a fundamen tal circuit. The pro of

that fundamen tal circuits corresp ond to fundamen tal cutsets follo ws the same reasoning.

Giv en a spanning forest F of a connected graph G with geometrical dual G

d

, let F

d

b e the

dual spanning forest of F . If a branc h is remo v ed from F , the n um b er of trees, or connected

comp onen ts, in the forest will increase b y one. If the same branc h of F is inserted in to F

d

,

a circuit is created, or, using Euler's theorem, a region is in tro duced b y splitting an existing

region in t w o. This pro cess can b e con tin ued as long as there are branc hes to remo v e from F

and insert in to F

d

, increasing successiv ely the connected comp onen ts of F and the n um b er of

regions in F

d

. When a region is split in t w o in F

d

, those t w o regions are limited b y a circuit

12

Note the subtlet y: a dual spanning forest is not the dual of a spanning forest!
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whic h, in the geometrical represen tation, en v elops the v ertices of the t w o connected comp onen ts

obtained in F .

It is clear that the pro cess of remo ving k � c branc hes from a spanning forest with c connected

comp onen ts leads to a spanning k -tree of the same graph. The corresp onding op eration in the

dual spanning forest is the creation of circuits. Hence, the dual of a k -tree is a pseudo-forest in

whic h some arcs are allo w ed to b e circuit arcs.

Shortest spanning trees and forests

It w as sho wn in the previous section that the c hords of a spanning forest of a graph induce a

spanning forest in the dual graph. A stronger result is pro v ed here:

Theorem 3.48. The dual sp anning for est of a SSF is a LSF (and vic e versa).

Pr o of. Let F ( V ; A

s

) b e an SSF of graph G ( V ; A ) with dual G

d

( V

d

; A ). Let F

d

( V

d

; A n A

s

)

b e the dual spanning forest of F . T ak e an y branc h b of F and its corresp onding fundamen tal

cutset C in G relativ e to forest F . According to Theorem 3.11, w ( b ) � w ( c ) with c 2 C . By

Corollary 3.47, C is also a fundamen tal circuit of F

d

with c hord b . Hence, giv en that w ( b ) � w ( c )

with c 2 C , and again b y Theorem 3.11, F

d

is a LSF.

3.4.3 F our-color theorem

In mathematical terms, a graph G ( V ; A ) is k colorable if there is a color function c ( � ) : V !

f 1 ; : : : ; k g suc h that c ( v

1

) 6= c ( v

2

) whenev er f v

1

; v

2

g 2 A . Notice that, while m ulti- and simple

graphs G ( V ; A ) are alw a ys # V colorable, pseudographs are only colorable if they p ossess no

self-connecting arcs, i.e., if they are m ulti- or simple graphs.

The problem of asserting whether a general graph is k � 3 colorable is NP-complete [51]. That

is, there is no deterministic algorithm able to solv e the problem in p olynomial time [51 ].

13

An in teresting prop ert y of m ulti- or simple planar graphs is that they can b e colored using

four colors. That is, it is p ossible to assign one of four di�eren t colors to eac h v ertex of the

graph suc h that v ertices whic h are end v ertices of the same arc ha v e di�eren t colors. This w as

conjectured in 1852 b y F rancis Guthrie, a studen t of De Morgan, and remained a conjecture

un til 1976, when App el and Hak en published the pro of of the F CT (F our-Color Theorem) whic h

in v olv ed thorough computer assisted pro ofs, imp ossible to v erify b y hand. In 1996, Rob ertson

et al. [170] published a simpler pro of, ev en though using similar metho ds, and, in passing, also

obtained a quadratic algorithm for coloring a planar graph with four colors, i.e., a O (# A

2

)

algorithm, A b eing the set of arcs of the planar graph to b e colored.

13

If P6 =NP , see [51 ].
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3.5 Maps

What are maps? Ho w can the relations b et w een their regions b e represen ted? What is p eculiar

in discrete maps? Maps can b e de�ned o v er con tin uous or discrete spaces, of an y dimension, just

lik e images. All functions from suc h a space in to a �nite set can b e though of as a (function)

map. The elemen ts in this �nite set can b e in terpreted as lab els of a certain class. In a

sense, th us, maps and partitions, to b e de�ned in Section 3.6.1, are one and the same concept.

Ho w ev er, the term partition will often b e more sp eci�cally asso ciated to a map whic h results

from a segmen tation pro cess (see De�nition 3.71).

A map w as de�ned ab o v e as a function from a space to a set of lab els. It can also b e seen

as a partition of the space in to disjoin t subsets of the space (classes), eac h corresp onding to a

lab el. The study of the spatial relations b et w een these disjoin t subsets is the sub ject of top ol-

ogy . In the case of a discrete and �nite space, whic h is of paramoun t in terest in the �eld of

automatic analysis of images, �nite top ology can b e used. Ko v alevsky , in t w o excellen t pap ers

on �nite top ology [91, 92], demonstrated that cellular complexes, a �nite top ology construct,

allo w to unam biguously represen t neigh b orho o d relations b et w een the subsets of a map, and

this indep enden tly of the space dimension. More than that, his results demonstrate that pixel

relationships are insu�cien t for this purp ose. The edges and v ertices of the pixels (see De�ni-

tion 3.79), in the case of a 2D discrete space, are fundamen tal. This had already b een recognized

in tuitiv ely b y sev eral generations of image analysis theorists, though it had nev er b efore b een

demonstrated formally .

This thesis uses a related but not equiv alen t concept. By the use of dualit y , the relationships

b et w een the classes, or b etter, b et w een the regions in a map are represen ted sim ultaneously

b y t w o graphs: the RAMG (Region Adjacency MultiGraph) and the RBPG (Region Border

PseudoGraph) (see De�nitions 3.85 and 3.92).

14

Ev en though this represen tation w orks w ell for

2D maps, for 3D maps the notions m ust b e extended: the b orders no longer form a graph, and

dualit y m ust b e rede�ned. Also, the prop osed metho d of represen tation do es not fully solv e

the am biguit y problems of whic h cellular complexes are free. The solution of b oth problems,

through a reform ulation of the results on graphs for the broader theory of cell complexes, has

b een left for future w ork on the sub ject. Ho w ev er, unlik e the RA G [154], this pair of graphs,

RAMG and RBPG, retains information ab out the con tin uit y of the b orders.

3.5.1 Op erations on the dual RAMG and RBPG graphs

Consider a 2D image and the corresp onding 2D em b edding of its corresp onding planar image

graph. Consider also the geometrical dual graph of this em b edding. These graphs together

represen t the spatial relationships b et w een the pixels, regarded as individual regions. The �rst

graph is the RAMG, and the second is the RBPG, if all classes in the map ha v e a single pixel.

What happ ens when t w o adjacen t regions, that is, adjacen t in the RAMG, are merged together?

14

RAMG is used ev en though the w ord graph, in this thesis, refers b y default to a pseudograph (and hence also

to m ultigraphs). This w as done to distinguish it from the RA G (Region Adjacency Graph), whic h is a simple

graph. F or reasons of coherence, the b order graph w as named accordingly .
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Clearly , the corresp onding v ertices of the RAMG are short-circuited. But this results in at least

one self-connecting arc. Suc h self-connecting arcs ha v e no role to pla y in the RAMG, since they

sa y nothing ab out relations b et w een regions. Hence, they m ust b e eliminated. What are the

corresp onding op erations in the dual graph? Since short-circuiting of t w o adjacen t v ertices and

remo v al of one of the arcs b et w een them is actually a con traction of this arc, its dual op eration

is simply the remo v al of the corresp onding arc from the RBPG. The remo v al of the other no w

self-connecting arcs of the RAMG can also b e seen as sp ecial cases of con traction, its dual

op erations also b eing remo v al from the RBPG. But after remo ving suc h arcs, the RBPG ma y

ha v e b een left redundan t, in the sense that it ma y con tain some redundan t v ertex, that is, a

v ertex of degree t w o whic h has not a self-connecting arc. If this happ ens, arc reduction can

b e p erformed on this v ertex. Since arc reduction is the same as con traction of one of the arcs

inciden t on the v ertex of degree t w o, the corresp onding op eration on the RAMG is remo v al of

that arc.

Con traction and remo v al of a self-connecting arc ha v e the same result for the RAMG, but

altogether di�eren t results in the case of the dual. Con traction corresp onds to remo v al in the

dual and vice-v ersa. The appropriate op eration is th us con traction in the RAMG and remo v al

in the RBPG, since otherwise an arti�cial connection of t w o disconnected b order sets w ould b e

in tro duced. The result w ould still b e a v alid map, actually it w ould b e a 2-isomorphism of the

result obtained as suggested. Ho w ev er, it w ould not ha v e a corresp ondence in the real map,

de�ned as a partition of the space.

3.5.2 De�nition of map

It is imp ortan t to realize t w o facts ab out the RAMG. First, it m ust b e a connected graph: ev en

in the unlik ely ev en t that the 2D image is de�ned on sev eral non-con tiguous subsets of the space,

one can alw a ys add a bac kground region to the map and th us render the RAMG connected. If

the 2D image is de�ned on a subset of the space whose pixels are connected in the corresp onding

image graph, the result is ob vious. Secondly , there cannot b e an y bridges in the RBPG, since

otherwise that arc w ould not separate t w o regions. Equiv alen tly , the RAMG cannot ha v e an y

self-connecting arcs (whic h are the duals of bridges). As an immediate consequence, the RBPG

is 2-arc-connected.

T o sum up:

1. Self-connecting arcs pla y no role in the RAMG. This explains wh y the RAMG is a m ulti-

graph.

2. All v ertices of degree t w o in the RBPG are connected to themselv es b y a self-connecting

arc.

3. The op eration of merging t w o regions in a map

15

corresp onds to short-circuiting the t w o

corresp onding v ertices in the RAMG, remo ving the self-connecting arcs created in the

pro cess, and �nally arc-reducing the v ertices of degree t w o in the RBPG whic h are not

isolated, if an y .

15

Annexation or in v asion, in geop olitics parlance.
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Hence, the op erations on the dual adjacency and b order graphs can b e though of as the merging

itself, follo w ed b y the dual op erations necessary to render this pair of graphs prop er. It is no w

p ossible to de�ne the concept of a map and a prop er map:

De�nition 3.69. (map) A p air of dual gr aphs, the RAMG and the RBPG, such that the

RAMG is the ge ometric al dual of a given emb e dding of the RBPG (and henc e is c onne cte d).

De�nition 3.70. (prop er map) A p air of dual gr aphs, the RAMG and the RBPG, forming

a map, such that the RAMG has no self-c onne cting ar cs (r e dundant adjac ency information) and

the RBPG has no vertic es of de gr e e two, exc ept if isolate d (that is, ther e is no home omorphic

gr aph of the RBPG which is smal ler than the RBPG).

In maps, region inclusion relations corresp ond to cut v ertices in the RAMG. These v ertices

corresp ond to regions with, if eliminated, lead to t w o disconnected maps. A cut v ertex in a

planar graph without self-connecting arcs de�nes a cut (the arcs whic h inciden t on it), comp osed

of cutsets (eac h cutset is comp osed of the arcs with connect the v ertex to a di�eren t blo c k).

These cutsets are disjoin t. In the dual they corresp ond eac h to arc-disjoin t circuits. But the

v ertices corresp ond, in the dual, to a region or face (b y construction, there is a single v ertex

of the RAMG in eac h region of the RBPG). Hence, that region is limited b y more than one

circuit, that is, it has \holes". If there are n cutsets in the cut, there are n � 1 holes in the

region, whic h is limited, in the planar em b edding, b y the remaining circuit (1 + n � 1 = n ).

F or v ertices whic h are not cut v ertices, the set of their arcs is a cutset, and hence corresp onds,

in the dual, to a single circuit. Hence, suc h regions ha v e no \holes".

3.5.3 Algorithms

Giv en a function map, the corresp onding map can b e obtained b y building �rst a �ctitious map

where eac h pixel corresp onds to a di�eren t region. As seen ab o v e, this �ctitious map is simply

the image graph and its geometrical dual. The map can b e obtained b y merging successiv ely

adjacen t regions with the same lab el, using the op erations de�ned ab o v e. Alternativ ely , one

migh t start with a single region, encompassing all pixels, and successiv ely split non-uniform

regions, i.e., regions con taining di�eren t lab els.

Often the function map is de�ned implicitly b y the v alues of the pixels of an image. This is

the case b efore a segmen tation pro cess is p erformed. In this case, the map can b e built on

the 
y , while the segmen tation pro ceeds. Actually , most segmen tation algorithms rely on the

map structure to store information ab out regions and b orders. Regions can con tain the set of

corresp onding pixels and statistics of their v alues, just as b orders can con tain sets pixel b orders

and statistics of their v alues.

3.6 P artitions and con tours

In this section the notions of segmen tation as the pro cess leading to a partition, and the notions

of class, region and b orders are de�ned.
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3.6.1 P artitions and segmen tation

De�nition 3.71. (segmen tation) Pr o c ess of classifying e ach pixel in a digital image or se-

quenc e as b elonging to a c ertain class with c ertain pr op erties. The class pr op erties ar e assume d

to b e r epr esentable by ve ctors of p ar ameters (or statistics). Henc e, after se gmenting an image

f [ � ] one obtains:

1. the numb er l of classes that wer e found (this value may b e �xe d a priori);

2. the p artition, i.e., a function p [ � ] : Z ! L which classi�es e ach pixel (se e de�nition b elow);

and

3. p ossibly a se quenc e p

i

, with i = 0 ; : : : ; l � 1 , of p ar ameter ve ctors.

This de�nition of segmen tation is generic. Stricter de�nitions will b e giv en as needed in Chap-

ter 4.

De�nition 3.72. (partition) A digital image p [ � ] : Z ! L (or p [ � ] : N � Z ! L in the c ase

of 3D p artitions) taking values in L = f 0 ; : : : ; l � 1 g , wher e the value of e ach pixel is a lab el

identifying the class to which the pixel b elongs.

De�nition 3.73. (binary partition) A p artition with l = 2 is said to b e a binary p artition,

sinc e it is a binary image taking only values 0 and 1.

De�nition 3.74. (mosaic partition) A p artition with l > 2 is a mosaic p artition.

3.6.2 Classes and regions

De�nition 3.75. (class) The set of al l pixels in a p artition, or vertic es of the asso ciate d

image gr aph, having a sp e ci�c lab el. Class c , i.e., the set V

c

, of a p artition de�ne d in Z is given

by: V

c

= f v 2 Z : p [ v ] = c g (or V

c

= f v 2 N � Z : p [ v ] = c g in the c ase of a 3D p artition).

De�nition 3.76. (class graph) The maximal sub gr aph of the image gr aph G ( V ; A ) (wher e

V = Z for 2D p artitions and V = N � Z for 3D p artitions) induc e d by a class c , i.e., by the

set of vertic es V

c

� V .

De�nition 3.77. (region graph) A c onne cte d c omp onent of a class gr aph.

De�nition 3.78. (region) A set of pixels in a p artition which ar e the vertic es of a r e gion

gr aph. R e gions ar e thus c omp onents of classes.

The terms class and class graph (and also region and region graph) will b e used in terc hangeably .

The meaning should b e deducible from the con text.

The main di�erence b et w een classes and regions, b oth con taining pixels with the same lab el, is

that the latter are alw a ys connected while the former can b e disconnected, see Figure 3.6. If a

class is connected, then it consists of a single region. Notice that no connectivit y restrictions

w ere imp osed to the classes in the de�nition of segmen tation. Sev eral stricter de�nitions of

segmen tation imp ose connected classes. If suc h is the case, and if this is clear from the con text,

the term region will b e used instead of class.
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(a) P artition and the corresp onding

image graph.

Class 1:

Class 2:

Class 3:

(b) Class graphs.

Region A:

Region B:

Region C:

Region D:

(c) Region graphs.

Figure 3.6: Example of a partition on a rectangular lattice with an asso ciated N

4

graph. The

partition has three classes (and hence three class graphs) and four regions (and th us four region

graphs).

Edges, b orders, b oundaries, and con tours

The trivial w a y to represen t a partition is b y sp ecifying the lab els of eac h of its pixels: this is

actually what De�nition 3.72 sa ys. Ho w ev er, it is often more natural to represen t a partition b y

sp ecifying the b oundaries of its regions. Suc h a represen tation is su�cien t if region equiv alence

is su�cien t (see Section 3.6.4). If class equiv alence is desired, then, in the case of partitions

with disconnected classes, further information is required, namely whic h regions b elong to eac h

class.

De�nition 3.79. (b order, edge and face) A b or der is a c ontinuous line b etwe en two ad-

jac ent r e gions, in the c ase of 2D p artitions. The b or ders do not c ontain p oints of dep artur e of

any other b or ders (se e Figur e 3.7). If b oth r e gions c orr esp ond to a single pixel, the b or der is

an e dge. In the c ase of 3D p artitions, a b or der is a c ontiguous surfac e b etwe en two adjac ent

r e gions. The 3D c onc ept c orr esp onding to the 2D e dge is the fac e.

Edges ha v e a (relativ e) length whic h dep ends on their orien tation and on the shap e of the pixel

in the asso ciated sampling lattice, if there is one. In the case of rectangular sampling lattices,

this dep endence can b e written in terms of the pixel asp ect ratio. The measure asso ciated with

b orders in the 3D case is an area. Ho w ev er, since one of the dimensions of the 3D partition is

usually time, this area do es not ha v e an immediate ph ysical in terpretation.

De�nition 3.80. (b oundary) The union of the b or ders of a class or r e gion. The length of

the b oundary is a length pr op er (actual ly a p erimeter, sinc e b oundaries ar e always close d) for

2D p artitions and an ar e a for 3D p artitions.

De�nition 3.81. (con tour) The union of al l class b oundaries in a p artition. Notic e that the
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(a) P artition.

(b) An edge. (c) A b order. (d) A b oundary . (e) The con tour.

Figure 3.7: A partition, its con tour, and examples of an edge, a b order, and a b oundary .

length of the c ontour of a p artition is half the sum of the b oundary lengths of al l classes, sinc e

adjac ent classes shar e, by de�nition, the c ommon b or ders.

A partition can th us b e (partially) represen ted b y sp ecifying the b oundaries of its regions.

3.6.3 Region and class graphs

Tw o t yp es of graphs, b esides image graphs, can b e de�ned o v er partitions: the RA G and the

CA G (Class Adjacency Graph). The de�nition of b oth mak es use of the concept of adjacency:

De�nition 3.82. (adjacency) Two sets of vertic es V

0

; V

00

� V of gr aph G ( V ; A ) such that

V

0

\ V

00

= ; ar e said to b e adjac ent if ther e is at le ast one ar c f v

0

; v

00

g 2 A such that v

0

2 V

0

and v

00

2 V

00

.

De�nition 3.83. (RA G) A simple gr aph with as many vertic es as r e gions in a given p artition,

plus an extr a r e gion r epr esenting the outside of the p artition domain Z � Z

2

(or N � Z � Z

3

).

Ther e is a single ar c b etwe en any p air of vertic es c orr esp onding to adjac ent r e gions in the

p artition, i.e., ther e is a single ar c b etwe en any two r e gions sharing at le ast one b or der in the

p artition.

The RA Gs of partitions asso ciated with N

4

and N

6

graphs are alw a ys planar. A RA G can b e

obtained from the image graph of a partition b y successiv ely p erforming arc con tractions on

arcs inciden t on v ertices b elonging to the same class.
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De�nition 3.84. (CA G) A simple gr aph with as many vertic es as classes in a given p artition,

plus an extr a class r epr esenting the outside of the p artition (as ab ove). Ther e is a single ar c

b etwe en any p air of vertic es c orr esp onding to adjac ent classes in the p artition, i.e., ther e is a

(single) ar c b etwe en any two classes sharing at le ast one b or der in the p artition.

The CA Gs of partitions asso ciated with N

4

or N

6

graphs ma y b e non-planar. If classes are

connected, the CA G is equal to the RA G (and hence planar). The CA G can b e obtained from

either the image graph of the partition or from the RA G b y successiv ely short-circuiting pairs

of v ertices b elonging to the same class and remo ving the resulting self-connecting arcs.

A B

C D

Out

(a) RA G.

1 2

3

Out

(b) CA G.

Figure 3.8: RA G and CA G corresp onding to the partition in Figure 3.6(a). The circles are the

graph v ertices and corresp ond to regions and classes, resp ectiv ely . The circle lab eled \Out" is

the external region or class.

A more p o w erful graph, whic h, together with the RBPG, de�nes the map of a partition, is the

RAMG:

De�nition 3.85. (RAMG) A multigr aph with as many vertic es as r e gions in a given p arti-

tion, plus an extr a r e gion c orr esp onding to the outside of the p artition domain. Ther e is an ar c

for e ach b or der b etwe en r e gions in the p artition. The ar cs c onne ct the two r e gions which ar e

adjac ent thr ough the c orr esp onding b or der. Henc e, two r e gions c an b e c onne cte d by mor e than

one ar c, if they ar e adjac ent thr ough mor e than one b or der.

Unlik e the case of the RA Gs, RAMGs cannot b e built ignoring the top ology of the b oundaries.

They can, though, b e built as indicated in Section 3.5.3.
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(a) P artition and the corresp onding im-

age graph.

(b) RA G. (c) RAMG.

Figure 3.9: RA G and RAMG corresp onding to a giv en partition. The white v ertex is the

external region.

3.6.4 Equiv alence and equalit y of partitions

An imp ortan t concept when dealing with partition co ding is that of equiv alence b et w een parti-

tions:

De�nition 3.86. (class and region top ological equiv alence of partitions) Two p ar-

titions p

1

[ � ] and p

2

[ � ] with the same lab els ar e class (r e gion) top olo gic al ly e quivalent if their

c orr esp onding CA Gs (RA Gs) ar e isomorphic thr ough the identity function on lab els.

A stricter form of top ological equiv alence can b e used in whic h the RBPG graphs

16

of the prop er

maps of the t w o partitions are required to b e isomorphic.

De�nition 3.87. (class and region equiv alence of partitions) Two p artitions ar e class

(r e gion) e quivalent if they divide an image into e qual classes (r e gions). Mathematic al ly, p arti-

tions p

1

[ � ] : Z ! L

1

and p

2

[ � ] : Z ! L

2

, de�ne d in Z , ar e said to b e class e quivalent if it is

p ossible to �nd a function f [ � ] : L

1

! L

2

which is bije ctive b etwe en the classes use d in p artitions

p

1

[ � ] and p

2

[ � ] . That is:

f ( p

1

[ v ]) = p

2

[ v ] 8 v 2 Z

f

� 1

( p

2

[ v ]) = p

1

[ v ] 8 v 2 Z

A class is use d in a p artition if ther e is at le ast one pixel in the p artition with the c orr esp onding

lab el.

16

Or the RAMG, for that matter.
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Equalit y is de�ned trivially:

De�nition 3.88. (equalit y of partitions) Two p artitions ar e said to b e e qual if, ap art fr om

b eing class e quivalent, the lab els of e ach class ar e e qual in b oth p artitions. Or, which is the

same, if the c orr esp onding digital p artition images ar e e qual.

Line, edge, and b order graphs

In 2D, con tours can b e con v enien tly de�ned o v er a line graph, whic h is the dual of a planar

image graph. F or 3D partitions more complicated structures are required. This issue will not

b e discussed here, since often the 3D partitions are tak en as sequences of 2D partitions, whic h

is ev en more natural in the case of partitions of mo ving images.

De�nition 3.89. (line graph) Planar simple gr aph obtaine d by ge ometric al duality fr om the

(natur al) emb e dding of the (c onne cte d) planar image gr aph (with an extr a external pixel).

Figure 3.10 sho ws an N

4

image graph (on a rectangular lattice) and the corresp onding line graph,

whic h is also N

4

. The line graph corresp onding to the N

6

image graph, e.g., on a hexagonal

lattice, is N

3

, as can b e easily v eri�ed.

(a) Image graph. (b) Line graph.

Figure 3.10: A N

4

image graph and its dual line graph, also N

4

.

The line graph of a 2D partition is th us obtained b y dualit y of its planar image graph. The

con tour of a partition can b e represen ted b y the subgraph of the line graph con taining all v ertices

and arcs standing b et w een pixels with di�eren t lab els (i.e., b elonging to di�eren t classes). This

is the edge con tour graph:

De�nition 3.90. (edge con tour graph) A sub gr aph (planar and simple) of the line gr aph

c orr esp onding to the b oundaries of the classes in the p artition. A n ar c in the line gr aph b elongs

to the e dge c ontour sub gr aph if its c orr esp onding ar c in the dual p artition image gr aph c onne cts

pixels with di�er ent lab els, i.e., which b elong to di�er ent classes.
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All edge con tour graphs are 2-arc-connected, since bridges cannot stand b et w een t w o classes.

An edge con tour graph, i.e., a con tour de�ned on the edges, can th us b e constructed as follo ws:

1. mark the arcs of the (planar) image graph whic h stand b et w een pixels b elonging to dif-

feren t classes (the exterior extra pixel can b e assumed to b elong to a non-existen t class);

2. mark the corresp onding arcs in the dual line graph, also mark the end v ertices of these

arcs;

3. the edge con tour graph is comp osed of the mark ed arcs and v ertices in the line graph.

De�nition 3.91. (con tour) A function c [ � ] : A ! 0 ; 1 marking the ar cs of a line gr aph

G ( F ; A ) as b elonging or not to the e dge c ontour gr aph.

Notice that the edge con tour graph, and hence the partition (up to region equiv alence), can b e

obtained from c [ � ]. The same observ ation w ould not b e true for a function marking the edge

con tour graph v ertices, since am biguit y migh t o ccur, as sho wn in Figure 3.11.

Figure 3.11: Example of am biguit y for v ertex based con tour de�nitions on edge con tour graphs.

Tw o partitions with the same edge con tour graph v ertices.

Con tours ma y also b e de�ned in the image graph itself, that is, with its v ertices corresp onding

to the pixels of the image. In this case, a con tour migh t consist of a function marking all those

pixels with neigh b ors b elonging to a di�eren t class. Ho w ev er, this leads to thic k con tours, since

pixels at b oth sides of a b order b et w een t w o regions are mark ed. This problem ma y b e solv ed

b y marking only one side of eac h b order.

In the case of con tours de�ned on pixels, a graph can also b e asso ciated with the con tour. This

graph will b e called the pixel con tour graph, to distinguish it from the edge con tour graph. The

pixel con tour graph corresp onds to the maximal subgraph of the image graph whose v ertices

ha v e b een deemed to b elong to a b order, i.e., to b elong to the con tour. Notice, ho w ev er, that

if a con tour is de�ned on pixels o v er a N

8

graph, it ma y b e necessary to purge some of the

con tour pixels, obtained using the criterion ab o v e, and also some of the con tour graph arcs

(see [133 ]). Con tours on pixels are plagued b y man y inconsistencies, whic h are not discussed in

this thesis [181 , 91, 92, 31].
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Generally , the con tour information allo ws only for a represen tation of partitions up to region

equiv alence. If class equiv alence, or equalit y , is required, then information ab out whic h regions

b elong to whic h classes (region-class information) is necessary .

The con tour graphs, edge- or pixel-based, can con tain sev eral t yp es of con tour v ertices, according

their degree (see Figure 3.12):

Degree 1

Dead end v ertex; these v ertices exist only for con tours de�ned on the pixels.

17

Degree 2

Normal v ertices.

Degree 3

Junction v ertices.

Degree 4

Crossing v ertices.

normal junction

crossing

(a) Edge con tour graph.

dead end

junction

(b) Pixel con tour graph.

Figure 3.12: T yp es of v ertices on con tour graphs.

The maximal reduction of the edge con tour graph is the RBPG (of whic h the RAMG is the

geometrical dual):

De�nition 3.92. (RBPG) A gr aph having has many vertic es as ther e ar e vertic es of de gr e e

lar ger than two in the e dge c ontour gr aph plus as many vertic es as ther e ar e c omp onents of the

e dge c ontour gr aph c onsisting of a single cir cuit. Each ar c c orr esp onds to a p ath (p ossibly close d)

in the e dge c ontour gr aph c ontaining only vertic es of de gr e e two (i.e., to sets of c ontiguous e dges

forming b or ders).

17

Ho w ev er, in a more general de�nition of con tours, where con tours are not the dual of some partition, these

v ertices do o ccur ev en for con tours de�ned on the line graph. Suc h tec hniques whic h use a more general de�nition

of con tour ma y b e used for the \edge-based description of color images," see [37 , 19, 58].
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Since the RBPG is the maximal reduction of the edge con tour graph, it ob viously con tains no

v ertices of degree t w o, except p ossibly isolated v ertices with a self-connecting arc.

3.7 Conclusions

The graph theoretical foundations of image analysis w ere presen ted. A thorough discussion of

seeded SST concepts and algorithms, namely for �nding the SSF, the SS k T, the SSS k T, or

the SSSS k T of graph, has b een done. F rom this w ork resulted a new asymptotically linear

amortized time algorithm for �nding m ultiple SSSS k Ts, for di�eren t sets of seeds, of the same

graph. The relation b et w een the SST and dual graphs, whic h pla ys an imp ortan t role in pro ving

that basic region merging and basic con tour closing are one and the same algorithm, solving

the same problem (see Chapter 4), has b een established.
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Chapter 4

Spatial analysis

The b est way of �nding out the di�culties of

doing something is to try to do it.

Da vid Marr

This c hapter deals with spatial analysis, whic h, strictly sp eaking, is the analysis of still images.

Ho w ev er, mo ving images will also b e tak en in to accoun t. Time analysis prop er, or motion

analysis, is the sub ject of the next c hapter.

Ev en though there has b een in tense researc h in this area of kno wledge, results are still far

from the �nal goal: the construction of a mo del of realit y and its full understanding. The

goal attainable, for the time b eing, is to extract mid-lev el vision primitiv es. Most of the w ork

presen ted here, and most of the con tributions of this thesis, can b e classi�ed as p ertaining to

second-generation video co ding.

Segmen tation is a v ery imp ortan t step in analyzing a scene, i.e., in obtaining a structured

description for it. Section 4.1 in tro duces brie
y the sub ject of segmen tation and Section 4.2

presen ts a hierarc h y of the to ols in v olv ed in segmen tation pro cess and an o v erview of some sp e-

ci�c segmen tation to ols, esp ecially those related to con tour-orien ted segmen tation. Section 4.3

then deals with sev eral classes of region-orien ted segmen tation algorithms and attempts to

frame them within the same theoretical framew ork. The dual relation b et w een region- and

con tour-orien ted segmen tation is also explained within the same framew ork.

The ev olution path in spatial analysis, in the framew ork of video co ding, has passed through

transition zones, when going from �rst-generation, lo w-lev el analysis tec hniques, to second-

generation, mid-lev el analysis tec hniques. Section 4.4 presen ts a kno wledge-based segmen tation

tec hnique for videotelephon y applications, capable of dealing with mobile en vironmen ts. It at-

tempts to mak e a coarse segmen tation of head-and-shoulders mobile videotelephon y sequences

in to three disjoin t regions: head, b o dy , and bac kground. Di�eren t qualities, and th us di�eren t

89
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bitrate assignmen ts, can b e attributed to eac h region. This ma y impro v e sub jectiv e qual-

it y of �rst-generation enco ders b y incorp orating simple second-generation, mid-lev el analysis

tec hniques. These rev amp ed enco ders main tain compatibilit y with existing deco ders, though

pro viding b etter sub jectiv e qualit y . Suc h enco ders can b e said to b elong to the transition la y er

b et w een �rst- and second-generation.

Section 4.5 presen ts con tributions in the area of generic color (or texture) segmen tation. These

con tributions b elong to the area of mid-lev el analysis, second-generation video co ding. One of

the segmen tation algorithms prop osed, whic h is related b oth to split & merge and to RSST

segmen tation, is then extended in Section 4.6 to supp ort sup ervised segmen tation. The imp or-

tance of sup ervision stems from the fact that, as stated b efore, sup ervision can b e seen as a

�rst, pragmatic step to w ards third-generation, high-lev el analysis.

Finally , in Section 4.7, the RSST tec hniques presen ted b efore are extended to allo w segmen tation

of sequences of (mo ving) images in a recursiv e w a y , so as to main tain the time coherence of the

attained segmen tation. The resulting tec hnique has b een coined TR-RSST. It can b e seen as a

step in the direction of the in tegration of time and space analysis.

4.1 In tro duction to segmen tation

The iden ti�cation of regions (or ob jects) within an image or sequence of images, i.e., image

segmen tation, is one of the most imp ortan t steps in second-generation (ob ject- or region-based)

video co ding, and hence in mid-lev el analysis.

If a partition of a set S is de�ned as a set R of subsets of S suc h that the union of all the

elemen ts of R is S and suc h that, for all r

1

6= r

2

2 R , r

1

\ r

2

= ; , then the de�nition of

segmen tation is apparen tly simple: pro duce a partition of the set of image pixels so that eac h

set (class or region) in the partition is uniform according to a certain criterion and so that the

union of an y t w o sets in the partition is non-uniform.

In the w ords of P a vlidis [156 ] \segmen tation iden ti�es areas of an image that app ear uniform to

an observ er, and sub divides the image in to regions of uniform app earance," where uniformit y

can b e de�ned in terms of grey lev el (or color) or texture. One can, ho w ev er, en visage another

kind of segmen tation where one exp ects to iden tify certain kno wn ob jects in an image. According

to Haralic k [68 ], \image segmen tation is the partition of an image in to a set of non-o v erlapping

regions whose union is the en tire image (...) that are meaningful with resp ect to a particular

application."

These de�nitions are more or less equiv alen t, though quite v ague. Ev en if an appropriate

uniformit y criterion is giv en, they establish no constrain t as to the n um b er or connectivit y of

the regions. Hence, another, p ossibly more useful, de�nition ma y b e: pro duce a partition of the

image in to a minim um set of connected regions suc h that a certain global uniformit y measure

is ab o v e a giv en threshold. Or: pro duce a partition of the image in to a certain n um b er of

connected regions suc h that a certain global uniformit y measure is maximized. But the exact

de�nition and the homogeneit y criteria are still dep enden t on the application.



4.2. HIERAR CHIZING THE SEGMENT A TION PR OCESS 91

Instead of using uniformit y criteria, dissimilarit y criteria ma y also b e used. They are in the

origin of the edge detection metho ds, leading to con tour-orien ted segmen tation, but they can

also b e used in region-orien ted segmen tation. Segmen tation, considering dissimilarit y instead of

uniformit y criteria, requires that all pairs of sets (regions) in the image partition are dissimilar.

This t yp e of segmen tation is conceptually dual to region-orien ted segmen tation. F urthermore, it

will b e sho wn that there are region-orien ted segmen tation algorithms whic h are in fact formally

dual to con tour-orien ted algorithms, in the sense that b oth pro duce the same segmen tation.

The existence of a wide v ariet y of natural image features (e.g., shado ws, texture, small con trast

zones, noise, ob ject o v erlap) mak es it v ery di�cult to de�ne robust and generic homogeneit y

or similarit y criteria. A large n um b er of di�eren t criteria app ears in the literature. The c hoice

of appropriate uniformit y criteria dep ends on the task at hand. If the segmen tation aims at

iden tifying the real life ob jects in the image automatically , e.g., if the image is to b e easily

manipulated or edited b y a h uman, then criteria will ha v e to b e related to the seman tic con ten t

of the represen ted scene. Dev eloping suc h criteria is a daun ting task that implies mo deling with

detail all the lev els of the h uman visual system. It is a high-lev el vision problem. Ho w ev er, b y

using simpler criteria, one ma y render the problem tractable and still hop e the results to b e of

some use for h uman manipulation. Also, one ma y en visage mid-lev el to ols attaining high-lev el

results with appropriate sup ervision. As a �rst approac h, the sup ervision ma y b e p erformed b y

a h uman, but ev olution ma y render it p ossible to build automatic sup ervision to ols.

Once an appropriate uniformit y criterion or measure has b een established, there are man y

di�eren t algorithms for ac hieving the desired segmen tation.

4.2 Hierarc hizing the segmen tation pro cess

This section in tends to hierarc hize the p ossible actors in a segmen tation pro cess, from lo w-

lev el op erators to high-lev el algorithms, and to describ e some of the main to ols used at the

v arious hierarc hical lev els. The segmen tation metho ds approac hed here will b e restricted to the

mid-lev el vision lev el, and hence with little or no seman tical am bitions.

In a segmen tation pro cess three hierarc hical lev els ma y b e considered (although the division is

more or less arbitrary):

1. The lo w er lev el is the op erator lev el. Usually the segmen tation op erators ha v e one or t w o

images of a sequence as input. The result usually maps eac h pixel in to one of sev eral cate-

gories, serving has a basis for the segmen tation of the curren t image in to non-o v erlapping

regions. The result is either a primary division of the image in to sev eral non-o v erlapping

regions (for region segmen tation op erators) or a primary classi�cation of eac h pixel or of

eac h edge as b elonging to a b oundary or not (for edge detection segmen tation op erators).

In [108 ] and [18 ] examples of the later class of op erators can b e found.

Notice that in this con text edge means the ph ysical edge of some ob ject in the represen ted

scene, and not an edge in the sense of De�nition 3.79. F urthermore, more often than not

edge detectors aim at detecting strong transitions in image color, ev en if not corresp onding

to ph ysical edges. The w ording edge detection is th us used mainly for historical reasons.
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2. The middle lev el is the tec hnique lev el. Eac h segmen tation tec hnique uses one or sev eral of

the segmen tation op erators to pro duce an in termediate step of the segmen tation pro cess.

Usually , e.g., in edge detection segmen tation tec hniques, �rstly one or more of the lo w-

lev el segmen tation op erators are applied, and �nally some pro cessing is p erformed using

top ological considerations (lik e con tour closing and clearing of isolated con tour pixels).

3. The higher lev el is the algorithm lev el. A t this lev el, segmen tation algorithms in tegrate

one or more segmen tation tec hniques (and ev en tually also segmen tation op erators) to

ac hiev e the �nal segmen tation. In the case of algorithms using edge detection tec hniques,

connected comp onen t lab eling ma y b e used to iden tify the regions corresp onding to the

detected con tours (if the ph ysical edges detected corresp ond to closed con tours). It also

tries to assess and con trol the o v erall segmen tation qualit y attained.

Notice that this hierarc hical division of segmen tation in to lev els is not related to the lev els

of vision, and analysis, already men tioned: the op erator lev el, in the case of edge detection

op erators, is clearly a lo w-lev el vision mec hanism, while region op erators are clearly related to

mid-lev el vision concepts. Also notice that this hierarc hizing is not alw a ys clearcut. In the case

of region-orien ted segmen tation, for example, only t w o lev els, or ev en only a single lev el, are

often used.

4.2.1 Op erator lev el

The lo w er lev el in the segmen tation pro cess is the op erator lev el. There are a w ealth of image

op erators a v ailable in literature for use in con tour-orien ted segmen tation tec hniques. F or com-

putational e�ciency reasons, these op erators usually ha v e a limited region of supp ort, i.e., they

corresp ond, if linear, to 2D FIR (Finite Impulse Resp onse) �lters. If G is an op erator, and f is

the original image, this means that g = G ( f ), the result of the op erator, is suc h that g [ n; m ] can

b e written as a function of the v alues of f [ � ] in a limited region, the region of supp ort, cen tered

in f [ n; m ].

In general, large regions of supp ort corresp ond to a large computational e�ort. Ho w ev er, as [179 ]

p oin ts out, some I IR (In�nite Impulse Resp onse) �lters can b e implemen ted recursiv ely , with a

consequen t reduction of the asso ciated computational e�ort.

Spatial features

Segmen tation op erators usually ha v e one or t w o images of a sequence as input and pro duce

as output a mapping of eac h pixel in to one of sev eral categories. These categories usually

corresp ond to:

1. a primary division of the image in to sev eral non-o v erlapping regions, for region segmen-

tation op erators (the framew ork is region-orien ted segmen tation); or

2. a primary classi�cation of eac h pixel or edge as b elonging to a b oundary , for edge detection

segmen tation op erators (the framew ork, in this case, is con tour-orien ted segmen tation).
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V ectorial vs. scalar

Segmen tation op erators can b e classi�ed according to the n um b er of image comp onen ts they

op erate on:

1. scalar op erators op erate on a single color comp onen t; and

2. v ectorial op erators op erate on more than one color comp onen t.

By far the most common op erators in the literature are of the scalar t yp e. Ho w ev er, sev eral

authors prop osed v ectorial op erators as a go o d w a y to cop e with error and to detect some

features whic h ma y b e imp ossible to detect using a single comp onen t [35]. Lee and Cok [98]

ha v e sho wn that, if (ph ysical) step edges are highly correlated in all the color comp onen ts of

an image and if noise in eac h comp onen t is uncorrelated (whic h seems a plausible assumption),

then v ectorial edge detection op erators are less sensitiv e to noise than the scalar ones. If, on the

other hand, the color comp onen ts of an image are less correlated, some imp ortan t ph ysical edges

ma y app ear in some of the comp onen ts whilst missing in others. The use of v ectorial op erators

allo ws the detection of ph ysical edges that w ould otherwise b e missed b y scalar op erators.

2D vs. 3D op erators

Segmen tation op erators whic h ha v e only one image as input are 2D op erators. On the other

hand, image op erators that ha v e t w o or more successiv e images of a sequence as op erands are

3D op erators. They op erate, th us, on more than one image, and hence ma y mak e use of time

and motion information in the image sequence.

2D edge detection op erators

Most edge detection op erators attempt to detect the pixels or edges where the image gradien t

has a lo cal maxim um in at least one direction or where some second deriv ativ e of the image has

a zero crossing [108 ]. Most of these op erators w ere dev elop ed in order to detect a particular

t yp e of transition optimally , suc h as step, ro of or ridge transitions, in the hop e that they also

detect reasonably w ell other t yp es of transitions, hop efully corresp onding to ph ysical edges.

Also, most of them w ere dev elop ed initially for detection of transitions on pixels. Ho w ev er,

most of them can b e easily adapted to detect transitions on edges.

Since digital images usually p ossess noise, most of the op erators use thresholding tec hniques

and/or �ltering in order to condition the deriv ativ e estimation problem (T orre and P oggio

in [187 ] sho w that n umerical di�eren tiation is an ill-p osed problem in the sense of Hadamard

1

).

Cann y [18 ] prop osed that the design of an edge detection segmen tation op erator should attempt

to optimize a functional in v olving three criteria:

1

A problem is w ell p osed in the sense of Hadamard if its solution: exists, is unique, and dep ends con tin uously

on the initial data.
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Go o d detection

Lo w probabilit y of detecting false ph ysical edges and of not detecting true ph ysical edges.

Both decrease monotonically with the image signal to noise ratio.

Go o d lo calization

The estimated ph ysical edges should b e as spatially close as p ossible to the true (pro jected)

ph ysical edges.

Single resp onse

There should b e only one resp onse to a single ph ysical edge.

Cann y [18 ] minimized n umerically the pro duct of the �rst t w o criteria with the single resp onse

as a constrain t. This w as only done for one dimensional ph ysical edges, resulting in a �lter

v ery similar to the �rst deriv ativ e of a Gaussian. The expansion to t w o dimensions is done

b y con v olving the one-dimensional edge detector with an appropriate p erp endicular pro jection

function. The prop osed pro jection function is a Gaussian with the same standard deviation � .

This op erator should b e orien ted suc h that the one-dimensional edge detector is normal to the

estimated ph ysical edge direction, i.e., parallel to the Gaussian smo othed gradien t direction.

Sark ar and Bo y er, in [179], extended Cann y's optimization to an unlimited region of supp ort

�lter, and prop osed the implemen tation of suc h �lter using a recursiv e approac h (i.e., using I IR

�lters instead of FIR �lters). The main adv an tage of this sc heme is that the computational

e�ort is the same regardless of the size of the op erator (i.e., the standard deviation � ).

Marr and Hildreth [108] prop osed to use the zero crossings of the LoG (Laplacian of Gaussian),

describ ed b elo w. Their metho d, as opp osed to the one prop osed b y Cann y [18 ], is not directional.

Besides, as p oin ted out in [200], zero crossing op erators basically divide the image pixels in to

three classes (+, � , and 0) whic h can b e though t to color the image plane. Ho w ev er, it is kno w

that, in general, four colors are required to represen t arbitrary 2D partitions. So, zero crossing

op erators ha v e an inheren t di�cult y in segmen ting arbitrary images.

Haralic k, in [66 ], prop osed a tec hnique whic h is similar to Cann y's, the main di�erences b eing

that the lo calization uses the zero crossings of the second deriv ativ e in the gradien t direction,

and that the deriv ativ es are calculated using in terp olation.

In the literature one can rarely �nd precise descriptions of the v arious op erators (e.g., in [108 ,

18]). This has led to considerable di�cult y in rep eating the results presen ted b y the authors,

as can b e seen b y the debate aroused in the mid eigh ties b y [66 ] (see [60 ] and [67 ]).

Sev eral issues ha v e systematically b een lac king precise descriptions:

� Since most of the edge detection theories w ere �rst built assuming analog images, ho w

should digital �lters b e build from the corresp onding analog ones?

� Ho w to recondition the digital co e�cien ts of the obtained �lter so that inconsistencies

in tro duced b y the digitalization pro cess are eliminated?

� Ho w exactly are zero crossings detected in second deriv ativ e edge detection metho ds?
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� Ho w exactly are gradien t lo cal maxima detected in �rst deriv ativ e edge detection metho ds?

� Where are transitions detected? On the pixels, on the edges, or on b oth?

These issues are v ery imp ortan t and can c hange quite dramatically the results obtained b y

applying the same op erator to the same images. The men tioned am biguities and imprecisions

ha v e b een partially addressed b y t w o review pap ers on edge detection metho ds: [8 ] and [47 ].

A go o d review of the most common edge detector op erators can b e found in [8 ], where a metho d

is prop osed for the fair comparison of sev eral op erators (this metho d is an impro v emen t of the

one prop osed b y Haralic k in [66]). Another go o d review, whic h also dw ells on the ill-p osedness

c haracter of edge detection, can b e found in [187 ].

Op erator comp onen ts

Bernsen, in [8 ], prop oses the division of the edge detection op erators in to three comp onen ts:

T ransition strength

The basis for the thresholding whic h attempts to eliminate the false estimation of ph ysical

edges caused b y noise.

Edge lo calization

A ttempts to estimate the exact lo calization of the ph ysical edges detected b y thresholding

the transition strength.

Deriv ativ e computation

Estimates the deriv ativ es.

T ransition strength

T ransition strength is used to separate b et w een real ph ysical edges and image color transitions

due to noise. It is usually computed either as the magnitude of the gradien t or as the slop e of

the zero crossings of the second deriv ativ e. The latter, ho w ev er, is m uc h more sensitiv e to noise

than the former, and hence less reliable [8]. The reason for this is that the slop e of the second

deriv ativ e is an appro ximation of a third order deriv ativ e, as opp osed to the gradien t, whic h

is a �rst order deriv ativ e. Since n umerical di�eren tiation is an ill-p osed problem, third order

deriv ativ e estimation is m uc h more sensitiv e to noise.

Edge lo calization

Man y solutions ha v e b een prop osed for edge lo calization. Usually pixels or edges whose transi-

tion strength is ab o v e a giv en threshold are considered go o d candidates for estimated ph ysical

edges. Ho w ev er, Cann y [18 ] prop osed the use of adaptiv e thresholding with h ysteresis. This

metho d reduces the c hances of breaking a con tour (a con tiguous set of detected pixels or edges),
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if the threshold of transition strength is set to o high, and of estimating wrong ph ysical edges

at strong transitions caused b y noise, if the threshold is set to o lo w. Tw o thresholds are used:

T

l

and T

h

, where T

l

< T

h

. Pixels or edges with transition strength ab o v e T

l

are considered

ten tativ e ph ysical edge elemen ts. If a set of connected ten tativ e ph ysical edge elemen ts has at

least one elemen t whose transition strength is ab o v e T

h

, then all the elemen ts of the set will

b e considered go o d estimates of ph ysical edges. Otherwise all the elemen ts of the set will b e

considered not to b elong to a ph ysical edge.

The threshold sc hemes ha v e sev eral problems. The �rst is the p ossibilit y of estimation of

ph ysical edges sev eral pixels thic k, the second is the use of a threshold whic h is often adjusted

b y hand. Other sc hemes, whic h hop efully a v oid these problems, classify as b elonging to a

ph ysical edge all pixels or edges at a zero crossing of a second order deriv ativ e. Marr and

Hildreth [108 ] prop osed the use of the Laplacian, whic h ma y b e said to b e an isotropic second

order deriv ativ e. Haralic k [66] prop osed the use of the second deriv ativ e in the direction of the

gradien t, but detecting only zero crossings that ha v e negativ e slop e in the gradien t direction, so

as to a v oid detection of false ph ysical edges corresp onding to minima, instead of maxima, of the

slop e. The �gure b elo w sho ws an example. The upp er line is a h yp othetical luma pro�le, the

middle line and b ottom lines corresp ond to its �rst and second order deriv ativ es, resp ectiv ely .

The second zero crossing o ccurs at a p oin t of minim um slop e.

Ho w the zero crossings should b e detected is not a trivial, esp ecially in the case of detection on

pixels, and is rarely describ ed precisely in the literature, alb eit considerably di�eren t tec hniques

ma y b e used:

1. classify as ph ysical edges those pixels with at least one neigh b or pixel ha ving a di�eren t

signal in the estimated second deriv ativ e (this metho d yields t w o pixels thic k estimated

ph ysical edges);

2. classify as ph ysical edges the pixels under the same conditions as b efore but only those

ha ving a sp eci�c sign (e.g., p ositiv e second deriv ativ e); or
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3. use a set of predicates for the classi�cation.

This latter solution has b een prop osed b y Huertas and Medioni [75 ]. A set of predicates is used

for the detection of zero crossings in second deriv ativ e edge detection metho ds. They also pro-

p ose a metho d to lo calize ph ysical edges with subpixel accuracy with little extra computational

e�ort.

Ho w ev er, note that the ab o v e tec hniques are not completely sp eci�ed:

1. Whic h t yp e of neigh b orho o d should b e used?

2. Ho w should \di�eren t sign" b e in terpreted? Should some thresholding b e used so that

small v alues of the second deriv ativ e are considered as zeros?

3. Ho w should zeros b e dealt with?

Since the Laplacian is indep enden t of the co ordinate axis c hosen, it turns out that its v alue

is equal to the second deriv ativ e in the direction of the gradien t plus the second deriv ativ e

p erp endicular to the direction of the gradien t. F or linear ph ysical edges, the later deriv ativ e

con tributes only with noise, and, in the case of a curv ed ph ysical edge, in tro duces an o�set

in to the second deriv ativ e. This results in a higher sensitivit y to noise and larger biases in the

estimated ph ysical edge p osition for the Laplacian metho ds.

Another metho d is the so-called \non-maxim um suppression in the gradien t direction." This

metho d c hec ks whether the magnitude of the gradien t is a lo cal maxim um in the direction of

the gradien t.

A further p ossibilit y w ould b e to classify ten tativ ely as ph ysical edges all pixels where the

magnitude of the gradien t is high enough, i.e., the simple thresholding men tioned b efore, and

then to use a thinning tec hnique in order to obtain one pixel thic k estimated ph ysical edges.

The c hosen solution m ust tak e in to accoun t the relativ e merits of eac h tec hnique b oth in terms of

ph ysical edge lo calization and in terms of the asso ciated computational e�ort. Sp eci�cally , when

e�ciency is at a premium, simple solutions should alw a ys b e considered as go o d candidates.

Deriv ativ e computation

According to Bernsen [8], there are at least four t yp es of metho ds to compute the deriv a-

tiv e:

1. con v olv e the image with a k ernel obtained b y sampling the deriv ativ es of the 2D Gaussian

function (e.g., LoG [108 ]);

2. use instead the sampled deriv ativ es of the 2D symmetric exp onen tial function (this

metho d is similar to the �rst one, the only di�erence b eing the kind of smo othing applied

to the image prior to deriv ativ e calculation);

3. use the deriv ativ es of a tilted-plane appro ximation to the image in a n � n windo w around

the giv en lo cation|up to �rst order deriv ativ es only; or

4. use instead the deriv ativ es of a third order biv ariate p olynomial appro ximation in a n � n

windo w around the giv en lo cation|up to third order deriv ativ es only (e.g., [66 ]).
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Bernsen [8] sho w ed that the last metho d is v ery similar to the �rst one for least squares p oly-

nomial appro ximations with Gaussian w eigh ts.

Selection of comp onen ts

According to Bernsen's ev aluation [8], the b est op erators are those that use a gradien t magnitude

transition strength computation, the zero crossings of the second deriv ativ e in the direction of

the gradien t for edge lo calization and the sampled deriv ativ es of the 2D Gaussian function.

Examples

In order to illustrate the division in to comp onen ts prop osed in [8 ], t w o simple and w ell kno wn

2D scalar edge detection op erators are presen ted in the next section.

Sob el op erator

One of the most common 2D scalar edge detection segmen tation op erators is the Sob el op-

erator [55]. This op erator calculates transition strength of an image f from an estimate

G = Sob el( f ) of the magnitude of the gradien t in eac h pixel. The gradien t is estimated using

a v eraged �rst order di�erences in the horizon tal and v ertical directions, whic h can b e pro v ed

to b e equiv alen t to using the deriv ativ es of an appropriately w eigh ted tilted-plane least squares

appro ximation of the image in a 3 � 3 windo w around eac h pixel

r f [ i; j ] =

2

6

4

� f [ i;j ]

� x

� f [ i;j ]

� y

3

7

5

;

with

� f [ i; j ]

� x

�

1

8 a

f

x

[ i; j ] =

1

8 a

�

f [ i � 1 ; j + 1] + 2 f [ i; j + 1] + f [ i + 1 ; j + 1]

� f [ i � 1 ; j � 1] � 2 f [ i; j � 1] � f [ i + 1 ; j � 1]

�

(4.1)

and

� f [ i; j ]

� y

�

1

8 b

f

y

[ i; j ] =

1

8 b

�

f [ i � 1 ; j � 1] + 2 f [ i � 1 ; j ] + f [ i � 1 ; j + 1]

� f [ i + 1 ; j � 1] � 2 f [ i + 1 ; j ] � f [ i + 1 ; j + 1]

�

;

(4.2)

where a and b are the horizon tal and v ertical dimensions of the rectangular pixels, i.e., � =

a

b

is the pixel asp ect ratio.

The magnitude of the gradien t is estimated b y

kr f [ i; j ] k �

1

8 a

G [ i; j ] =

1

8 a

q

j f

x

[ i; j ] j

2

+ �

2

j f

y

[ i; j ] j

2

; (4.3)
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where the factor

1

8 a

is dropp ed from G b ecause the resulting v alues will later b e compared to a

threshold, whic h ma y b e adjusted accordingly . Often the pixel asp ect ratio � is also dropp ed

from the expression, since it is usually close to the unit y .

Pixels for whic h G [ i; j ] > t , where t is a giv en threshold, are considered candidate ph ysical edge

pixels.

Edge lo calization is based on a simple thinning algorithm [100 ]: only candidate pixels whic h

are lo cal maxima in terms of the estimated gradien t in the horizon tal (i.e., G [ i; j ] > G [ i; j � 1]

and G [ i; j ] > G [ i; j + 1]) or v ertical ( G [ i; j ] > G [ i � 1 ; j ] and G [ i; j ] > G [ i + 1 ; j ]) directions are

considered ph ysical edge pixels. Besides that, in order to a v oid \minor edge lines in the vicinit y

of strong edge lines," the follo wing additional constrain ts are imp osed:

1. If G [ i; j ] is a lo cal maxim um in the horizon tal direction, but not in the v ertical direction,

[ i; j ] is a ph ysical edge pixel when:

j f

x

[ i; j ] j > k j f

y

[ i; j ] j (4.4)

2. If G [ i; j ] is a lo cal maxim um in the v ertical direction, but not in the horizon tal direction,

[ i; j ] is a ph ysical edge pixel when:

j f

y

[ i; j ] j > k j f

x

[ i; j ] j (4.5)

The v alue of k is usually set around 2.

An example of application of the Sob el op erator to the �rst image of the \Carphone" sequence

(see App endix A) can b e seen in Figure 4.1.

Figure 4.1: \Carphone": application of the Sob el op erator, with thresholding and thinning, to

the luma of the �rst image (using t = 40, k = 2, and � = 1).

Laplacian of the Gaussian op erator

Another common 2D scalar edge detection segmen tation op erator is the LoG op erator [108 , 100 ].

This name is usually giv en to an y op erator using the LoG for edge lo calization purp oses. Some
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freedom remains ab out:

1. transition strength;

2. digitalization of the LoG; and

3. zero crossing detection metho d.

The op erator herewith presen ted calculates the transition strength using the estimate of the gra-

dien t magnitude as giv en b y (4.3) . Th us, this op erator has t w o di�eren t deriv ativ e computation

metho ds: sampled deriv ativ es of the t w o dimensional Gaussian function (for edge lo calization),

and tilted plane appro ximation (for transition strength computation).

Pixels for whic h G [ i; j ] > t , where t is a giv en threshold, are considered candidate ph ysical edge

pixels.

Edge lo calization uses the zero crossings of the Laplacian (of the image smo othed b y a Gaussian).

A zero crossing is considered at eac h candidate ph ysical edge pixel ha ving p ositiv e second

deriv ativ e and for whic h an y of its 4-neigh b ors has negativ e second deriv ativ e. Ho w ev er, after

calculating the LoG and b efore lo calization, pixels with second deriv ativ e inferior to a giv en

threshold t

2

are set to zero.

The �lter w [ � ] for the computation of LoG has a 2 n + 1 � 2 n + 1 region of supp ort, where

n = round(4 : 5 � ), and is calculated b y

w [ i; j ] = round

�

K

�

2 �

i

2

+ j

2

�

2

�

exp

�

�

i

2

+ j

2

2 �

2

��

with i; j = � n; : : : ; n ,

where K is a scaling constan t. It can b e c hosen to pro vide appropriate appro ximation or suc h

that

P

n

i;j = � n

w [ i; j ] = 0. If the sum, for a giv en K , do es not yield zero, the v alues of w [ � ] can

b e manipulated \b y small amoun ts" [60].

The scale of the op erator is giv en b y � , whic h is the standard deviation of the Gaussian. In [60 ],

n is calculated so that all non-zero sampled and quan tized co e�cien ts of w [ � ] are included in

the �lter's region of supp ort. The presen ted form ula pro vides a decen t appro ximation.

The result of applying this op erator to the �rst image of the \Carphone" sequence can b e seen

in Figure 4.2.

3D op erators

3D op erators, whic h op erate on more than one image, do not really aim at detecting ph ysical

edges. They can, ho w ev er, help to detect regions that c hanged from one image to another in

an image sequence, and the largest c hanges are usually lo cated near the ph ysical edges of scene

ob jects. Th us, this information can b e used to restrict the searc h area of more precise 2D edge

detection op erators applied afterw ards. This can b e useful when detecting the b oundaries of

mo ving ob jects o v er a static bac kground [99 ].
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Figure 4.2: \Carphone": application of the LoG op erator to the luma of the �rst image ( t = 10,

� = 2 and hence n = 9, K = 3208 and t

2

= 5000).

Image di�erences

The simplest of the 3D op erators is the image di�erences. Giv en t w o successiv e images f

n

and

f

n � 1

, it calculates the di�erence image D

n

D

n

= Di� [ f

n

; f

n � 1

]

suc h that

D

n

[ i; j ] = k f

n

[ i; j ] � f

n � 1

[ i; j ] k : (4.6)

The di�erence op erator is usually follo w ed b y some t yp e of thresholding.

This op erator is useful as a �rst step in an edge detection segmen tation tec hnique b ecause it can

b e used to detect the zones that ha v e c hanged signi�can tly from one image to the next. This

assumes that the ob jects of in terest mo v e in fron t of a static bac kground. If the bac kground also

mo v es, then global motion, usually corresp onding to camera mo v emen ts, can b e canceled out

of f

n � 1

in order to stabilize the image b efore applying the di�erence op erator. See Section 5.5

for a discussion of image stabilization metho ds.

The result of the application of the image di�erence op erator to the \Carphone" sequence, with

and without image stabilization, can b e seen in Figure 4.3.

Di�eren t motion

Another in teresting scalar 3D op erator w as prop osed b y Ca�orio and Ro cca in [17]. This

op erator classi�es eac h pixel of an image as b elonging to one of \ n mo ving areas with di�eren t

displacemen ts and a [�xed] bac kground area" using \a Viterbi algorithm with n + 1 states" [48 ].
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(a) Without image stabilization.

(b) With image stabilization.

Figure 4.3: \Carphone": application of the image di�erences op erator (without thresholding)

to the luma of images 26 and 27 (di�erences m ultiplied b y 5 and in v erted for displa y purp oses).
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It can also b e useful when trying to obtain the b oundaries of mo ving ob jects in fron t of a �xed

bac kground.

4.2.2 T ec hnique lev el

The middle lev el in a segmen tation pro cess is the tec hnique lev el. Eac h segmen tation tec hnique

ma y use sev eral lo w-lev el segmen tation op erators and in tegrate their results in to a coheren t par-

tition of the image. T op ological considerations are used often at this lev el: b oundary detection

tec hniques, for example, can use edge detection op erators follo w ed b y con tour closing, clearing

of isolated edge pixels, etc.

Segmen tation tec hniques can b e classi�ed according to sev eral attributes, whic h will b e pre-

sen ted in the next sections.

Spatial primitiv es

The �rst attribute considered is the kind of primitiv es addressed b y the tec hnique. There are

basically three t yp es of segmen tation tec hniques:

1. tec hniques aiming at b oundary detection, i.e., tec hniques attempting to detect ob ject

or region b oundaries from the places where there are sudden c hanges of illumination,

texture, etc. (framew ork is con tour-orien ted segmen tation);

2. tec hniques aiming at region detection, i.e., tec hniques detecting regions with uniform

c haracteristics, suc h as in tensit y , color, texture, etc. (framew ork is region-orien ted seg-

men tation); and

3. tec hniques whic h aim at detecting b oth b oundaries and regions (see for instance [65 ]).

Memory

Segmen tation tec hniques ma y also b e divided according to the use of memory:

1. tec hniques with memory use information from previous images; and

2. memoryless tec hniques do not use information from previous images in the image se-

quence.

T ec hniques with memory t ypically use 3D op erators, i.e., op erating on more than one image,

p ossibly together with 2D op erators. Memoryless tec hniques use only 2D op erators.

F eatures used

If tec hniques with memory are b eing used and the previous image is a v ailable, then it is p ossible

to estimate whic h parts of the image su�ered di�eren t mo v emen ts (see [17 ] for an early example).

Strictly sp eaking, this is motion-based segmen tation, and th us could also b e classi�ed as a to ol
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to w ards time analysis of image sequences. This kind of tec hniques is asso ciated with a di�eren t

t yp e of segmen tation whic h w as not men tioned in the in tro duction: segmen tation in to regions

of uniform motion.

Th us, there are:

1. motion-based tec hniques, when segmen tation is based on motion; and

2. color-based tec hniques, when segmen tation is based on spatial features suc h as color or

texture.

V ectorial vs. scalar

Segmen tation tec hniques will b e designated according to the n um b er of color comp onen ts they

w ork with:

1. scalar tec hniques mak e use of a single color comp onen t, regardless of whether more are

a v ailable; and

2. v ectorial tec hniques use sev eral color comp onen ts.

Kno wledge-based

Another feature of segmen tation at tec hnique lev el is the a v ailabilit y of a priori kno wledge

ab out the images to b e segmen ted, that is, information ab out the image mo del that can b e

used:

1. if a priori kno wledge is a v ailable, segmen tation tec hniques are kno wledge-based;

2. otherwise segmen tation tec hniques are generic.

4.2.3 Algorithm lev el

The highest lev el in a segmen tation pro cess is the algorithm lev el. Segmen tation algorithms

in tegrate the results obtained b y the lo w er lev el segmen tation tec hniques (and p ossibly also

op erators) and attempt to assess and con trol the attained segmen tation qualit y . There are

sev eral features distinguishing the di�eren t segmen tation algorithms. A few are describ ed in

the next sections.

Segmen tation qualit y

Segmen tation qualit y is an imp ortan t feature of segmen tation algorithms. There are three main

issues related to qualit y:

Qualit y estimation

Ho w is the attained segmen tation qualit y estimated?
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Qualit y estimation ob jectiv es

What will the estimated segmen tation qualit y b e used for?

Qualit y con trol

Ho w is the segmen tation qualit y con trolled?

Qualit y estimation

The estimation of the qualit y attained dep ends on the tec hniques used, and is still, to a certain

exten t, an unsolv ed issue, at least if done in an automatic w a y . Of course, it is p ossible to

estimate the qualit y of a giv en segmen tation if the structure of the image is kno wn b eforehand.

This is what is done in the pap ers whic h attempt to ev aluate segmen tation algorithms, or ev en

segmen tation op erators suc h as edge detectors: see [187 , 8, 47]. This is not p ossible, ho w ev er,

when the correct or desired segmen tation is not kno wn b efore hand (otherwise wh y should one

w aste time repro ducing a kno wn result?).

Qualit y estimation ob jectiv es

The estimation of the segmen tation qualit y can b e used:

1. for c hanging the parameters of the segmen tation so that a desired segmen tation qualit y

is attained, i.e., qualit y estimation for (feedbac k) con trol; or

2. for deciding whether the segmen tation results should b e accepted or rejected.

Qualit y con trol

The measure of segmen tation qualit y ma y b e used to adjust segmen tation parameters (e.g., op er-

ator thresholds) in order to impro v e, through feedbac k, the segmen tation qualit y of:

1. the next image, in the case of dela y ed segmen tation qualit y con trol; or

2. the curren t image, in the case of immediate qualit y con trol.

Dela y ed segmen tation qualit y con trol has a dela y ed resp onse to c hanges in the sequence to

segmen t. Hence, it can only b e applied if these c hanges are exp ected to b e slo w. On the other

hand, immediate segmen tation qualit y con trol can only b e used if the segmen tation algorithm

b eing used is not to o computationally demanding.

Scale and resolution

One of the features of segmen tation algorithms considered is the scale or scales at whic h they

op erate. That is, the scale at whic h di�erences in the prop erties that c haracterize the segmen ted

regions are detected. A small scale segmen tation algorithm will b e able to detect and segmen t

detailed regions, e.g., the details of a textured surface, while a large scale segmen tation algorithm

will b e able to detect only less detailed c hanges in the prop erties of the regions.
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The scale of an algorithm is usually con trolled b y adjusting scale parameters in the lo w-lev el

op erators used. F or instance � in the LoG op erator of Marr and Hildreth [108 ]. An algorithm

ma y use tec hniques at di�eren t scales and in tegrate them in to a man y-scale description of the

scene [18 ]. Jeong and Kim [85] prop osed a metho d for adaptiv ely selecting the scale along the

image.

Resolution is another feature of segmen tation algorithms. It is related to the resolution of

the segmen tation of the image. The resolution usually dep ends on the application at hand.

Segmen tation can b e done at pixel resolution or, for instance, at MB (MacroBlo c k) resolution

(16 � 16 pixels).

Ev en though segmen tation scale and resolution are related, there are a few di�erences b et w een

the t w o, the most imp ortan t b eing that scale is concerned with the lev el of detail tak en in to

accoun t during the segmen tation while resolution is concerned with the lev el of detail necessary

after the segmen tation. The di�erence can b e made clear b y means of an example. Supp ose that

segmen tation is to b e used in a H.261 enco der merely b y c hanging the quan tization step (whic h

is �xed for eac h MB). Then, a MB resolution for the segmen tation is clearly enough. Ho w ev er,

in order to clearly determine the sp eak er's p osition against the bac kground, a segmen tation

scale m uc h smaller than MB will ob viously b e needed (see Section 4.4).

Memory

A segmen tation algorithm ma y also b e classi�ed according to its use of the temp oral information

b et w een adjacen t images in an image sequence. This use can b e done at the tec hnique or ev en

op erator lev el, for instance b y using 3D op erators, or only at algorithm lev el, for instance b y

restricting the searc h of the edges of ph ysical ob jects to a small region around their previous

p ositions, p ossibly b y using motion information extracted from the image sequence. Other uses

of memory will b e seen in Section 4.7.1, where a region-orien ted segmen tation algorithm making

use of memory is prop osed. The segmen tation algorithm can th us b e:

1. memoryless if temp oral information is not used; and

2. with memory if temp oral information is used.

Kno wledge-based

Segmen tation at algorithm lev el, as happ ened at tec hnique lev el, can b e classi�ed according to

the a v ailabilit y of kno wledge:

1. if a priori kno wledge is a v ailable, segmen tation algorithms are kno wledge-based;

2. otherwise segmen tation algorithms are generic.

4.2.4 Conclusions

In summary , the v arious lev els in the segmen tation pro cess can b e classi�ed according to:
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Op erator lev el

1. Spatial features detected (edge or region detection or b oth).

2. Num b er of comp onen ts used (v ectorial or scalar).

3. Num b er of images op erated on (2D or 3D).

T ec hnique lev el

1. Segmen tation op erators used.

2. Spatial features detected (b oundary or region detection or b oth).

3. Use of temp oral information (with memory or memoryless).

4. F eatures used (motion or color).

5. Num b er of comp onen ts used (v ectorial or scalar).

6. Use of a priori information (kno wledge-based or generic).

Algorithm lev el

1. Segmen tation tec hniques (and ev en tually segmen tation op erators) used.

2. Qualit y estimation ob jectiv es (con trol or acceptance/rejection decision).

3. Qualit y estimation metho d.

4. T yp e of qualit y con trol (immediate or dela y ed or none).

5. Scale of the segmen ted features.

6. Resolution of the resulting classi�cation.

7. Use of temp oral redundancy (with memory or memoryless).

8. Use of a priori kno wledge (kno wledge-based or generic).

A diagram with the prop osed segmen tation pro cess hierarc h y and the classi�cation criteria for

eac h of its lev els is sho w in Figure 4.4.

4.2.5 Pre-pro cessing

Pre-pro cessing can b e an imp ortan t step in a video enco der, where it is often seen as a part of

image analysis. It can o ccur in t w o di�eren t p ositions:

1. b efore analysis prop er, pre-pro cessing can b e used used to emphasize imp ortan t image

features and to eliminate details whic h are irrelev an t to the subsequen t analysis; and

2. b efore enco ding (after analysis

2

), pre-pro cessing can b e used to c hange the input se-

quence's c haracteristics, according to the analysis results, so that the co ding can b e made

more e�cien t (e.g., in the framew ork of videotelephon y , b y lo w-pass �ltering the bac k-

ground of the images after ha ving detected the sp eak er's p osition through kno wledge-based

segmen tation, or b y manipulating co ding parameters suc h as the DCT quan tization step,

in the case of classic co decs).

2

It is actually p ost-pro cessing relativ e to analysis.
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algorithm:

technique:

operator:

region / edge detection

vectorial / scalar

2D / 3D

region / boundary / both

motion / color

vectorial / scalar

with memory / memoryless

knowledge-based / generic

scale resolution

with memory / memoryless

knowledge-based / generic

quality estimation method

quality estimation for:
control / rejection / both

quality control:
immediate / delayed

Figure 4.4: Segmen tation pro cess hierarc h y and classi�cation for op erator, tec hnique, and algo-

rithm lev el.

4.3 Region- and con tour-orien ted segmen tation algo-

rithms

This section o v erviews sev eral w ell-kno wn segmen tation algorithms and attempts to frame them

within the common theory of SSTs. First, the basic v ersions of region merging and region gro w-

ing algorithms are sho wn to b e really algorithms solving di�eren t graph theoretical problems,

all in v olving SSTs. Then, it will b e sho wn that the distinction b et w een region- and con tour-

orien ted segmen tation is not as clear-cut as it ma y seem at �rst: the basic con tour-closing

algorithm is sho wn to b e the dual of the basic region merging algorithm, b oth b eing describable

again recurring to SSTs. Finally , the problem of globalization of the information along the

segmen tation pro cess is in tro duced, along with the problem of c ho osing appropriate homogene-

it y criteria for the regions, i.e., the problem of c ho osing an appropriate region mo del. It will

also b e sho wn that, in this framew ork, segmen tation algorithms can b e seen as non-optimal

algorithms whic h attempt to minimize a cost functional, t ypically related to an appro ximation

error. Globalization metho ds, region mo dels, and cost functional, are what really distinguishes

all the algorithms describable in the SST framew ork.

4.3.1 Con tour-orien ted segmen tation

As said b efore, t w o di�eren t approac hes can b e used for segmen tation. The �rst approac h

aims at iden tifying transitions in the image features whic h are relev an t to the task at hand,
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and whic h ma y b e transitions in gra y lev el, color, texture, motion, etc. Most of the a v ailable

transition detection metho ds w ere dev elop ed as �rst steps to w ard iden ti�cation of ob ject edges

in the sensed 3D natural w orld of whic h the image is a pro jection (e.g., [108 ]). Hence, the term

edge detection, used in all the literature and throughout this thesis, stuc k in connection to the

lo w-lev el transition detection op erators.

Con tour-based segmen tation algorithms t ypically include edge detection at op erator lev el. Most

edge detection op erators classify pixels or edges as either deemed to b elong to a ph ysical ob ject

edge or not, and this decision is made b y lo oking at a small neigh b orho o d of the giv en pixel

or edge, calculating a few parameters, and comparing them to thresholds. Ev en though some

thresholding metho ds in tro duce, to a certain exten t, more global information, e.g., the h ysteresis

thresholding for edge lo calization prop osed b y Cann y [18], edges are mostly detected in a rather

lo cal form, and hence do not usually form closed b oundaries.

A further problem with edge detection op erators is that they often require the tuning of a

n um b er of parameters. A t ypical parameter is the transition strength threshold (or thresholds,

in the case of h ysteresis), whic h if set to o high leads to edges far from constituting closed

con tours, and if set to lo w leads to man y erroneously detected edges. The selection of the

op erator parameters is th us not trivial. Some solutions ha v e b een prop osed in the past for

automating parameter selection [85 , 151].

Con tour closing

The result of edge detection is a mapping of pixels or edges in to one of t w o classes: elemen ts

corresp onding to large transitions and elemen ts corresp onding to smo oth, uniform zones (in

terms of the image features of in terest). Clearly , suc h approac hes do not directly lead to a

partition of the image|the detected edges ma y not form closed b oundaries. Hence, edge detec-

tion op erators are usually follo w ed b y con tour closing tec hniques and then b y algorithms whic h

classify as di�eren t regions the connected comp onen ts separated b y the estimated con tours.

Assuming that the transitions are detected at edges (b oundaries of the pixels), p erhaps the

conceptually simplest metho d of obtaining closed con tours is to apply a threshold to the result

of some transition strength comp onen t, to build the subgraph of the image line graph induced

b y the detected edges, and �nally to remo v e all the bridges in this subgraph, th us obtaining a

2-arc-connected graph, whic h indeed segmen ts the image in to sev eral regions. If the transition

strength threshold is decreased successiv ely , so that edges are detected with non-increasing

strength, then a succession of partitions of the image can b e obtained, ranging from a single

region co v ering the whole image, to a region p er pixel, when all the edges are detected. This

algorithm will b e called the basic con tour closing whenev er the transition strength of an edge

is calculated simply as the distance b et w een the colors of the t w o pixels it b ounds.

4.3.2 Region-orien ted segmen tation

The second approac h to segmen tation attempts to deal with homogeneit y instead of dissimi-

larities (i.e., transitions). Suc h metho ds usually lead directly to a partition of the image, and
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hence the aforemen tioned division of the segmen tation pro cess in to op erator, tec hnique, and

algorithm lev el is not as clear as for con tour-orien ted segmen tation.

Tw o of the most referenced segmen tation metho ds in the literature [154 , 68 ] are region gro wing

and split & merge. Other more recen t con tenders in this �eld are w atershed segmen tation, based

on mathematical morphology theory , and SST segmen tation. These segmen tation algorithms,

all region-orien ted, will b e brie
y o v erview ed in the follo wing sections, and their basic v ersions

will b e describ ed and compared. But b efore that, region segmen tation will b e de�ned formally .

A formal de�nition of segmen tation

Segmen tation can b e seen as an optimization problem. Assuming a uniformit y measure has b een

established for eac h class in a partition and for the partition as a whole, the optimal partition

can b e de�ned as that whic h:

1. for a giv en maxim um n um b er of classes, maximizes the o v erall uniformit y; or

2. for a giv en minim um o v erall uniformit y , minimizes the n um b er of classes.

This de�nition of segmen tation lac ks a v ery imp ortan t concept: the spatial relation of the pixels.

Gran ted, suc h concerns ma y b e partially em b edded in to the uniformit y measure, but it w ould

b e useful if they could b e made more explicit. Without suc h spatial concepts, all p erm utations

of the pixels v alues in a giv en image lead to essen tially the same segmen tation: a segmen tation

whic h is based solely on the pixel colors. Without spatial relationships tak en in to accoun t (i.e.,

using only the measuremen t space [68]) segmen tation is essen tially a clustering problem.

A more restrictiv e and in teresting de�nition uses connected classes instead of p ossibly discon-

nected classes. The optimal partition can th us b e de�ned as that whic h:

1. for a giv en maxim um n um b er of connected classes, maximizes the o v erall uniformit y; or

2. for a giv en minim um o v erall uniformit y , minimizes the n um b er of connected classes.

With this de�nition, b y taking in to accoun t also the spatial relationships, segmen tation can b e

seen as clustering in b oth spatial and measuremen t space [68 ]. It is also quite an in tractable

problem b ecause the solution space is h uge. F or an image with 100 � 100 pixels, and assuming

a partition in to 4 disconnected classes, the total n um b er of p ossible partitions to consider is

4

10000

� 10

6021

. When connected classes are required, the solution space is considerably smaller,

but still to o large to consider a brute force searc h for the optim um. Th us, most segmen tation

algorithms are actually non-optimal solutions of the stated problem.

Considerable latitude exists in the c ho osing of appropriate uniformit y measures for eac h class

and for the whole partition. While some ma y b e so simple as the range of grey lev els inside a

giv en class, others ma y recur to more or less sophisticated mo dels for the color v ariation inside

eac h class, an th us to an uniformit y measure whic h is essen tially the in v erse of the mo deling

error. Both the problems of non-optimal appro ximations to the optimal segmen tation and of

region mo deling will b e discussed at more length in Section 4.3.4.
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Region gro wing

Region gro wing algorithms start with an initial set of seeds or mark ers (small sets of pixels,

p ossibly disconnected) to whic h adjacen t pixels are successiv ely merged if this merging leads to

an homogeneous region according to some criterion. Regions stemming from di�eren t seeds are

nev er merged. The pro cess is complete when ev ery pixel is assigned to one of the regions and

there are no pairs of adjacen t regions stemming from the same seed. Strictly sp eaking, region

gro wing do es not attempt to solv e the segmen tation problem. The problem solv ed is actually a

restriction of the original problem, where pixels from di�eren t seeds are not allo w ed to b elong

to the same class. Notice that the n um b er of seeds is a lo w er b ound to the n um b er of classes,

but the t w o are not alw a ys equal: a seed ma y lead to sev eral non-adjacen t classes.

The use of seeds is b oth a curse and a blessing. On the one hand, suc h algorithms b y themselv es

are unable to p erform automatic segmen tation. Ho w ev er, sev eral metho ds ha v e b een prop osed

in the literature to automatically iden tify appropriate seeds, esp ecially in the case of w atershed

segmen tation, a particular breed of region gro wing segmen tation algorithm whic h will b e dis-

cussed b elo w. On the other hand, region gro wing segmen tation algorithms lend themselv es v ery

easily to sup ervised segmen tation, in whic h a (h uman or not) sup ervisor classi�es some pixels

of the image as b elonging to di�eren t classes, and then the segmen tation algorithm attempts to

honor these hin ts.

The basic v ersion of the region gro wing algorithm starts b y lab eling the pixels in eac h seed with

a lab el whic h is unique for that seed. All other pixels are initially unlab eled. Then, of all the

unlab eled pixels whic h are adjacen t to at least one lab eled pixel, the one with the smallest color

distance to an adjacen t lab eled pixel is lab eled with the lab el of that pixel. When all pixels are

lab eled, the lab els represen t the partition of the original image. Hence, the �nal partition has

as man y classes as there are seeds, some of whic h ma y ha v e more than one region.

W atershed segmen tation

W atershed segmen tation has its ro ots in a top ographic problem: giv en a digitized top ographic

surface, ho w can draining basins b e iden ti�ed? Or, b y dualit y , where are the w atersheds of the

basins lo cated? The solution to this problem in v olv es iden tifying lo cal minima, piercing these

minima, and slo wly immersing the top ographic surface in some (virtual) liquid. Whenev er liquid


o wing from di�eren t sources is ab out to mix, a dam is built. After total immersion the dams

iden tify the w atersheds of the basins, and eac h basin corresp onds to a lo cal minim um. This

pro cess is v ery nicely describ ed in [132 ]. This metho d of iden tifying basins in a top ographic

surface can b e seen as a form of segmen tation. The problem with the metho d is that it leads to

o v er segmen tation. This stems from the fact that eac h lo cal minim um is considered to giv e rise

to an individual basin, no matter ho w small. The standard solution to this problem in v olv es

piercing the top ographic surface at those lo cations deemed to represen t individual basins and

apply the algorithm without further c hanges. Since the n um b er of liquid origins is reduced, so is

the �nal n um b er of basins. In a sense, as w as recognized in [132], suc h solution merely shifts the

problem: ho w to select where to pierce the top ographic surface? Ho w ev er, the analogy b et w een

w atershed segmen tation and region gro wing segmen tation is immediate, and the same commen ts
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apply as in the case of region gro wing: w atershed segmen tation ma y b e a go o d tec hnique for

inclusion in some complete algorithm whic h either (a) decides b y itself or (b) asks some h uman

sup ervisor where to pierce the surface (where to lo cate the seeds, in the case of region gro wing).

This metho d of iden ti�cation of basins in digitized top ographical surfaces w as so on recognized to

ha v e a high p oten tial in image segmen tation [132 ]. Ho w ev er, t w o problems had to b e solv ed: (a)

t ypical images ha v e v alues in Z

3

, so that the analogy with heigh ts of terrains is not immediate,

and (b) ev en in the case of grey scale images, taking v alues in Z , the basins of the grey lev els

tak en arti�cially as heigh ts of some imaginary terrain are hardly what image segmen tation

aims at. This latter problem w as solv ed b y recognizing that, if segmen tation aims at detecting

reasonably uniform regions, then w atersheds should b e lo cated in pixels where the gradien t is

high. Hence, the w atershed segmen tation started to b e applied to the absolute v alue of the

image gradien t. The gradien t, in the original pap ers [132 ] and [193] w as usually calculated

recurring to morphological �lters. Estimating deriv ativ es, ho w ev er, is an ill p osed problem,

hence other solutions w orking directly on the original image w ere necessary .

The ab o v e problems are addressed in [131 ] (see also [177]), whic h presen ts a generic w atershed

segmen tation algorithm of whic h the already describ ed (classical) w atershed segmen tation algo-

rithm, w orking on a top ographical surface, and the basic region gro wing algorithm are particular

cases. This pap er also discusses brie
y the problem of selecting an appropriate color distance,

whic h is closely related to the problem of selecting a color space. Its prop osal is to select the

H S V (Hue, Saturation, and V alue) color space. Ho w ev er, see discussion in Section 3.1.1.

Actually , the region gro wing v ersion of the generic w atershed segmen tation algorithm is not

exactly the basic region gro wing algorithm as describ ed in the previous section. The region

gro wing v ersion of w atershed segmen tation do es tak e in to accoun t that, when at a certain step

of the algorithm there is a tie, that is, sev eral di�eren t pixels ma y b e aggregated to di�eren t

regions, there are solutions whic h are b etter than others. In analogy with the classical w atershed

segmen tation, whic h tried to 
o o d plateaus with liquid 
o wing at a constan t sp eed from eac h

source, th us lo cating the w atersheds in their \natural" lo cation in the middle of the plateaus,

the region gro wing v ersion of w atershed segmen tation solv es the problem in a similar w a y: in

case of a tie, c ho ose the oldest candidate pixel for merging. If, as will b e seen shortly , basic

region gro wing can b e implemen ted using the simple extension of Prim's constructiv e algorithm

for SSSS k T, then the region gro wing v ersion of w atersheds, with its nice treatmen t of ties, can

b e implemen ted b y the same algorithm with a further restriction: the pixel queue m ust b e not

only hierarc hical but also ordered: pixels in the same hierarc hical lev el should b e organized in a

queue (�rst came �rst serv ed). In the particular case of digital images where the image v alues

tak e only a relativ ely small set of v alues (whic h actually is the case in most situations, since

usually 8 and at most 10 bits are used to enco de the color comp onen ts of eac h pixel), v ery

e�cien t algorithms can b e dev elop ed [193].

There are a few reasons wh y ties should not w orry us to o m uc h, though. First, it is probable that

in the future more and more bits are used to represen t images in in termediate steps of pro cessing.

As a consequence, when some sort of �ltering is p erformed on images b efore segmen tation, the

lik eliho o d of ties decreases and the e�ects of handling them blindly will probably not b e sev ere.

But the b est of all reasons is that it will allo w us to nicely compare sev eral di�eren t segmen tation

algorithms under the common framew ork of SSTs.
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Region merging

Region merging algorithms, unlik e region gro wing algorithms, do not recur to seeds. A partition

of an image is input to the algorithm, t ypically the trivial partition where eac h pixel is a single

class, and at eac h step of the algorithm pairs of adjacen t regions are examined and merged

in to one if the result is deemed homogeneous. This v ersion of the algorithm is essen tially the

RA G-MER GE of [154 ]. This algorithm can b e impro v ed if the pair of regions to b e merged at

eac h step is selected as the one leading to the greater uniformit y . In this case, the algorithm is

called RSST [134 ], for reasons whic h will b e sho wn later.

The basic v ersion of the region merging algorithm merges pairs of regions according to the color

distance b et w een adjacen t pixels eac h b elonging to eac h of the t w o adjacen t regions candidate for

merging. Needless to sa y , there can b e sev eral suc h pairs of pixels for a giv en pair of adjacen t

regions. The smallest color distance of all pairs of pixels in the ab o v e conditions is tak en

as represen tativ e of the uniformit y of the union of the t w o regions. Gran ted, this algorithm

is clearly p o orer than RSST and RA G-MER GE ab o v e. Its in terest will b e seen later, when

discussing metho ds of globalizing the decisions tak en in the basic algorithms that lead to the

men tioned RSST and RA G-MER GE algorithms.

Split & merge

In 1976, Horo witz and P a vlidis [72 ] dev elop ed an image segmen tation algorithm com bining

t w o metho ds used indep enden tly un til then: region splitting and region merging. In the �rst

phase, region splitting,

3

the image is initially analyzed as a single region and, if considered

non-homogeneous according to some criterion, it is split in to four rectangular regions. This

algorithm is recursiv ely applied to eac h of the resulting regions, un til the homogeneit y criterion

is ful�lled or un til regions are reduced to a single pixel. A t the end of the split phase, the

regions corresp ond to the lea v es of a QPT (Quartic Picture T ree).

4

If split w ere the only phase

of the segmen tation algorithm, the segmen ted image w ould ha v e man y false b oundaries, since

splitting is done according to a rather arbitrary structure, the quad tree. The second phase of

the algorithm is region merging,

5

where pairs of adjacen t regions are analyzed and merged if

their union satis�es the homogeneit y criterion.

Sev eral problems ma y o ccur in split & merge algorithms, namely arti�cial or badly lo cated

region b oundaries. These problems usually stem from the split criterion used, whic h is th us

determinan t for the �nal segmen tation qualit y .

In 1990, P a vlidis and Lio w [158 ] presen ted a metho d that uses edge detection tec hniques to solv e

the t ypical split & merge problems (e.g., b oundaries that do not corresp ond to edges and there

are no edges nearb y; b oundaries that corresp ond to edges but do not coincide with them; edges

with no b oundaries near them). The metho d is applied to the o v er-segmen ted image resulting

3

Horo witz and P a vlidis actually de�ne the �rst phase as the split & merge phase and the second as the

grouping phase. Ho w ev er, the �rst one can b e simpli�ed (though this can mak e it less computationally e�cien t)

to a simple split if one starts b y considering the en tire image (lev el 0).

4

This acron ym is the one used in [154 ]. QPTs are also kno w as quad trees.

5

The grouping phase in [72] and RA G-MER GE in [154 ].
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from the split & merge algorithm. It is based on [158 ]: \criteria that in tegrate con trast with

b oundary smo othness, v ariation of the image gradien t along the b oundary , and a criterion that

p enalizes for the presence of artifacts re
ecting the data structure used during segmen tation."

Some ideas along these lines will b e discussed later.

One of the main b ottlenec ks in t ypical segmen tation algorithms is memory , ev en more so than

computation time. The data structures represen ting the images, and the asso ciated graphs,

whic h algorithms t ypically use, can easily require h undreds of megab ytes. The memory usage

gro ws with the initial n um b er of regions considered, particularly in the case of region merging.

Split & merge can b e seen as a go o d metho d for trading a reduction of memory usage for

an increased computation time, since after splitting the n um b er of regions is t ypically smaller

than the n um b er of pixels and splitting can b e a time consuming task. Inciden tally , this is

the reason wh y in [72] there is a merging phase within the quad tree structure, whic h allo ws

them to start the pro cess at a lo w er lev el in the tree. But there are other reasons whic h ma y

lead to the splitting pro cess. If the homogeneit y is based on ho w w ell a region mo del conforms

to the actual color v ariations along the union of t w o adjacen t regions, and if this mo del is

complex, estimating its parameters for small regions tends to b e an ill-de�ned problem. Since

estimation for small regions can b e v ery sensitiv e to noise, a tradeo� is th us required b et w een

noise imm unit y and accuracy in the lo cation of region b oundaries. This tradeo� is t ypical of

the \uncertain t y principle of image pro cessing" [199 ].

4.3.3 SSTs as a framew ork of segmen tation algorithms

The �rst attempt to describ e sev eral segmen tation algorithms within the common framew ork of

SSTs w as made b y Morris et al. [134 ]. Region merging and edge detection w ere b oth put in to

the SSTs framew ork, ev en though the description of edge detection with SSTs w as not complete.

This section will elab orate on the results of [134 ], b y describing region merging, region gro wing,

and con tour closing, all within the framew ork of SSTs. Notice that, ev en though the results in

Chapter 3 are usually giv en for graphs in general, whic h ma y b e disconnected, in this c hapter

our atten tion is concen trated in t ypical images, whose image graphs are connected. Hence,

SSTs are used instead of SSFs.

Region gro wing as a solution to the SSSS k T problem

Consider the basic region gro wing algorithm, as describ ed b efore. If all seeds are restricted to no

more than one pixel, then this algorithm is exactly the constructiv e extended Prim algorithm

for solving the SSSS k T problem. What happ ens when seeds are allo w ed to ha v e more than

one pixel? F or the sak e of clarit y , eac h seed pixel will b e considered to ha v e a lab el iden tifying

uniquely the pixels in the corresp onding seed: seed pixels of the same seed ha v e the same lab el

while seed pixels from di�eren t seeds ha v e di�eren t lab els. In this case, it can b e pro v ed that the

extended Prim algorithm results in a SSSS k T whic h is a subgraph of the required (sa y) m ulti

seeded k -tree. Some separators of the SSSS k T do not connect trees with seed pixels of di�eren t

lab els, and th us ma y b e part of the solution. If the branc hes of the SSSS k T are con tracted in

the original graph and the true separators (separators of seed pixels with di�eren t lab els) are
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remo v ed, then the branc hes of an y SSF of the resulting graph can b e added to the SSSS k T

to obtain a solution to the m ulti seeded problem. It can also b e pro v ed easily that a solution

can b e obtained if Prim's algorithm is c hanged so as to allo w insertion of branc hes connecting

trees corresp onding to seed pixels with the same lab el. That is, b y c hanging the de�nition of

separator and connector to accoun t for the p ossible existence of m ultiple pixels in a seed.

An immediate conclusion of the preceding lines is that region gro wing is indeed �nding a solution

to the (m ulti seeded) SSSS k T problem, not a solution to the segmen tation problem. The main

reason for this is that the decision ab out whether or not a pixel should b e merged to one of

the gro wing regions is based solely on the di�erence b et w een that pixel and another pixel in

the region, not the complete region. This means that through small c hanges at eac h region

gro wth, the regions can turn out to b e far from uniform. This problem can b e addressed b y

globalization metho ds, whic h will b e addressed later.

Destructiv e algorithms ma y also b e used to obtain the desired segmen tation. Use an y algorithm

to obtain the SST of the image and then cut successiv ely the hea viest branc hes in the tree

standing b et w een seeds of di�eren t mark ers. Or, whic h is the same, apply Krusk al's extension

to solv e the (m ulti seeded) SSSS k T problem o v er the SST. The adv an tage of this last algorithm

only comes ab out when m ultiple segmen tations with di�eren t mark ers ha v e to b e p erformed

o v er the same image, as for instance in sup ervised segmen tation. Calculation of the SST is

O (# V lg # V ) for planar graphs, but it is done only once. On the other hand, solving the

SSSS k T problem o v er the SST runs in linear time. Hence, when the n um b er of segmen tations

of an image gro ws, the amortized computation time of eac h segmen tation tends to linearit y on

the n um b er of pixels.

The w atershed algorithm can b e seen as a sp ecial case of the region gro wing algorithm where

the pixel queues are not only hierarc hical but also ordered. This c hanges the w a y the algorithm

w orks in cases of ties, as will b e discussed later. It do es not c hange the asymptotic running time

of the algorithms. What do es c hange it ho w ev er, is if the hierarc hical queues are hierarc hized

based on a w eigh t whic h can only tak e a small n um b er of v alues. In this case, as w as recognized

in [193 ] and [131 ], faster hierarc hical (and ordered) queues can b e devised, taking the form of

arra ys of queues, one queue for eac h p ossible distinct w eigh t.

Region merging as a solution to the SS k T problem

The basic v ersion of the region merging algorithms is immediately recognizable as the Krusk al

algorithm for �nding a shortest spanning k -tree of a graph, in this case the image graph. This

w as realized b y [134 ], whic h lab eled this t yp e of segmen tation SST segmen tation. Eac h of the k

comp onen ts of the attained k -tree is hence a region of the partition obtained b y the algorithm.

Tw o in teresting conclusions ma y b e dra wn out of this fact.

Firstly , this tells us that region merging is indeed �nding a solution to the SS k T problem, not a

solution to the segmen tation problem. The main reason for this is that decision ab out whether

or not t w o regions should b e merged together is based solely on the di�erence b et w een t w o

pixels of the t w o di�eren t regions, not on the complete regions. This means that t w o regions

whic h ha v e totally di�eren t global prop erties can b e united b y a narro w strip of slo wly v arying
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pixels. This problem can b e addressed b y using globalization metho ds, to b e discussed later.

Secondly , it is no w eviden t that destructiv e algorithms ma y also b e used to obtain the desired

segmen tation. Use an y algorithm to obtain the SST of the image and then cut the hea viest

k � 1 branc hes in the tree. Unlik e the destructiv e algorithms for region gro wing men tioned in

the previous section, cuts are no w done irresp ectiv e of the p osition of the branc hes within the

tree.

Region merging with seeds

It is p ossible to extend region merging so as to use seeds. In this case, the algorithm simply

prev en ts regions with di�eren t seeds from b eing merged. This can also b e seen easily to b e the

constructiv e algorithm for S S S S k T based on the Krusk al algorithm. As b efore, the de�nitions

of separator and connector ma y ha v e to b e adjusted to accoun t for the existence of seeds with

more than one pixel. But this algorithm is solving the SSSS k T problem, whic h w as sho wn in

the previous section to b e also solv ed b y the basic v ersion of the region gro wing algorithm.

Hence, region merging with seeds solv es the same problem as region gro wing: the SSSS k T

problem. The region gro wing algorithm follo ws Prim's approac h while the region merging

approac h follo ws Krusk al's. Notice that the result of b oth algorithms, in terms of the attained

k -tree, is guaran teed to b e the same only if there is a single solution to the SSSS k T problem.

Ho w ev er, the results ma y b e equal in terms of the iden ti�ed regions ev en if the k -trees attained

are di�eren t.

By using hierarc hical ordered queues, Prim's approac h to the SSSS k T can deal with ties (the

so-called plateaus in the w atershed terminology) in a structured w a y . This is m uc h harder, if

at all p ossible, with Krusk al's approac h. Ho w ev er, Krusk al's approac h is suc h that at eac h step

of the algorithm the already selected arcs form a SSS k T of the graph. Hence, the algorithm

ma y b e stopp ed b efore all seedless regions ha v e b een remo v ed. This giv es some autonom y to

the algorithm, since it ma y decide that some seedless regions are to b e treated as indep en-

den t regions. The Prim's approac h do es not allo w suc h regions to form, at least when using

constructiv e algorithms. When using destructiv e algorithms b oth approac hes are appropriate.

Region merging and con tour closing as duals

Con tour closing op erates on the line graph, the dual of the image graph. The arcs of the line

graph are inserted in to a ten tativ e edge con tour graph in non-increasing w eigh t order. A t eac h

step of the algorithm the edge con tour graph can b e obtained from the ten tativ e graph b y

eliminating all bridges, th us lea ving a 2-arc-connected planar graph whic h separates the image

in to sev eral connected regions.

Supp ose that the previous algorithm is mo di�ed sligh tly: eac h time an arc is to b e inserted in to

the ten tativ e graph, it is �rst c hec k ed whether it w ould in tro duce an y circuits; if it w ould, it is

put in to a queue an left out of the ten tativ e graph. After all arcs ha ving b een considered, the

arcs whic h are in the queue are inserted one b y one in to the ten tativ e graph. If the insertion

sc hedule for arcs in case of ties is the same, b oth algorithms yield exactly the same result. This
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can b e pro v ed easily . First, observ e that the �rst part of the mo di�ed algorithm is actually the

Krusk al algorithm for the LST. Hence, after consideration of all arcs, the arcs in the ten tativ e

edge con tour graph are the branc hes of a LST of the line graph, and the arcs in the queue are

its c hords. What is the constitution of the ten tativ e edge con tour graph after insertion of the

i th c hord, sa y c

i

? It con tains all branc hes of the LST and c hords c whic h preceded c

i

in the

insertion sc hedule, and hence are not ligh ter than c

i

. Eac h suc h c hord c as a corresp onding

fundamen tal circuit con taining no further c hords, suc h that all its branc hes b preceded c in the

insertion sc hedule, and hence are not ligh ter than c . Hence, it is clear that all circuit arcs in

the ten tativ e edge con tour graph preceded c

i

in the insertion sc hedule or, whic h is the same,

all arcs follo wing c

i

in the insertion sc hedule are either bridges of the ten tativ e edge con tour

graph, or c hords whic h still ha v en't b een inserted. Remo ving suc h bridges lea v es us with the

same ten tativ e edge con tour graph as after insertion of c

i

using the �rst algorithm (and the

same insertion sc hedule), so that the t w o are e�ectiv ely equiv alen t.

It has b een pro v ed, th us, that the basic con tour closing algorithm is in fact the Krusk al algorithm

for �nding the LST of the line graph follo w ed b y successiv e insertion of c hords in to the tree.

Eac h suc h c hord in tro duces a circuit. Since the emphasis here is on planar graphs, eac h suc h

insertion creates a further face in the graph. But the dual spanning tree of the LST is a SST of

the image graph. The insertion of c hords of non-increasing w eigh t in to the LST of the line graph

corresp onds th us to the remo v al of non-increasing arcs from the SST. F or eac h suc h op eration,

a face is split in t w o in the line graph and the corresp onding connected comp onen t is divided in

t w o in its dual, the image graph. Hence, the mo di�ed con tour closing algorithm corresp onds in

the dual graph to the destructiv e algorithm for obtaining a SS k T from the SST, that is, it is the

region merging algorithm. Region merging and con tour closing are th us t w o algorithms whic h

solv e the same problem. It is a case where the dualit y b et w een region- and con tour-orien ted

segmen tation is an actual fact.

The �rst attempt to formalize this in teresting fact w as made in [134], but the authors failed to

recognize that arcs should b e inserte d in to the LST, thereb y creating circuits, and not remo v ed,

whic h is a p oin tless op eration to p erform on the LST of the line graph, ev en though the righ t

one in the SST of the image graph.

It should b e noticed, ho w ev er, that globalization mak es region merging and con tour closing

div erge, i.e., pro duce di�eren t results, as will b e discussed later.

The problem of ties or plateaus

A few notes are in order regarding the problem of ties men tioned b efore. Kno wing that the

basic algorithms can all b e describ ed in terms of SSTs, it should b e clear that, when m ultiple

equiv alen t solutions exist, this is related to the fact that there are usually no unique solutions

to the SSF, SS k T, SSS k T, or SSSS k T problems. Ho w ev er, t w o di�eren t spanning k -trees of

an image graph can lead to the same partition, since t w o regions are equal ev en if co v ered b y

di�eren t trees. The issue of m ultiple solutions, its relation with the m ultiple solutions of the

spanning trees problems, and its relation with mathematical morphology (through w atersheds),

remained as an issue for future w ork.
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4.3.4 Globalization strategies

The basic v ersions of the region gro wing, region merging, and con tour closing algorithms all

mak e decisions ab out when to merge or split t w o regions using lo cal information, namely the

color di�erence b et w een pairs of pixels. Information is globalized in those algorithms only

insofar as they discard arcs b et w een pixels already at the same region of the ev olving partition.

Regions of considerable size can th us b e merged, namely in the case of region merging, just

b ecause they happ en to ha v e t w o adjacen t pixels whic h are similar, ev en if the regions themselv es

are quite di�eren t globally . This is a problem of scale: as the size of the regions increases, the

scale at whic h their are considered should also increase. But it is also a problem of noise

imm unit y: if whole regions are tak en in to accoun t, the noise tends to b e \a v eraged out", th us

rendering the algorithms more robust. There is th us the need to globalize the information o v er

whic h decisions are made. Another w a y of seeing this problem is to recognize that the use of

lo cal information leads the algorithms a w a y from the optim um segmen tation.

It is through globalization that the algorithms really tend to div erge and to gain new in teresting

prop erties. In the previous sections it w as sho wn that region merging and con tour closing

w ere really solving the same problem, they w ere, as a matter of fact, dual algorithms. It w as

also sho wn that region merging with seeds and region gro wing also solv e the same problem.

This only happ ens in the case of the basic algorithms. When globalization is enforced, b y

establishing region and/or b oundary mo dels, for instance, the algorithms gain individualit y .

The next sections will o v erview the issues of mo deling and globalization and discuss brie
y

their in
uence on the basic algorithms.

As the di�eren t basic algorithms are globalized, they no longer solv e the same problem, whic h

migh t b e to �nd a SS k T, a SSS k T, or a SSSS k T. Ho w ev er, they do attempt to ac hiev e a

segmen tation whic h is closer to the optimal segmen tation. Hence, most of the globalization

metho ds are actually heuristics to w ards solving the in tractable problem of optimal segmen tation.

Region mo deling

As de�ned, segmen tation searc hes for regions whic h are uniform according to certain criteria.

In the past, sev eral suc h criteria ha v e b een used, suc h as considering a region uniform when

the dynamic range or the v ariance of its gra y lev el is small, or when the maxim um distance

b et w een colors in the region is also small. These are, in a sense, statistical criteria. Another,

more in teresting, class of homogeneit y criteria states that a region is uniform if the error b e-

t w een the actual pixel v alues and a mo del for the region, with estimated parameters, is small.

Segmen tation in to regions whic h pro vide the b est p ossible appro ximation to an image, using a

giv en region mo del, is actually the same as �tting a facet mo del to the images [68 ]. In facet

mo dels, eac h image comp onen t is though t to consist of a piecewise con tin uous surface, whic h

can b e constan t (the 
at facet mo del), linear or a�ne (slop ed facet mo del), quadratic, cubic,

etc. It is also p ossible to en visage the use of texture mo dels, for instance.

By far the most commonly used mo del in segmen tation is the 
at region mo del. Most of the

algorithms describ ed in the literature (see next sections), use this simple mo del. It is the case of
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the w atershed and RSST algorithms, and it is also the case of some of the algorithms prop osed

in this thesis.

As to the error calculation, it is t ypical to use the ro ot mean square error (related to the

Euclidean distance) as the v alue whic h should b e minimized, since it b oth a v erages the error

along the region and has nice algebraic prop erties: the estimates of parameters of linear mo dels

are obtained through statistics suc h as the mean and the v ariance. The maxim um absolute

error, on the other hand, w orries to o m uc h ab out the deviation of a single pixel, while the sum

of absolute errors has algebraic prop erties whic h are less amenable to e�cien t implemen tation,

since the estimated v alues are obtained through statistics suc h as the median, whic h is harder

to calculate than the mean v alue.

As to the distance b et w een colors, ev en though some authors [112 ] use the maxim um absolute

comp onen t di�erence of the v ectorial di�erence b et w een R

0

G

0

B

0

or H S V color spaces and

some others suggest CIE L

*

a

*

b

*

and L

*

u

*

v

*

color spaces b ecause of their impro v ed p erceptual

uniformit y [194 ], the most commonly used metric is the Euclidean distance in the R

0

G

0

B

0

space,

whic h generally leads to reasonable results (see [164 ]).

The next sections deriv e the equations for the 
at and a�ne region mo dels and sho w ho w the

appro ximation parameters for the union of t w o regions can b e obtained from a reduced set of

statistics for eac h of the individual regions.

The 
at region mo del equations

Let R b e a region in the domain of a digital image f . The 
at region mo del states that

^

f , the

appro ximation of f , is

^

f [ v ] = a 8 v 2 R , i.e., the appro ximate image color is constan t inside

that region. Let e ( f ;

^

f ; R ) b e the appro ximation error b et w een f and

^

f inside R . Then

e ( f ;

^

f ; R ) =

s

P

v 2 R

d

2

( f [ v ] ; a )

# R

with the distance

d ( x; y ) = k x � y k =

q

( x � y )

T

( x � y ) =

v

u

u

t

n � 1

X

l =0

j x

l

� y

l

j

2

(4.7)

where n is the n um b er of color comp onen ts of the image.

Di�eren tiating the error relativ e to the color v ector a , the minim um of the error is

e ( f ;

~

f ; R ) =

s

B ( f ; R ) � # R ~a

T

~a

# R

(4.8)

where B ( f ; R ) =

P

v 2 R

f [ v ]

T

f [ v ], and it is obtained for

~

f [ v ] = ~a =

A ( f ; R )

# R

;
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where A ( f ; R ) =

P

v 2 R

f [ v ].

Supp ose no w that t w o disjoin t regions R

j

and R

k

are to b e merged in to a single region R , i.e.,

R = R

j

[ R

k

.

Before merging, the image is appro ximated b y

~

f [ v ] =

(

~a

j

=

A ( f ; R

j

)

# R

j

if v 2 R

j

, and

~a

k

=

A ( f ; R

k

)

# R

k

if v 2 R

k

;

and the total appro ximation error b efore merging is

E =

s

P

r � 1

l =0

# R

l

e

2

( f ;

~

f ; R

l

)

P

r � 1

l =0

# R

l

where r is the total n um b er of regions.

After merging, the total error is

E

0

=

s

# R e

2

( f ;

~

f

0

; R ) � # R

j

e

2

( f ;

~

f ; R

j

) � # R

k

e

2

( f ;

~

f ; R

k

) +

P

r � 1

l =0

# R

l

e

2

( f ;

~

f ; R

l

)

P

r � 1

l =0

# R

l

and the image is appro ximated, inside R , b y

~

f

0

[ v ] = ~a =

A ( f ; R )

# R

:

Since

A ( f ; R ) = A ( f ; R

j

) + A ( f ; R

k

) ;

B ( f ; R ) = B ( f ; R

j

) + B ( f ; R

k

), and

# R = # R

j

+ # R

k

;

(4.9)

the appro ximation of the image inside R can b e written in terms of its appro ximation inside

R

j

and R

k

, i.e.,

~a =

A ( f ; R

j

) + A ( f ; R

k

)

# R

j

+ # R

k

=

# R

j

~a

j

+ # R

k

~a

k

# R

j

+ # R

k

Th us, if the pair of regions R

j

and R

k

to merge, usually restricted to b eing adjacen t, is supp osed

to minimize E

0

, it m ust b e c hosen so as to minimize the squared error con tribution to the total

error D ( R

j

; R

k

) = D

j k

= # R e

2

( f ;

~

f

0

; R ) � # R

j

e

2

( f ;

~

f ; R

j

) � # R

k

e

2

( f ;

~

f ; R

k

). But, using (4.8)

and (4.9) (cf. with App endix B of [194 ]),

D ( R

j

; R

k

) = D

j k

= B ( f ; R ) � # R a

T

a � B ( f ; R

j

) + # R

j

a

T

j

a

j

� B ( f ; R

k

) + # R

k

a

T

k

a

k

=

# R

j

# R

k

# R

j

+ # R

k

( ~ a

j

� ~a

k

)

T

( ~ a

j

� ~a

k

) =

# R

j

# R

k

# R

j

+ # R

k

d

2

( ~ a

j

; ~a

k

) :

(4.10)
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It should b e noticed that quan tit y D

j k

for a pair of (adjacen t) regions R

j

and R

k

do es not

c hange unless one of the t w o regions has b een merged to another. Hence, if these quan tities

are stored for eac h pair of adjacen t regions, the consequences of merging t w o regions remain

relativ ely lo calized.

Finally , it should b e noticed that, if the 
at region mo del is to b e used during region-orien ted

segmen tation (either region gro wing or region merging), then the only quan tities whic h m ust

b e stored inside the data structure represen ting the regions are # R , the n um b er of its pixels,

a , whic h is the appro ximation parameter, and p erhaps R , the set of region's pixels, in the form

of a pixel list, for instance.

The a�ne region mo del

The case of the a�ne region mo del is simply a generalization of the 
at region mo del. In eac h

region R the image is appro ximated b y

^

f [ v ] = a + bv 8 v 2 R (4.11)

where b is a n � m parameter matrix, n is the color space dimension, and m is the dimension

of the space o v er whic h the image is de�ned (2 for 2D images, 3 for 3D images). Hence, no w

m + 1 n -dimensional parameters ha v e to b e estimated.

Let � stand for

�

a b

�

. Then, equation (4.11) can b e written

^

f [ v ] = �

�

1

v

�

(4.12)

Again the ob jectiv e is to c ho ose � so as to minimize the appro ximation error

e ( f ;

^

f ; R ) =

s

P

v 2 R

d

2

( f [ v ] ;

^

f [ v ])

# R

or, giv en the de�nition of distance in (4.7) ,

e ( f ;

^

f ; R ) =

s

P

v 2 R

( f [ v ] �

^

f [ v ])

T

( f [ v ] �

^

f [ v ])

# R

:

Since f [ v ] and

^

f [ v ] are n -dimensional v ectors for eac h v , it is ob vious that

e ( f ;

^

f ; R ) =

s

P

v 2 R

P

n � 1

l =0

( f

l

[ v ] �

^

f

l

[ v ])

2

# R

and, exc hanging the summation order

e ( f ;

^

f ; R ) =

s

P

n � 1

l =0

P

v 2 R

( f

l

[ v ] �

^

f

l

[ v ])

2

# R
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Let the sites v in region R b e arranged in a sequence v

k

with k = 0 ; : : : ; # R � 1 (the order of

the site v ectors in the sequence is irrelev an t). Then

e ( f ;

^

f ; R ) =

s

P

n � 1

l =0

P

# R � 1

k =0

( f

l

[ v

k

] �

^

f

l

[ v

k

])

2

# R

;

or

e ( f ;

^

f ; R ) =

s

P

n � 1

l =0

k f

l

�

^

f

l

k

2

# R

;

where f

l

=

�

f

l

[ v

0

] : : : f

l

[ v

# R � 1

]

�

T

and

^

f

l

=

�

^

f

l

[ v

0

] : : :

^

f

l

[ v

# R � 1

]

�

T

. Using (4.12) ,

e ( f ;

^

f ; R ) =

s

P

n � 1

l =0

k f

l

� V ( R ) �

T

l

k

2

# R

;

where �

l

is the l th line of matrix �, and

V ( R ) =

2

6

4

1 v

T

0

.

.

.

.

.

.

1 v

T

# R � 1

3

7

5

Since the term l of the summation dep ends only on �

l

, minimization of e ( f ;

^

f ; R ) is equiv alen t

to minimization of eac h term of the summation. Minimizing eac h of these terms is the same as

�nding the least squares solution to the equations

V ( R ) �

T

l

= f

l

for l = 0 ; : : : ; n � 1. (4.13)

It is w ell kno wn that [15]:

1. eac h equation V ( R ) �

T

l

= f

l

has a least squares solution;

2. there is a unique least squares solution to eac h of these equations i� rank( V ( R )) = m + 1;

and

3. a v ector

~

�

l

is a least squares solution to V ( R ) �

T

l

= f

l

i�

~

�

l

is a solution to V

T

( R ) V ( R )

~

�

T

l

=

V

T

( R ) f

l

.

Giv en that

V

T

( R ) V ( R ) =

2

4

# R

P

# R � 1

k =0

v

T

k

P

# R � 1

k =0

v

T

k

P

# R � 1

k =0

v

k

v

T

k

3

5

=

2

4

# R

P

v 2 R

v

T

P

v 2 R

v

P

v 2 R

v v

T

3

5

and

V

T

( R ) f

l

=

2

4

P

# R � 1

k =0

f

l

[ v

k

]

P

# R � 1

k =0

f

l

[ v

k

] v

k

3

5

=

2

4

P

v 2 R

f

l

[ v ]

P

v 2 R

f

l

[ v ] v

3

5

;
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the least squares solution to the set of equation in (4.13) can b e written

~

� K ( R ) = L ( f ; R ) ; (4.14)

where

K ( R ) = V

T

( R ) V ( R ) =

�

# R D

T

( R )

D ( R ) E ( R )

�

;

L ( f ; R ) =

2

6

4

f

T

0

V ( R )

.

.

.

f

T

n � 1

V ( R )

3

7

5

=

�

A ( f ; R ) C ( f ; R )

�

;

C ( f ; R ) =

X

v 2 R

f [ v ] v

T

;

D ( R ) =

X

v 2 R

v , and

E ( R ) =

X

v 2 R

v v

T

:

Equation (4.14) is guaran teed to ha v e a solution. It is also a go o d candidate for input to a

n umerical routine, since, unlik e the previous equations, it has a �xed dimension. The solutions

are ob viously equiv alen t, giv en the prop erties of the least squares problem, with the adv an tage

that least squares routines usually pro vide a solution ev en in the case of underdetermination.

By simple algebraic manipulation, it is straigh tforw ard to see that the minim um error is

e ( f ;

~

f ; R ) =

s

B ( f ; R ) �

P

n � 1

l =0

~

�

l

K ( R )

~

�

T

l

# R

:

As in the case of the the 
at region mo del, if t w o disjoin t regions R

j

and R

k

are united in to a

single region R , the follo wing results hold trivially

K ( R ) = K ( R

j

) + K ( R

k

) ;

L ( f ; R ) = L ( f ; R

j

) + L ( f ; R

k

) ;

C ( f ; R ) = C ( f ; R

j

) + C ( f ; R

k

) ;

D ( R ) = D ( R

j

) + D ( R

k

), and

E ( R ) = E ( R

j

) + E ( R

k

) ; (4.15)

from whic h

~

�

�

K ( R

j

) + K ( R

k

)

�

=

~

�

j

K ( R

j

) +

~

�

k

K ( R

k

)

Finally , the con tribution of this union to the squared error is

D

j k

= B ( f ; R ) �

n � 1

X

l =0

~

�

l

K ( R )

~

�

T

l

� B ( f ; R

j

) +

n � 1

X

l =0

~

�

j

l

K ( R

j

)

~

�

T

j

l

� B ( f ; R

k

) +

n � 1

X

l =0

~

�

k

l

K ( R

k

)

~

�

T

k

l
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whic h, using (4.9) , can b e reduced to

D

j k

=

n � 1

X

l =0

~

�

j

l

K ( R

j

)

~

�

T

j

l

+

~

�

k

l

K ( R

k

)

~

�

T

k

l

�

~

�

l

K ( R )

~

�

T

l

(4.16)

Eac h term of equation (4.16) represen ts the con tribution of eac h color comp onen t, and can b e

further reduced whenev er K ( R ) is non-singular.

F or the sak e of brevit y , let K = K ( R ), K

j

= K ( R

j

), K

k

= K ( R

k

), � =

~

�

l

, L = L

l

( f ; R ),

L

j

= L

l

( f ; R

j

), L

k

= L

l

( f ; R

k

), �

j

=

~

�

j

l

, and �

k

=

~

�

k

l

, where L

l

( f ; R ) is the l th line of L ( f ; R ).

Then

�

j

K

j

�

T

j

+ �

k

K

k

�

T

k

� � K �

T

= �

j

K K

� 1

K

j

�

T

j

+ �

k

K K

� 1

K

k

�

T

k

� � K K

� 1

K �

T

= �

j

( K

j

+ K

k

) K

� 1

K

j

�

T

j

+ �

k

( K

j

+ K

k

) K

� 1

K

k

�

T

k

� LK

� 1

L

T

= �

j

K

j

K

� 1

K

j

�

T

j

+ �

j

K

k

K

� 1

K

j

�

T

j

+ �

k

K

j

K

� 1

K

k

�

T

k

+ �

k

K

k

K

� 1

K

k

�

T

k

� ( L

j

+ L

k

) K

� 1

( L

T

j

+ L

T

k

)

= �

j

K

j

K

� 1

K

j

�

T

j

+ �

j

K

k

K

� 1

K

j

�

T

j

+ �

k

K

j

K

� 1

K

k

�

T

k

+ �

k

K

k

K

� 1

K

k

�

T

k

� ( �

j

K

j

+ �

k

K

k

) K

� 1

( K

j

�

T

j

+ K

k

�

T

k

)

= �

j

K

j

K

� 1

K

j

�

T

j

+ �

j

K

k

K

� 1

K

j

�

T

j

+ �

k

K

j

K

� 1

K

k

�

T

k

+ �

k

K

k

K

� 1

K

k

�

T

k

� �

j

K

j

K

� 1

K

j

�

T

j

� �

j

K

j

K

� 1

K

k

�

T

k

� �

k

K

k

K
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K

j

�

T

j

� �

k

K

k

K

� 1

K

k

�

T

k

= �

j

K

k

K

� 1

K

j

�

T

j

+ �

k

K

j

K

� 1

K

k

�

T

k

� �

j

K

j

K

� 1

K

k

�

T

k

� �

k

K

k

K

� 1

K

j

�

T

j

=( �

j

� �

k

) K

k

K

� 1

K

j

�

T

j

+ �

k

K

j

K

� 1

K

k

�

T

k

� �

j

K

j

K

� 1

K

k

�

T

k

=( �

j

� �

k

) K

k

K

� 1

K

j

( �

j

� �

k

)

T

where use has b een made of the fact that A ( A + B )
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(4.17)

whic h has the same role for a�ne region mo dels that equation (4.10) had for 
at region mo dels.

As in the case of the 
at region mo del, quan tit y D

j k

for a pair of (adjacen t) regions R

j

and

R

k

do es not c hange unless one of the t w o regions has b een merged to another. Hence, if

these quan tities are stored for eac h pair of adjacen t regions (for eac h arc in the RA G), the

consequences of merging t w o regions remain relativ ely lo calized.

Also, if the a�ne region mo del is to b e used during region-orien ted segmen tation (either region

gro wing or region merging), then the only quan tities whic h m ust b e stored inside the data

6

Assuming that A + B is non-singular A ( A + B )

� 1

B = ( A + B )( A + B )

� 1

B � B ( A + B )

� 1

B = B � B ( A + B )

� 1

B =

B � B ( A + B )

� 1

( A + B ) + B ( A + B )

� 1

A = B ( A + B )

� 1

A .
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structure represen ting the regions are K ( R ), �, and p erhaps R , the set the region's pixels,

in the form of a pixel list, for instance. Although not strictly necessary , L ( f ; R ) ma y also b e

stored, at the exp ense of extra memory requiremen ts, in order to increase pro cessing sp eed.

Notice that K ( R ) pla ys the role of # R in the 
at region mo del: it dep ends only on the region

shap e, and not on its color, the color information b eing concen trated in to the parameter �.

Also notice that in this case, instead of storing an in teger (# R ) and n 
oating p oin ts ( n � 1

v ector a ), as in the case of the 
at region mo del, ( m + 1)

2

in tegers ( m + 1 � m + 1 matrix

K ( R )) and n ( m + 1) 
oating p oin ts ( n � m + 1 matrix �) ha v e to b e stored. Since segmen tation

algorithms ha v e t ypically hea vy memory requiremen ts, the use of the a�ne region mo del for all

but the smallest images is still not practical on t ypical w orkstations.

Tw o imp ortan t questions m ust still b e answ ered if this mo del is to b e applied with success in the

future. What should b e done if the least squares solution is not unique, i.e., if rank( V ( R )) <

m + 1? And what is the meaning of suc h m ultiple solutions?

Conditions for uniqueness

Multiple solutions o ccur when r = rank( V ( R )) < m + 1. Matrix V ( R ) is a # R � m + 1 matrix,

and th us its rank is alw a ys r � m + 1 and r � # R . If # R < m + 1, then r < m + 1, and there

are m ultiple solutions to the least squares problem. In this case the problem is simply that there

isn't enough data to compute the appro ximation parameters. If # R � m + 1 (or # R > m ) but

nev ertheless r < m + 1 (or r � m ), then there m ust b e exactly r linearly indep enden t ro ws of

V ( R ).

7

Without loss of generalit y , let the �rst r ro ws of V ( R ) b e linearly indep enden t. Then,

all other ro ws m ust b e linear com binations of those r ro ws. That is,

�
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�
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;

for some set of �
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with j = r ; : : : ; # R and k = 0 ; : : : r � 1. Separating the �rst ro w of the

matrix equation
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7

Notice that r � 1, since V ( R ) b y construction cannot consist solely of n ull ro ws and since R is non-empt y

b y assumption.
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that is,

v

j

= v

0

+

r � 1

X

k =1

�

j k

( v

k

� v

0

) : (4.18)

But (4.18) is the equation of a p oin t, if r = 1, of a line, if r = 2, of a plane, if r = 3, an so

on. Hence, the least squares solution is not unique whenev er the set of sites is \aligned" along

a h yp erplane of dimension r � 1 < m . In the case of 2D images, with m = 2, there are m ultiple

solutions if the sites in R are aligned along a line. In the case of 3D images, with m = 3, there

are m ultiple solutions if the sites in R are aligned along a line or \aligned" along a plane.

The case of r = 1, where all sites coincide, can only o ccur if # R = 1, since sets do not ha v e

rep eated elemen ts. But since # R > m b y h yp othesis, these cases are automatically ruled out

in the cases of in terest ( m = 2 for 2D images and m = 3 for 3D images). These cases ha v e b een

classi�ed ab o v e as cases without enough data.

In conclusion, in the case of 2D (3D) images, there is a unique least squares solution if there

are three (four) non-collinear (non-coplanar) sites in R .

Dealing with non-uniqueness

If there is no unique least squares solution, whic h of the p ossible solutions should b e c hosen?

Ho w will it a�ect segmen tation, in the case of region orien ted segmen tation? If the initial regions

are all one-pixel wide, it is clear that the error con tribution of all p ossible mergings will b e the

same (viz. zero). But this is clearly undesirable. The problem stems from using a p o w erful

mo del for mo deling regions whic h are to o small (with only t w o pixels, resulting from merging

an y pair of adjacen t one-pixel wide regions). This ma y b e solv ed, in the case of 2D images,

b y sp ecifying that a 
at region mo del should b e used for one and t w o-pixel wide regions, the

a�ne mo del b eing reserv ed for regions with more than t w o pixels. Ev en though this do es not

eliminate the all the sources of non-uniqueness (see the previous section), it do es eliminate those

cases where non-uniqueness is really a problem.

Other solutions ma y also b e used. If the image is split initially in to 2 � 2 square regions,

then there is alw a ys a unique solution to the least square problem. Ho w ev er, the segmen tation

resolution will clearly su�er. An alternativ e solution, without this dra wbac k, is to upsample

the image b y a factor of t w o in b oth directions b efore splitting in to 2 � 2 square regions. This

will, ho w ev er, lead to increased memory requiremen ts (b y a factor of at least 4).

Strictly sp eaking, the ab o v e problem do es not ha v e to do with non-uniqueness. It is related with

the steep est descen t approac h to obtaining the optimal segmen tation used b y most segmen tation

algorithms: at eac h step c ho ose the regions to merge so as to minimize the error. Ho w ev er, these

incremen tal minimizations are not guaran teed to con v erge to a true global minim um. Actually ,

they seldom do. The problem ab o v e is actually one of o v er adjustmen t of the mo del to the data,

whic h leeds to some bad decisions b y the segmen tation algorithms. It seems that the mo del to

b e used should alw a ys b e insu�cien t to represen t general data accurately , if it is to ha v e some

meaning. This, at least in tuitiv ely , is coheren t with the kno wledge that the \b est" p ossible
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region mo del is the one whic h sp eci�es indep enden t v alues for the colors of all the pixels in

the image, whic h can mo del without error the image segmen ted in to a single region, but whic h

con v eys no useful information.

Boundary mo deling

Boundary mo deling can b e useful b oth for region- and con tour-orien ted segmen tation, as will

b e seen in the follo wing. Notice that, ev en though the issue is certainly imp ortan t enough to

deserv e separate treatmen t in Section 6.2, b oundary shap e (region shap e), will not b e dealt with

here. As in the case of region mo deling, the problem is to mo del the image around a b oundary .

Unlik e region mo del, where a region consists of a �nite, w ell kno wn set of pixels, b oundaries are

con tiguous sets of edges. Images do not ha v e v alues at edges. Tw o approac hes are p ossible for

b oundary mo deling. The �rst, whic h ma y b e said to b e the classical one, is concerned ab out

the deriv ativ es of the image along a b oundary . The second attempts to mo del the image on a

more or less narro w strip of pixels along a b oundary .

The classical approac h, whic h estimates image deriv ativ es, is t ypically used in straigh tforw ard

extensions of the basic con tour closing algorithm. What's more, the basic con tour closing

algorithm can b e though of as using the roughest p ossible estimate of the image gradien t in the

direction orthogonal to the edge direction: the di�erence of the pixel colors. Hence, the edge

mo del, in this case, is simply a horizon tal facet whic h passes through the t w o pixels separated

b y the edge. Mo deling in this case is the pro cess whic h leads to estimation of deriv ativ es, and

th us is equiv alen t to the deriv ativ e computation comp onen t of edge detection op erators. A

complicated issue, whic h has not b een dealt with in this thesis, is establishing the meaning of

deriv ativ es in the case of non-scalar color mo dels [36 ].

The second approac h has b een t ypically used for image represen tation. Some articles, no-

tably [58 , 19, 37, 43], recognized that, since the HVS is esp ecially sensitiv e to rapid color tran-

sitions, usually corresp onding to ph ysical edges, images ma y b e represen ted b y edges without

loss of seman tical information, in v ery m uc h the same w a y artists can economically represen t a

scene with a few strok es. In [37 ], for instance, the image in a section orthogonal to the detected

edge is mo deled as a step edge blurred b y a Gaussian �lter. Hence, three parameters ha v e to

b e estimated at eac h suc h section: the mean p oin t, the amplitude, and the sharpness of the

transition. In pratice, a fourth parameter is also estimated: the exten t to b oth sides of the edge

o v er whic h the mo del is a go o d appro ximation. Notice, ho w ev er, that in [37] this image mo del

is used to represen t the image, not to segmen t it.

Globalization of region gro wing

Globalization is simple, in the case of region gro wing. Instead of basing the pixel aggregation

order on pairwise pixel color distances, the order is no w based on ho w w ell the candidate pixels

�t in to the corresp onding region mo del, whose parameters are estimated using the complete set

of pixels in the region at eac h instan t.
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F or the 
at region mo del used on t ypical algorithms, the degree of �tness in to a region ma y b e

simply the distance b et w een the color of the candidate pixel f [ v ] and the estimated parameter

~a of the corresp onding region R , i.e., d

2

( f [ v ] ; ~a ), if the pixel is at site v . The squared distance

will b e used in order to mak e the comparison b et w een sev eral globalization metho ds direct.

It is immaterial to use the squared distance, since the order relations are preserv ed b y the

monotonous function f ( x ) = x

2

for x � 0.

F or the a�ne region mo del, the �tness ma y b e calculated as the distance b et w een the color

of the candidate pixel f [ v ] and

~

�

�
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T
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T

, that is d
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). In b oth cases, the

distance ma y b e expressed more concisely as d
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( f [ v ] ;

~

f [ v ]), where

~

f is an appro ximation to

f o v er the union of the pixel and region in consideration but whose parameters ha v e b een

estimated without considering that pixel's v alue, i.e., it is the (squared) distance b et w een the

pixel's color and the color obtained b y extrap olating the region mo del to the pixel's lo cation.

Another p ossibilit y is to select the pixel to aggregate as the one leading to the smallest increase

of the global appro ximation error, as giv en b y equations (4.10) and (4.17) , according to the

mo del used. These equations, assuming that R

j

corresp onds to the candidate pixel at site v ,

i.e., R

j

= f v g , and R

k

corresp onds to the region with whic h it ma y b e merged, i.e., R

k

= R ,

simplify resp ectiv ely to
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� are the estimated parameters for region R using the 
at and a�ne region mo dels
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Hence, minimizing the increase in global appro ximation error tends to fa v or merging of pixels

with smaller regions, though in the case of the a�ne region mo del the e�ect of region size ma y

b e coun tered b y e�ects of region shap e.

It should b e noticed that, after eac h pixel aggregation, the parameters of the region are adjusted

to re
ect the presence of that further pixel, but, ev en more imp ortan t, the con tribution to the

global error of all other pixels adjacen t to that region also c hange as w ell. The consequences of

this fact are that:

1. the arcs whic h are inserted in to the tree do not in general form a SSSS k T of the image

graph at the completion of the algorithm; ho w ev er, since at eac h step the arcs are c hosen

\the righ t w a y", this ma y b e said to b e a recursiv e SSSS k T algorithm; and
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2. the algorithm complexit y increases, since sev eral arcs in the priorit y queue ha v e their

w eigh t up dated after eac h step, whic h requires reorganization of the queue.

Notice that the applicable algorithms are adjustmen ts of constructiv e SSSS k T algorithms. The

destructiv e algorithms cannot b e c hanged in an y simple w a y to ac hiev e the same result. Also,

ev en though the complexit y of the constructiv e algorithm increases, hierarc hical queues still

seem to b e the b est p ossible structures to use. Both these issues ha v e b een left for future w ork.

W atersheds

In order to a v oid the increased algorithm complexit y whic h results from recalculating w eigh ts

of arcs already in the priorit y queue, [177 ] prop osed to reestimate the region mo del parameters

after pixel aggregation but to lea v e unc hanged the w eigh t of pixels already in the priorit y queue

(this problem is not ac kno wledged in [177 ]). This means that, at eac h momen t, the arcs in

the queue ha v e w eigh ts corresp onding to region mo del parameters estimated at di�eren t time

instan ts. The consequences of this fact, ho w ev er, do not seem to b e tragic, since for regions of

reasonable size the parameters do not c hange m uc h after eac h pixel aggregation.

This algorithm is essen tially the one used in Sesame [30 ], the segmen tation-based candidate for

V eri�cation Mo del during the dev elopmen t of MPEG-4. The region mo del used in Sesame is

still the 
at region mo del. Ho w ev er, a hierarc h y of segmen tation results is pro duced b y enco d-

ing the results of segmen tation, using a more p o w erful region mo del, and resegmen ting with

increased detail those parts of the image where the appro ximation error is larger. The merits

of this idea are threefold: it allo ws for scalabilit y in a quite elegan t w a y , it tak es quan tization

e�ects in to accoun t during the segmen tation pro cess (not during eac h of the runs of the seg-

men tation algorithm, but during the calculation of the segmen tation hierarc h y), and it leads to

acceptable computational complexit y . As computer p o w er increases, ho w ev er, the justi�cation

for not in tegrating more complex region mo dels (and ma yb e quan tization e�ects), during the

segmen tation algorithm tends to v anish.

Globalization of region merging

As in the case of region gro wing, region merging has b een t ypically p erformed in t w o w a ys:

either b y comparing the region mo del parameters using some kind of metric, or b y using the

con tribution of the merging to the global error. In b oth cases, in parallel with the region

gro wing case, the constructiv e algorithms c hange, since there is the need to up date the w eigh t

(priorit y) of sev eral arcs in the queue whenev er t w o regions are merged. The solv ed problem

th us ceases to b e the SS k T problem, though at eac h step of the algorithm the \righ t" arc is

c hosen. Hence, these algorithms ha v e b oth b een lab elled b y [134 ] and [194], who �rst prop osed

them, recursiv e SST algorithms, or RSST. Since the w eigh ts of the arcs not directly in v olv ed in

a merging op eration can c hange, it is not guaran teed that the arcs of the resulting spanning tree

(the recursiv e one), are inserted in increasing order of w eigh t. Hence, ev en though destructiv e

algorithms can b e applied afterw ards, their meaning is less than clear.

Notice that the �rst t yp e of globalization, whic h uses direct comparison of region mo del param-
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factor for some region sizes.

eters, is w ell de�ned only for simple mo dels, suc h as the 
at region mo del, whic h corresp onds

to calculating the distance b et w een the a v erage colors of the t w o region candidate to a merging.

In the case of more complicated mo dels, appropriate metrics ma y b e hard to �nd. But, since

this globalization metho d has an inheren tly w orst b eha vior than the second one, as will b e seen

in the sequel, the searc h for suc h metrics seems to b e a w orthless task.

The adv an tage of the second t yp e of globalization, namely the one using the con tribution to the

global appro ximation error, stems from the inheren t go o d treatmen t of small regions. Consider

for a momen t the 
at region mo del. In the �rst case, the w eigh t attributed to the union of t w o

regions R

j

and R

k

is simply the (squared) distance b et w een their a v erage colors d

2

( ~ a

j

; ~a

k

). In

the second case, it is the con tribution to the global appro ximation error, i.e.,
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The factor
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accoun ts for the di�eren t treatmen t of small regions, since it is small

whenev er either (or b oth) of the regions are small (see T able 4.1 for three examples). Hence,

small regions tend to gro w faster than large regions, and the lik eliho o d of small regions hanging

around is reduced. Suc h small regions can really b e a plague if the �rst t yp e of globalization is

used. Most of them deriv e from the unfortunate fact that, when using 4-neigh b orho o ds, thin

lines with ab out 45 degrees of slop e pro duce a series of disconnected regions of a singe pixel.

This e�ect will b e sho wn in Section 4.5, whic h prop oses an alternativ e w a y for dealing with this

problem.

If the a�ne region mo del is used, the same commen ts apply , ev en if in this case the comparison

is hamp ered b y the in
uence of region shap e in the con tribution to the global appro ximation

error (4.17) and b y the absence of meaningful metrics for direct parameter comparison. Ho w ev er,

a straigh tforw ard metric corresp onding to

P
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l
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T

ma y b e used for comparison

purp oses.

It should b e stated here that, ev en though globalization of information allo ws the segmen tation

to get closer to the optim um, it can b e sho wn easily , b y a coun ter example, that the algorithm

is not guaran teed to attain the optim um. In the follo wing example, a grey-scale (scalar color)

1 � 4 image is segmen ted in to t w o regions b y globalized region merging using the con tribution

to the global error and the 
at region mo del (regions n um b ered from 0 at the left):

(a)

1 2.1 2.9 4

(b) 1 2.5 4

(c) 2 4

(d) 1.55 3.45
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In the original original image (a), the con tributions to the global error are D

01

= 0 : 605, D

12

=

0 : 32, and D

23

= 0 : 605. In (b) the cen ter regions, whic h con tribute less to the global error,

ha v e b een merged, resulting in D

01

= 1 : 5 and D

12

= 1 : 5. Finally , in (c) the t w o �rst regions

ha v e b een merged (in this case the c hoice is irrelev an t), leading to segmen tation with a global

appro ximation error of E =

p

0 : 455 . This segmen tation is w orst than the optim um segmen tation

in (d), whic h has a global appro ximation error of E =

p

0 : 3025 .

In a sense, the globalized segmen tation algorithms w ork lik e steep est descen t optimization, whic h

are kno wn to lead to lo cal optima but in general not to global optima. Reviews of metho ds

whic h attempt to solv e this problem, at the exp ense of increased computational complexit y , can

b e found in [104 , 147].

Region merging with seeds

Globalization can b e applied in m uc h the same w a y to region merging with seeds. While the

non-globalized, basic region gro wing and seeded region merging algorithms lead to equiv alen t

results, in the sense that b oth solv e the SSSS k T, their globalizations ha v e di�eren t prop erties.

Firstly , it should b e noticed that, unlik e the case of region gro wing, no w arbitrary regions can

b e merged, unless b oth con tain pixels of di�eren t seeds, whic h results in a faster globalization of

information, esp ecially in the case of using the con tribution to the global appro ximation error as

arc w eigh ts, since, as seen in the last section, it tends to fa v or mergings of the smaller regions.

One of the practical results of this fact is that pixels of a seedless but uniform zone of the image

tend to b e aggregated in to a single region, whic h at a later time will b e merged to some seeded

region. Suc h seedless uniform zones are often split b et w een t w o or more di�eren t neigh b oring

seeds in the case of region gro wing, esp ecially in the case of w atershed segmen tation, whic h w as

built so as to explicitly divide those zones, plateaus, among v arious basins. But the division of

these zones t ypically corresp onds to splitting part of an ob ject, whic h is undesirable in the case

of image analysis, whic h aims at iden tifying whole ob jects.

Another adv an tage of globalized region merging with seeds already existed in the basic algo-

rithm: the in termediate segmen tation results are meaningful. This means that the algorithm

ma y b e stopp ed immediately if, for instance, the global appro ximation error exceeds a threshold,

thereb y pro ducing a meaningful partition of the image whic h includes some seedless regions,

whic h w ere deemed unmergeable to neigh b oring seeded regions. This nice b eha vior of region

merging with seeds is the reason wh y it w as c hosen as a go o d to ol for sup ervised segmen tation.

Globalization of con tour closing

Globalization of con tour closing is not easy . Since the arcs are selected not for merging but

for splitting regions, it is not clear what data should b e used to estimate the b oundary mo del

parameters. That is wh y suc h mo dels are estimated in a somewhat arbitrary neigh b orho o d of

edges. Suc h is the case of Sob el and related estimators of the image deriv ativ es.

Boundary information ma y b e used to impro v e the results of region-orien ted segmen tation [194 ,
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158]. The rationale for suc h metho ds stems from the fact that segmen tation often leads to

b oundaries in zones where there are really no strong transitions in the image. Ho w ev er, the

reason for these false con tours, as they are called, is the failure of mo dels to represen t faithfully

the color of real regions. This is ob viously the case if the 
at region mo del is used to segmen t a

uniformly slop ed region, whic h w ould b e p erfectly represen ted b y the a�ne region mo del. It is

arguable that the b est solution to the false con tours problem w ould b e to devise b etter region

mo dels, but in practice this is often a hard task, fundamen tally b ecause of the added algorithm

complexit y . Besides, in order to pro duce meaningful segmen tations, the region mo dels cannot

b e so complex as to represen t ev ery p ossible image: segmen tation is w ell de�ned only if the

region mo dels are not to o p o w erful, and hence false con tours m ust b e dealt with using other

tec hniques, suc h as the ones in [194 , 158].

Shap e restrictions

Boundary information ma y also b e used to restrict region-orien ted segmen tation so as to pro duce

partitions where the b oundaries do not exhibit to o m uc h busyness. The reasons for this deriv e

from the fact that ev eryda y ob jects often ha v e regular b oundaries,

8

and, more imp ortan tly , from

the fact that, if the partition is to b e enco ded, b oundary busyness can lead to v ery exp ensiv e

represen tations. Instead of forcing the enco der to use lossy tec hniques, and th us to in tro duce

b oundary simpli�cations in a blind w a y , if image analysis and co ding are more closely in tegrated,

segmen tation algorithms can attempt to reduce b oundary busyness themselv es, th us ac hieving

a result whic h is hop efully equiv alen t in terms of sa vings at the enco der. This idea has b een

suggested in [30], where increases in b oundary complexit y , whic h result from adding a pixel to

a region, are used together with color di�erences to decide whic h pixel to merge next in the

w atershed segmen tation algorithm.

4.3.5 Algorithms and the dual graphs

All the globalized algorithms, with the exception of globalized con tour closing and of region-

orien ted algorithms making use of b oundary information, require only information ab out the

adjacency of regions. A RA G in whic h eac h region con tains a list of its pixels is su�cien tly

p o w erful to represen t the partition at eac h step of the algorithm. Ho w ev er, when b oundary

information m ust b e tak en in to accoun t, it is often of in terest to distribute that information

through the pieces of b order that constitute eac h b oundary . Also, since partitions will often

need to b e enco ded, and some of the partition enco ding sc hemes mak e use of con tour top ology ,

it ma y b e imp ortan t to use the dual RAMG and RBPG graphs while p erforming segmen tation.

This, of course, assuming 2D partitions are the aim.

F or all constructiv e segmen tation algorithms, it is p ossible to k eep a pair of dual region (RAMG)

and con tour (RBPG) graphs, that is, a map, represen ting the curren t partition. All that has

to b e done is to p erform region merging as indicated in Section 3.5.1 as regions are merged,

starting with the trivial graph in whic h eac h pixel is a region.

8

Ho w ev er, some b oundaries in natural scenes can ha v e a fractal nature.



4.4. A NEW KNO WLEDGE-BASED SEGMENT A TION ALGORITHM 133

The data structure implemen ting the pair of dual graphs represen ting the map, in this case an

ev olving partition, ma y store information ab out b orders, in eac h region, in a hierarc hical w a y . It

ma y b e useful to access b orders one b y one, or bunc hed together in sup er-b orders consisting of

all the b orders b et w een giv en pairs of adjacen t regions. Suc h sup er-b orders corresp ond ob viously

to arcs of the underlying RA G.

In order to sa v e memory and to sp eed up access to the b orders of a region or to the regions

separated b y a b order, the data structure can also mak e use of the fact that arcs are shared

among t w o dual graphs. Sev eral data ma y b e stored in region no des, and in b order arcs, and

ev en in sup er-b orders. Regions no des t ypically store the region size (measured b y the n um b er

of pixels, whic h is an area for 2D partitions and a v olume for 3D partitions), the set of pixels in

the region, a set of statistics of these pixels, and parameters of a mo del adapted to the v alues

of the image at the region pixels. Borders t ypically store the b order size (a p erimeter measured

in n um b er of edges, in the case of 2D partitions, and a surface area measured in n um b er of

faces, in the case of a 3D partition),

9

a deque (double-ended queue) of their edges, whic h ma y

b e useful for tracing the b order later on, statistics of the transitions in image color along the

b order, and parameters of a b oundary mo del adapted to the v alues of the image around the

b order. Finally , sup er-b orders t ypically store a w eigh t whic h has to do with the homogeneit y

of the region resulting from remo v al of the corresp onding b orders. This w eigh t ma y p onder

also the c haracteristics of the corresp onding b orders, in the case of region-orien ted algorithms

making use of b oundary information.

4.3.6 Conclusions

This section presen ted a structured o v erview of v arious segmen tation algorithms, whose basic

v ersions are related to SST problems, and whose globalization, while making their prop erties

div erge, hop efully leads to algorithms whic h are closer to the optim um in some sense.

Using the classi�cation in Section 4.2, the presen ted algorithms are, strictly sp eaking, segmen-

tation tec hniques, whic h ma y or ma y not b e included in to segmen tation algorithms. They are

region-orien ted (with the exception of con tour closing), generic, memoryless (except in the case

of 3D), and either v ectorial or scalar.

4.4 A new kno wledge-based segmen tation algorithm

After ITU-T

10

issued H.261, aiming at bitrates p � 64 kbit/s with p = 1 ; : : : ; 32, when ISO/IEC

had already issued MPEG-1, for up to ab out 1 : 5 Mbit/s, and w ork on MPEG-2 w as b eing

�nalized, the need for v ery lo w bitrate co ding tec hniques and standards b egan to b e felt. The

main application b ehind the exp ected need for suc h v ery lo w bitrate tec hniques w as the mobile

telephon y . Ev en tually , the researc h in this area ga v e birth to a new standard, H.263, and

9

Maps ha v e not b een de�ned for 3D partitions, so strictly sp eaking the surface w ould b e stored only in

sup er-b orders of a RA G.

10

Then CCITT (Comit � e Consultatif Internationale de T � el � egraphique et T � el � ephonique).
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spark ed w ork on MPEG-4, whic h w as later rev amp ed to b e m uc h more than a standard for v ery

lo w bitrate video co ding, as seen in Chapter 2.

Tw o parallel paths w ere tak en to w ards the dev elopmen t of v ery lo w bitrate video co ding tec h-

niques. One tried to mak e man y small impro v emen ts to the existing tec hniques, basically motion

comp ensated h ybrid co ding, and another attempted to reac h a breakthrough in compression b y

using tec hniques whic h, b eing related or based on mid-lev el vision concepts, ma y b e termed

second-generation. The �rst path w as quite successful at squeezing more compression out of old

tec hniques: H.263 substan tially outp erformed H.261 at lo w bitrates and ev en ab o v e. F or the

second path, ho w ev er, there did not seem to exist mature enough tec hnology . E�ectiv e anal-

ysis tec hniques w ere required but una v ailable. Without suc h analysis tec hniques, ho w could a

standard b e dev elop ed for v ery lo w bitrate applications on a tigh t agenda? Besides, in terms of

compression, though the researc h in v estmen t seems clearly w orth while, the results attained did

not seem to o go o d: in the framew ork of MPEG-4, core exp erimen ts demonstrated either the

sup eriorit y of the mature motion comp ensated h ybrid co ding tec hnology , or that impro v emen ts

using other tec hniques w ere not v ery signi�can t.

The solution to this dilemma w as found b y recognizing the gro wing imp ortance of the in teraction

with the visual scene. Mid-lev el vision concepts, suc h as the ob ject, migh t still b e useful, if not

for compression at least for manipulation, or for added functionalities. The ob ject th us b ecame

the cen ter of MPEG-4. Easy access to con ten t as one of the ob jectiv es of enco ding w as no

longer frame- or image-based, but b ecame ob ject-based. Gran ted, full-pro of automatic second-

generation analysis tec hniques w ere, and still are, but a wish, but MPEG-4 will not standardize

analysis, just syn tax and deco ding. Hence, it will b e ready b y the time those tec hniques �nally

arriv e. Exp ertise will gro w mean while, through the use of sup ervised analysis tec hniques, and

MPEG-4 will still b e usable, e.g. if ob jects are segmen ted using classical TV tec hniques suc h

as c hroma-k eying.

In b et w een the t w o stated paths, a few other paths w ere also tak en to w ards v ery lo w bitrate

co ding and ultimately ob ject-based con ten t access. One of them w as the impro ving of existing

co decs through slo w in tegration of second-generation tec hniques. The kno wledge-based segmen-

tation prop osed in this section, and global motion estimation, cancellation and comp ensation,

as describ ed in Sections 5.5 and 6.1, can b e seen as the result of this e�ort, and th us clearly

b elong to the so-called transition to w ards second-generation video co ding to ols.

4.4.1 In tro duction

Kno wledge-based video co ding algorithms can b e applied to adv an tage in the path to w ards

second-generation video co ding and v ery lo w bitrate video co ding. The main idea b ehind it is

that the observ er of a videotelephone sequence, t ypically a head and shoulders scene, is partic-

ularly sensitiv e to the image qualit y in areas suc h as the sp eak er's ey es and mouth, less to the

qualit y in the sp eak er's b o dy , and ev en less to the qualit y in the bac kground. Kno wledge-based

video co ding algorithms attempt to distribute the a v ailable bits so that qualit y is concen trated

where it is really needed. This sc heme, while k eeping or ev en lo w ering the global ob jectiv e qual-

it y measures (e.g., PSNR), impro v es the sub jectiv e qualit y of the enco ded sequence. What's

more, it can b e easily in tegrated in existing �rst-generation enco ders (e.g., H.261 compati-
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ble [62 ]) while main taining full compatibilit y with existing deco ders.

Segmen tation is a fundamen tal step in kno wledge-based video co ding algorithms. Again using

P a vlidis' w ords [156 ] \segmen tation iden ti�es areas of an image that app ear uniform to an

observ er, and sub divides the image in to regions of uniform app earance." As said b efore, the

uniformit y criterion can b e c hosen in man y di�eren t w a ys. One ma y , for instance, en visage a

t yp e of segmen tation where one desires to iden tify certain ob jects kno wn to b e in an image

or image sequence. This is kno wledge-based segmen tation. This section presen ts a kno wledge-

based segmen tation algorithm for videotelephon y whic h can cop e with a wide range of sequences,

studio based or mobile.

The ob jectiv e is the segmen tation of eac h image in a videotelephone sequence in to three regions:

head, b o dy and bac kground, eac h ha ving di�eren t sub jectiv e qualit y impact up on the observ er.

Ho w ev er, as a �rst approac h, admitting that the head/b o dy separation can b e based solely

on geometrical reasoning, the ob jectiv e can b e reduced to the segmen tation in to t w o regions:

sp eak er and bac kground. This segmen tation falls somewhere b et w een the t w o de�nitions giv en

b efore:

� a sp eci�c \kno wn" ob ject should b e iden ti�ed (the sp eak er);

� the ob ject app earance is only kno w to a certain exten t (m ust cop e with an y h uman

sp eak er); and

� the p osition of the ob ject is kno wn a priori with a high probabilit y (cen tered, facing

camera, neither to o close nor to o far).

In spite of the fact that the segmen tation of the t ypical videotelephone sequences (e.g., \Claire",

\T rev or", \Salesman" and \Miss America") is relativ ely easy , see for instance [99 , 160], the ex-

p ected emergence of mobile/hand-held videotelephone services demand m uc h more robust seg-

men tation algorithms. Plomp en [163], for instance, describ es a simple metho d for segmen tation.

The rationale b ehind it is that, in studio or �xed camera videotelephone sequences, the signi�-

can tly c hanged blo c ks (e.g., in terms of the mean absolute di�erence) will v ery lik ely b e lo cated

only o v er the mo ving sp eak er. The complete segmen tation is then obtained through a split

and merge algorithm [55 ]. F or the head/b o dy segmen tation simple geometric considerations

are used, as in the metho d prop osed b elo w. Ho w ev er, this metho d is not appropriate for use in

mobile sequences, where the whole bac kground is p oten tially mo ving. See also [123 , 125, 126]

for preliminary v ersions of the algorithm.

T ypical mobile sequences (e.g., \F oreman" and \Carphone") con tain a lot of bac kground mo v e-

men t (originated b y hand-held camera mo v emen t in \F oreman", and b y camera vibration and

the passing landscap e in \Carphone"), making it di�cult for tec hniques using simple di�erence

op erators to pro duce acceptable results. These sequences also usually con tain a highly detailed

bac kground, complicating the task of edge detection based segmen tation algorithms.

The algorithm presen ted here, whic h is an ev olution of the kno wledge-based algorithms prop osed

b y [160 ] and b y [166 ], divides eac h image in to three distinct areas, head, b o dy and bac kground,

at the H.261 MB resolution (i.e., 16 � 16 pixels). The robustness of the algorithm stems from

its attempt to dynamically classify the input sequence in to one of four classes, according to
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the uniformit y of the bac kground and to the presence of bac kground/camera motion. Eac h

videotelephone sequence is dealt with using the segmen tation tec hniques appropriate for the

detected class. The robustness of the prop osed algorithm has b een lac king in the kno wledge-

based segmen tation algorithms a v ailable [99, 163, 160 ], whic h could only handle sequences with

�xed, or ev en uniform, bac kgrounds.

The necessary segmen tation resolution dep ends on the video enco der to b e used. F or instance, if

the co dec is complian t with H.261 and the quan tization step is used to con trol the qualit y of the

di�eren t segmen ted regions, then a segmen tation at a MB resolution, as prop osed here, su�ces.

It should b e noticed here that the algorithm w as dev elop ed for CIF (Common In termediate

F ormat) images. Ho w ev er, the algorithm is applicable, with adaptations, for other image sizes

and at other resolutions.

Tw o basic pixel lev el op erators, namely Sob el and image di�erence, are used to construct an

activit y map for the curren t image, whic h is subsequen tly decimated to MB resolution. The

remaining steps of the algorithm op erate at this lo w er resolution, whic h has the adv an tage that

m uc h of the pro cessing deals with \images" of a m uc h smaller size (with 256 times less elemen ts

than the original input images), resulting in a reduced computational w eigh t.

The MB lev el pro cessing includes the application of inertia to the results of segmen tation, th us

taking in to accoun t the high probabilit y of small c hanges of the sp eak er p osition from image

to image in a t ypical videotelephone sequence. It also includes kno wledge-based geometric

tec hniques whic h correct the shap e of the obtained segmen tation, and a �nal kno wledge-based

geometrical coherence qualit y estimation step whose result is used to adapt the algorithm pa-

rameters. The qualit y con trol is dela y ed, as the c hanges in the parameters tak e e�ect only for

the next image in the sequence. The estimated qualit y is used as w ell for deciding whether to

accept or reject the curren t segmen tation.

4.4.2 Algorithm description

This section describ es the main steps of the algorithm prop osed. This algorithm can b e classi�ed

as:

� MB (16 � 16 pixels) resolution, since the result of the segmen tation has MB resolution;

� with memory , since it uses information ab out the previous images (b y using the image

di�erence op erator, b y using inertia of segmen tation, and b y using the memory mec hanism,

all explained in the follo wing sections);

� kno wledge-based, since it uses the a priori kno wledge that the images represen t t ypical

head-and-shoulders videotelephone scenes;

� with kno wledge-based, geometrical coherence qualit y estimation;

� with qualit y estimation for qualit y con trol and segmen tation acceptance/rejection; and
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� with dela y ed qualit y con trol, since the segmen tation algorithm parameters are adjusted

according to the curren t qualit y estimate but this adjustmen t is e�ectiv e only in the next

image.

A 
o w c hart of the algorithm is presen ted in Figure 4.5.

Edge detection op erators

T ransition strength op erators

A t the lo w-lev el, the algorithm uses t w o di�eren t transition strength op erators. The �rst is

the Sob el transition strength op erator, where the magnitude of the gradien t, in order to reduce

computational e�ort, is appro ximated here b y the sum of the absolute v alues of the partial

deriv ativ es [56 ]:

kr f [ i; j ] k � Sob el( f [ i; j ]) = G [ i; j ] = j f

x

[ i; j ] j + j f

y

[ i; j ] j

where f

x

and f

y

are giv en b y (4.1) and (4.2) . It can b e classi�ed as a transition strength, scalar,

2D op erator.

The second op erator is the image di�erence describ ed in equation (4.6) . It can b e classi�ed as

a scalar, 3D, transition strength op erator, since, when mo v emen ts from one image to the next

are small, the image di�erence op erator pro duces an appro ximation to the deriv ativ e in the

direction of the motion.

Edge lo calization metho ds

The results of the lo w-lev el transition strength Sob el and image di�erence op erators are then

used for lo cating edges in the images. Since, as will b e seen later, the results of this lo calization

will b e understo o d more as activit y measures than as detected edges, the edge lo calization

metho ds used are v ery simple:

Sob el op erator

A pixel p = [ i; j ] is considered to b e detected (i.e., to b elong to an edge) if the corresp ond-

ing transition strength G [ p ] is ab o v e a giv en threshold (see b elo w) and if there is at least

one pixel q 2 N

8

( p ) (in the 8-neigh b orho o d of p ) suc h that 0 : 9 G [ p ] � G [ q ] � 1 : 1 G [ p ]. The

last condition is used to reduce isolated detected pixels due to noise.

Image di�erence op erator

A pixel p = [ i; j ] is considered to b e detected (i.e., to b elong to a c hanged area) simply

if the corresp onding v alue of the image di�erence op erator D

n

[ p ] = Di� ( f

n

[ p ] ; f

n � 1

[ p ]) is

ab o v e a giv en threshold (see b elo w).



138 CHAPTER 4. SP A TIAL ANAL YSIS

input image 
sequence

Sobel transition 
strength

image difference 
transition strength

Sobel edge 
localization

image difference 
edge localization

class detection

class is:

speaker activity 
measurement (1,  3)

1 or 3 
uniform 

background

speaker activity 
measurement (2)

speaker activity 
measument (4)

2 
non-uniform fixed background

4 
non-uniform 

moving 
background

conversion to 
macroblock  (1, 3)

conversion to 
macroblock (4)

impose memory

momentum 
correction

geometric processing 
(2)

geometric processing 
(1, 3)

geometric processing 
(4)

neck localization

quality estimation

momentum 
correction

momentum 
correction

size, position:

momentum 
recalculation

acceptable

reset momentum

neck localization neck localization

quality estimation

adjust resolution 
thresholds (1, 3)

adjust resolution 
thresholds (2)

adjust resolution 
thresholds (4)

set all background

body very large

body large, 
displaced, or too small

shape: head too short

acceptable

scene cut:
previous 

size & position 
not acceptable

conversion to 
macroblock  (2)

quality estimation

output 
segmentation

Figure 4.5: Segmen tation algorithm 
o w c hart. When blo c ks are iden ti�ed with class n um b ers,

they p erform di�eren tly according to the class of the input sequence.
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Kno wledge-based thresholding

The results of the lo w-lev el edge detection op erators, obtained b y estimating transition strength

and then lo calizing the edges, are afterw ards used to measure the activit y of eac h pixel, whic h

will in turn b e con v erted from pixel to MB (16 � 16 pixels) resolution.

Since the sequences are assumed to consist of a sp eak er reasonably cen tered within eac h image

(this is kno wledge-based segmen tation), the activit y measuremen ts should b e reinforced at those

places where the sp eak er is more lik ely to b e found in the image. This is done b y using v ariable

thresholding during edge lo calization. The thresholds v ary along the image as indicated in

Figure 4.6.

Figure 4.6: V ariable threshold patterns consist of a cen tral plateau of constan t, lo w threshold,

whic h gro ws linearly to w ards the top corners of the image.

Tw o v ariable threshold patterns are used: the �rst for the Sob el op erator (with plateau lev el

20 and top corners lev el 64), and the second for the image di�erence (with plateau lev el 10 and

top corners lev el 40). In the case of class 4 image sequences, ho w ev er, the threshold pattern

indicated for the image di�erence is v alid only for an image rate of 25 Hz (sequence classes will

b e de�ned later). F or other image rates the thresholds are adjusted linearly with the in v erse of

the image rate. F or instance, at 5 Hz the plateau lev el is 30 and the top corners lev el is 90. This

adjustmen t is necessary in order to a v oid detecting to o m uc h activit y on a mo ving bac kground,

since the range of the mo v emen ts tends to increase with an increased time b et w een successiv e

images.

Filtering the activit y measuremen ts

Before the resolution con v ersion tak es place, the activit y at eac h pixel m ust b e computed.

Though the exact metho d dep ends on the detected class of the curren t image, t w o �ltering

op erators ma y b e used: purge and �ll. Both op erate on a binary image, e.g., obtained after

edge lo calizing the results of Sob el or image di�erence:
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Purge op erator

The purp ose of this op erator is to eliminate isolated detected pixels. All detected pixels

with less than t w o detected 8-neigh b ors are cleared. Detected pixels with t w o detected

8-neigh b ors are cleared only if not b oth neigh b ors are m-connected. The last condition

a v oids the clearing of pixels b elonging to a con tin uous edge.

Fill op erator

This op erator sets as detected all undetected pixels whic h ha v e more than t w o detected

8-neigh b ors.

Sometimes the binary results of the describ ed op erators are \ored" together. A \ored" pixel is

detected if at least one of the corresp onding pixels of the t w o op erands b eing \ored" is detected.

Sequence classes

Of paramoun t imp ortance for the dev elopmen t of the kno wledge-based segmen tation tec hnique

prop osed is the classi�cation of the input videotelephon y image sequences in to classes. Eac h

of the considered classes, b y its o wn nature, requires di�eren t pro cessing. Videotelephone

sequences can b e classi�ed according to:

1. the uniformit y , in terms of texture or complexit y , of the bac kground; and to

2. the existence of mo v emen t in the bac kground, whic h ma y b e due to mo v emen t of the

camera, to mo v emen t of the bac kground, to mo v emen t of ob jects seen in the bac kground

or to an y com bination of the three.

Classes 1 and 3

Sequences ha ving a uniform bac kground (it is imp ossible to distinguish whether the bac k-

ground is �xed, class 1, or has an y mo v emen t, class 3) suc h as \Claire" and \Miss Amer-

ica", whic h are t ypical studio sequences.

Class 2

Sequences ha ving non-uniform but �xed bac kground, for instance, \T rev or" and \Sales-

man", whic h are t ypical in-house videotelephon y sequences.

Class 4

Sequences ha ving mo v emen t in a non-uniform bac kground, for example, \Carphone",

whic h has mo v emen t in the bac kground due to camera vibration and due to the pass-

ing landscap e seen through the windo ws, and \F oreman", whic h has mo v emen t in the

bac kground due only to mo v emen ts of the hand-held camera.

Segmen tation of these classes of sequences has v arious degrees of di�cult y , and for eac h one

there are preferred segmen tation tec hniques:

� Sequences of classes 1 and 3 can b e segmen ted using b oth 2D and 3D segmen tation

tec hniques [99, 160].
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� Sequences of class 2 p ose more problems to 2D tec hniques b ecause of the non-uniform

bac kground. It is not simple to distinguish the sp eak er from the complex bac kground.

Ho w ev er, if the sp eak er is mo ving, and she usually is, 3D tec hniques ma y b e used to obtain

a �rst appro ximation to the sp eak er's p osition [99, 160]. This information ma y then b e

used to restrict the searc h area for 2D tec hniques [99].

� Sequences of class 4 are more di�cult to segmen t. F or these (t ypically mobile) sequences

sp ecial metho ds m ust b e devised. The main con tribution of the prop osed algorithm is its

abilit y to cop e reasonably with sequences of this class.

Eac h class is segmen ted here using di�eren t lo w-lev el op erators. F or instance, sequences of

classes 1 and 3 can b e pro cessed using only 2D op erators, whic h ha v e a v ery small resp onse

in the uniform bac kground, or a com bination of 2D and 3D op erators, while class 2 sequences

are b etter dealt with using only 3D op erators, as they do not resp ond to a �xed bac kground,

ho w ev er structured it ma y b e.

It is v ery imp ortan t for the algorithm to b e able to detect the class of the input sequence

automatically . Note that class detection is applied to eac h image in a sequence and th us the

class of a sequence ma y c hange o v er time, as will b e explained in the next section.

Class detection

Class detection is implemen ted in a v ery simple w a y in this algorithm. First, the t w o transition

strength op erators used in the algorithm, Sob el and image di�erence, are applied to the curren t

image. Eac h result is then passed through the corresp onding edge lo calization pro cess, whic h

in v olv es the use of a v ariable threshold. Notice that, for class detection purp oses, the use of a

v ariable threshold is not necessary . Ho w ev er, since the results of thresholding Sob el and image

di�erence are used in the steps of the algorithm follo wing class detection, the computational

e�ort is th us reduced. The results are �nally analyzed in three zones, sho wn if Figure 4.7, in

whic h the probabilit y of �nding some part of the sp eak er's head or b o dy is lo w.

If the activit y , measured as the p ercen tage of detected pixels of the edge lo calized Sob el op erator,

is ab o v e 2% in an y of the three zones, the sequence is assumed to ha v e a non-uniform, structured

bac kground. Similarly , if the activit y of the edge lo calized image di�erence op erator is ab o v e

0 : 2% in an y of the men tioned zones, the sequence is considered to ha v e motion in the bac kground.

Three detection zones of comparable size are used instead of a single one since a v ery lo calized

mo v emen t or structure ma y b e easily missed when a single large zone is used, and using a smaller

threshold migh t lead to erroneously detection of apparen t bac kground motion or structure

caused b y noise.

This t yp e of detection leads to go o d results for t ypical videotelephone sequences. It ma y ho w ev er

fail in images where the sp eak er mo v es in to one of the analyzed zones. When this happ ens,

some images of a class 1, 2, or 3 sequence can b e mistak enly detected as b elonging to class 4.

Ho w ev er, since the tec hniques used for the segmen tation of class 4 sequences are more robust

than for an y of the other classes, this will v ery lik ely cause little problem.
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1 2

3 3

Figure 4.7: Class detection zones in a CIF image (divided in to a MB spaced grid).

A common problem that o ccurs with class detection, if no further pro cessing is done, is the

o ccasional classi�cation of an image, within a class 4 sequence, as b elonging to class 2. This

usually o ccurs either when the camera instan tly stops b et w een t w o pan mo v emen ts or at the

ap ogee of a camera oscillation. F or reasons related to the use of memory in class 2 sequences,

this o ccasional detection of a class 2 image ma y b e problematic. Th us, the algorithm w as

implemen ted in suc h a w a y that after t w o or more successiv e class 4 images, a c hange in to class

2 only o ccurs after at least three successiv e class 2 images are detected.

Activit y measures

The purp ose of the lo w-lev el op erators in the segmen tation algorithm is not so m uc h to detect

edges as to detect the activit y , hop efully the sp eak er activit y , within eac h image. High activ-

ities should indicate the presence of the sp eak er, while lo w activities should b e found in the

bac kground. It is th us clear that the activit y measuremen t pro cess should v ary according to

the class of the sequence.

Classes 1 and 3

In this case, where the bac kground is uniform, activit y ma y b e obtained using solely 2D op era-

tors. In this algorithm, ho w ev er, 3D op erators where also used, as a w a y to impro v e detection

when the sp eak er mo v es. Activit y is obtained as follo ws:

1. apply the purge op erator to the edge lo calized image di�erence;

2. apply the \or" op erator to the matrix resulting from the previous step and to the edge

lo calized Sob el; and

3. apply the �ll op erator to the result of the previous step.
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Class 2

In this case the bac kground is structured but it has no motion. Th us, only 3D op erators are

used. Activit y is obtained as follo ws:

1. apply the purge op erator to the edge lo calized image di�erence; and

2. apply the �ll op erator to the result of the previous step.

This pro cedure eliminates isolated detected pixels but reinforces the di�erences whenev er they

are strong.

Class 4

This class cannot b e dealt with b y using only one t yp e of op erator. Using only 2D op erators

ma y mak e it di�cult to distinguish the sp eak er from the structured bac kground, while using

only di�erences ma y ha v e the same problem whenev er the bac kground motion is comparable to

that of the sp eak er. It th us uses b oth kinds of op erators, as class 2 do es, though the activit y is

computed di�eren tly:

1. apply the purge op erator to the edge lo calized image di�erence (the v ariable threshold

applied to the image di�erence no w v aries with the image rate, as men tioned b efore);

2. apply the \or" op erator to the matrix resulting from the previous step and to the edge

lo calized Sob el; and

3. apply the purge op erator to the result of the previous step.

The last step is to purge, instead of to �ll, as in classes 1 and 2, b ecause mo ving structured

bac kgrounds tend to pro duce a to o dense activit y pattern.

Resolution con v ersion

After class detection and activit y measuremen ts, the next step is to con v ert the pixel lev el

activit y to a MB lev el activit y matrix. This con v ersion is mak e in t w o phases:

1. the activit y matrix is decimated from pixel to MB resolution, and

2. the resulting MB lev el activit y matrix is �ltered to eliminate spurious detections.

Decimation

F or class 4 images, decimation is done simply b y coun ting the n um b er of detected pixels in eac h

MB. If the coun t exceeds a giv en threshold, the MB is activ e.

F or class 1, 2 and 3 images, the decimation is �rst p erformed to blo c k lev el, using the same

metho d as b efore, and then to MB lev el: a MB is activ e if an y of its blo c ks is detected.

The di�erence b et w een class 4 images and class 1, 2, and 3 images is that the latter tend to

pro duce more concen trated activities, whic h migh t fail to b e detected if decimating directly to
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MB lev el, unless the threshold w ould b e set to a lo w er v alue. Ho w ev er, reducing the threshold

w ould lead the erroneous detection of regions with more sparsely distributed activities.

Di�eren t thresholds are main tained for eac h class whic h are also c hanged adaptiv ely , according

to the qualit y con trol, so as to matc h the curren t sequence c haracteristics, as will b e seen later.

Filtering

The �ltering pro cess consists in the application of a series of op erators:

1. An y inactiv e MBs b et w een t w o activ e MBs in a line are c hanged to activ e. Ho w ev er, this

only happ ens if the MB to b e c hanged is within the kno wledge-based mask in Figure 4.8(b).

2. Inactiv e MBs with three activ e 4-neigh b ors are set to activ e. This �lling, ho w ev er, a v oids

�lling the nec k of the sp eak er, whic h is the only conca v e part of the t ypical sp eak er's

con tour: if the inactiv e MB b elongs to the left half of the image, hence probably also to

the left half of the sp eak er, and has its righ t, top and b ottom neigh b ors activ e, then it

will b e �lled only if its left neigh b or is also activ e.

3. Segmen ts of lines of at least t w o activ e MBs are cleared, since the sp eak er's silhouette

rarely con tains suc h features.

4. Activ e MBs without an y activ e 4-neigh b ors are cleared.

Only sequences of classes 1 to 3 undergo this �ltering phase. This t yp e of �ltering is not

con v enien t for class 4 sequences since these sequences require more sophisticated geometrical

metho ds. F or class 2 sequences the �ltering is applied only after imp osing memory , since often

to few MBs are selected without recourse to memory .

Inertia

In t ypical videotelephone sequences, ev en in mobile ones, there is usually considerable redun-

dancy in the ev olution of the sp eak er's p osition: c hanges are mostly relativ ely small from one

image to the next. This fact can b e used to adv an tage b y building some inertia in to the seg-

men tation pro cess.

A momen tum matrix, with v alues b et w een 0 and 1, is up dated after the segmen tation of eac h

image. A matrix elemen t whic h is close to 1 signals a MB whic h has b een activ e often in the

short past. After resolution con v ersion to MB lev el, the momen tum matrix is used to correct

the matrix of activ e MBs.

Momen tum correction

Momen tum correction is a v ery simple pro cess: all inactiv e elemen ts in the MB activit y matrix

with a momen tum larger than a threshold are set as activ e and mark ed as ha ving b een adjusted
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b y this pro cess. The threshold v alue w as c hosen empirically as 0 : 39, whic h giv es go o d results

in practice.

Momen tum recalculation

Eac h elemen t M

n

[ i; j ] of the momen tum matrix at image n is up dated according to:

M

n +1

[ i; j ] = 0 : 7 M

n

[ i; j ] + 0 : 3 v

n

where v

n

= 1 if the MB [ i; j ] is activ e and has not b een adjusted during momen tum correction,

otherwise v

n

= 0.

The use of the adjustmen t information a v oids the arti�cial p erp etuation of activ e MBs. If a

MB w as activ e in sev eral images, and hence the corresp onding momen tum is appro ximately 1,

it will remain detected for at most the next t w o images, unless geometrical pro cessing c ho oses

to clear it.

Memory

F or class 2 sequences only the 3D image di�erence op erator is used. Th us, if the sp eak er do es

not mo v e enough, not enough MBs will b e considered activ e. The same thing ma y happ en if

the image rate is to o high. In order to solv e this problem, an extension to the inertia pro cess

describ ed ab o v e w as devised: memory .

Memory is imp osed during the pro cessing of class 2 images righ t after the resolution con v ersion.

There is a memory matrix con taining the n um b er of image p erio ds (i.e., the time in terv al)

during whic h a MB should b e arti�cially considered as activ e after it has b een found to b elong

to the sp eak er. This memory is dynamically adjusted so as to allo w the segmen tation to quic kly

adapt (b y reducing memory or ev en forgetting ab out the past) if the sp eak er starts mo ving

enough and to k eep a long memory if the sp eak er do es not mo v e enough.

Memory dynamics

The n um b er of MBs set after the resolution con v ersion is coun ted N

n

and a mo ving a v erage A

n

of it is k ept according to:

A

n

= 0 : 5 A

n � 1

+ 0 : 5 N

n

If N

n

is ab o v e 120 (more than the minim um t ypical sp eak er size) and A

n

is ab o v e 80, then the

memory matrix is reset, since the sp eak er's motion is strong enough to disp ense with the use

of memory .

If A

n

is b elo w 100 (less than the minim um t ypical sp eak er size) and the n um b er of MBs reduced

b y more than 10 from the previous image, then MBs ha ving a memory larger than zero and

smaller than 10 images ha v e their memory incremen ted b y 10 =r , where r is the ratio b et w een
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25 and the curren t image rate. This will tend to prolong the memory of previously detected

MBs when the sp eak er's motion starts to decrease.

The memory matrix is then decremen ted, thereb y reducing the memory of all MBs detected.

Finally , a memory is attributed to the curren t activ e MBs according to the v alue of A

n

:

1. if A

n

< 10, then memory is set to 100 =r ;

2. otherwise, if A

n

< 20, then memory is set to 80 =r ;

3. otherwise, if A

n

< 40, then memory is set to 50 =r ;

4. otherwise, if A

n

< 80, then memory is set to 30 =r ;

5. otherwise, memory is set to 1 =r ;

A t the �nal stage the MB activit y matrix is substituted b y the memory matrix. If an elemen t

in the memory matrix has a non-zero memory , the corresp onding elemen t in the activit y matrix

is considered activ e.

Geometrical pro cessing

As in termediate steps b et w een resolution con v ersion and qualit y estimation, sev eral geometric

kno wledge-based op erators are applied in order to build a segmen tation matrix from the MB

lev el activit y matrix. These op erators aim at pro ducing a segmen ted region whic h \mak es

sense", giv en that it should represen t a h uman sp eak er in a normal head-and-shoulders framing.

Some of these op erators use heuristic kno wledge-based masks ha ving highest v alues where it is

more lik ely to �nd part of the sp eak er's b o dy , see Figure 4.8.

Di�eren t op erators are applied to sequences of di�eren t classes.

Classes 1 to 3

F our op erators are applied in order:

1. All inactiv e MBs ha ving at least three activ e 4-neigh b ors are set to activ e. The pro cess is

con tin ued recursiv ely un til no c hanges are made. The c hanges, ho w ev er, are only allo w ed

to happ en inside the wide kno wledge-based mask in Figure 4.8(b). This op erator �lls

small holes inside the sp eak er's silhouette.

2. All activ e MBs ha ving no more than one activ e 4-neigh b or are set to inactiv e in a recursiv e

manner. This op erator clears erroneously detected MBs due to noise or structure in the

bac kground.

3. The connected comp onen ts of the activ e part of the MB activit y matrix are iden ti�ed. All

connected comp onen ts, except the largest, are cleared. The largest connected comp onen t

is k ept b ecause it is deemed to corresp ond to the sp eak er's silhouette. The connected
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(a) Narro w mask.

(b) Wide mask.

Figure 4.8: Kno wledge-based heuristic masks.
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comp onen ts are de�ned in terms of a 4-neigh b orho o d structure sup erimp osed to the MB

activit y matrix.

4. The connected comp onen ts of the inactiv e part of he MB activit y matrix are iden ti�ed.

They corresp ond to the bac kground. All bac kground connected comp onen ts with less than

10 MBs are set to activ e. Larger connected comp onen ts are only set to activ e if they do

not include an y MB whic h touc hes the b order of the image. I.e., of the larger bac kground

connected comp onen ts only those whic h are holes are cleared.

Class 4

The same op erators as for classes 1 to 3 are applied, but they are preceded b y:

1. The connected comp onen ts of the activ e part of the MB activit y matrix are iden ti�ed. All

connected comp onen ts, except the largest, are cleared, but only if these connected comp o-

nen ts do not ha v e an y MBs inside the narro w kno wledge-based mask in Figure 4.8(a). The

largest connected comp onen t is k ept b ecause it is deemed to corresp ond to the sp eak er's

silhouette. Unlik e the similar op erator whic h is applied in the case of sequences of classes 1

to 3, more than one connected comp onen t ma y result, since connected comp onen ts touc h-

ing the areas where the user ma y b e with a high probabilit y are not cleared. The connected

comp onen ts are again de�ned in terms of a 4-neigh b orho o d structure sup erimp osed to the

MB activit y matrix.

2. Inactiv e MBs with three activ e 4-neigh b ors are set to activ e. This �lling, ho w ev er, a v oids

�lling the nec k of the sp eak er using the same tec hnique as in the �ltering part of resolution

con v ersion.

3. Structures with shap es that are unlik ely to b elong to a real sp eak er's silhouette are cleared.

The op erator searc hes for suc h structures on the left and righ t sides of the estimated head

p osition. The shap es considered in v alid are those corresp onding to large regions connected

to a side of the head b y a small or highly b en t isthm us of activ e MBs.

4. Inactiv e MBs b et w een lines (at least t w o MBs long) of activ e MBs are set to activ e. This

often joins together the head and b o dy whic h w ould otherwise remain separated.

Nec k lo calization

Before qualit y estimation, the segmen tation result is analyzed so as to try to estimate the

p osition of the line separating head and b o dy , the nec k line. The algorithm dev elop ed for this

purp ose uses geometrical, kno wledge-based reasonings. It also uses feedbac k from the estimates

obtained in previous images in order to a v oid large c hanges from image to image caused b y

errors in the segmen tation results.

The nec k p osition estimation algorithm tries to estimate the head width and then searc hes from

top to b ottom for the �rst pair of MB lines whose width exceeds 1.7 times the head width.

These lines will lik ely corresp ond to the sp eak er's shoulders. Since the sp eak er's c hin often
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prolongs somewhat b elo w the line of the shoulders, the �rst of these shoulder lines is deemed

to b elong to the head and the second to the b o dy .

The estimated shoulder line is only allo w ed to c hange b y one MB line p er image, so as to a v erage

out errors during its estimation.

The activ e MBs are then classi�ed as either b elonging to the b o dy (those b elo w the shoulder

line) or to the head. If the shoulder line w as not found, no suc h distinction is made.

Kno wledge-based qualit y estimation

The qualit y estimation algorithm tries to ascertain whether the activ e MBs, whic h iden tify

those parts of the image (in MB resolution) where the sp eak er is b eliev ed to b e, corresp ond to

an appropriately sized and p ositioned sp eak er in a t ypical head-and-shoulders videotelephone

scene. It �rst coun ts the total n um b er T of detected MBs and the total n um b er T

K

of detected

MBs inside the narro w kno wledge-based mask (see Figure 4.8(a)). Then:

1. if T > 300, the sp eak er size is considered v ery large, and the segmen tation is discarded;

2. otherwise, if T > 200, the sp eak er size is considered large,

11

and hence the segmen tation

is discarded and the activit y resolution con v ersion threshold is increased (this c hange

a�ects only the subsequen t image);

3. otherwise, if T

K

< 0 : 5 T or if T < 60, the sp eak er p osition is considered displaced or

its size to o small, and th us the segmen tation is discarded and the activit y resolution

con v ersion threshold is reduced (a�ects the subsequen t image);

4. otherwise, the qualit y is acceptable, hence the segmen tation is accepted and no threshold

adjustmen ts are done.

The qualit y estimation describ ed so far w as dev elop ed mainly for segmen tation qualit y con trol

purp oses, though it do es reject lo w qualit y segmen tation results.

A di�eren t qualit y assessmen t pro cedure is also used, although this time only for the accep-

tance/rejection pro cess. It uses geometric kno wledge-based criteria to decide whether the seg-

men tation result, in term of the attained head and b o dy shap e, is acceptable. It is based on the

ratio b et w een head heigh t and visible b o dy heigh t in t ypical videotelephone scenes. If the b o dy

is wider than ab out 90% of the image width and the head heigh t is smaller than 56% of the

visible b o dy heigh t, then the shap e is declared disprop ortionate, the segmen tation is deemed

in v alid and its results are rejected.

Whenev er qualit y estimation leads to rejection, the segmen tation matrix is �lled with the v alue

represen ting bac kground ev erywhere. This situation often happ ens during the �rst few images

after a scene cut or a large pan or zo om. Suc h rejection of segmen tation results, in the framew ork

of �rst-generation video co ding tec hniques, is not to o problematic, unless it o ccurs often: it just

means that no qualit y discrimination will b e made during a rejection. Since qualit y tends to

increase and decrease slo wly in time when temp oral prediction is used in t ypical �rst-generation

co decs, the sub jectiv e impact of rejection of segmen tation results is small.

11

Alw a ys considering CIF format. The n um b er of MBs in CIF is 396, hence 200 corresp onds to activit y in a

little ab o v e half the image area.
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When the segmen tation results for a giv en image are considered unacceptable (region to o large,

to o small, or displaced) and hence rejected, the segmen tation of the next image is also rejected.

Since often rejection stems from scene cuts or large c hanges, this metho d allo ws for some

reco v ery time b efore segmen tation is accepted. The rationale b eing that it is b etter to ha v e no

segmen tation than to ha v e a bad segmen tation.

Qualit y con trol

The segmen tation algorithm uses dela y ed qualit y con trol: the estimated qualit y of the curren t

segmen tation a�ects only the segmen tation of future images. This metho d has the adv an tage

that is k eeps the computational requiremen ts of the algorithm small.

Qualit y con trol is done in t w o w a ys:

1. If the estimated segmen tation qualit y leads to considering the sp eak er size v ery large,

the inertia matrix is reset, th us eliminating partly eliminating in
uence of the past in to

the future. This mak es sense b ecause most rejections of segmen tation o ccurring for this

reason tak e place at scene c hanges, where the sequence c haracteristics v ary considerably

and c hanges from one image to the next are v ery large. In the case of class 2 sequences,

ho w ev er, memory is not reset, as it w ould th us lead to the slo w rebuilding of the segmen-

tation based solely on 3D op erators. The memory is reset only when the estimated class

c hanges.

2. The resolution con v ersion thresholds are c hanged according to the estimated qualit y in a

w a y whic h dep ends on the curren t image class:

Classes 1 and 3

The threshold is initially 13 pixels (ab out 20% of the pixels of a blo c k). When the

sp eak er size is deemed v ery large, the threshold is increased b y 6 (but limited to a

maxim um of 26, or 41%). When the sp eak er size is considered large, the threshold is

increased b y 3 (again limited to a maxim um of 26, or 41%). When the sp eak er size

is to o small or its p osition displaced, the threshold is reduced b y 6 (but limited to a

minim um v alue of 13, or 20%). Nothing c hanges otherwise.

Class 2

The threshold is initially 6 pixels (ab out 9% of the pixels of a blo c k). When the

sp eak er size is deemed v ery large, the threshold is increased b y 6 (but limited to a

maxim um of 26, or 41%). When the sp eak er size is considered large, the threshold is

increased b y 3 (again limited to a maxim um of 26, or 41%). When the sp eak er size

is to o small or its p osition displaced, the threshold is reduced b y 6 (but limited to a

minim um v alue of 1, or 2%). Nothing c hanges otherwise.

Class 4

The threshold is initially 110 pixels (ab out 43% of the pixels of a MB). When the

sp eak er size is deemed v ery large, the threshold is set to its initial v alue of 110 pixels.

When the sp eak er size is considered large, the threshold is increased b y 20 (but

limited to a maxim um of 173, or 68%). When the sp eak er size is to o small or its



4.4. A NEW KNO WLEDGE-BASED SEGMENT A TION ALGORITHM 151

p osition displaced, the threshold is reduced b y 15 (but limited to a minim um v alue

of 95, or 37%). When the sp eak er size and p osition are accepted, the threshold is

reduced b y 15, but only if it is larger than 125.

4.4.3 Computational e�ort

A thorough computational e�ort analysis of the algorithm has not b een done. Ho w ev er, compiler

optimized

12

co de segmen ting the \F oreman" sequence (a 25 Hz sequence consisting mostly of

class 4 images) in a Sun Sparc 10 sp en t ab out 40% of its time in the purge op erator, whic h

in v olv es just comparisons and memory addressing op erations. Also, the op eration in tensiv e

Sob el, requiring (with non-optimized co de) 11 N sums and 4 N m ultiplications b y 2 (shift lefts),

where N is the total n um b er of pixels, con tributed to ab out 10% of the time. Hence, the rest

of the pro cessing, though more in v olv ed from an algorithmic p oin t of view, did not accoun t

but to ab out 50% of the time. These �gures hin t that the co de e�ciency can b e increased b y

optimization and/or hardw are implemen tation of the bit-lev el op erators.

4.4.4 Results

Sev eral standard videotelephone test sequences w ere used:

\F oreman" (25 Hz)

Most of the time a class 4 sequence.

\Carphone" (25 Hz)

Most of the time a class 4 sequence.

\Claire" (10 Hz)

A t ypical class 1 sequence.

\Miss America" (10 Hz)

Also a t ypical class 1 sequence.

\T rev or" (second shot only , 10 Hz)

A t ypical class 2 sequence.

\Salesman" (30 Hz)

Also a class 2 sequence.

The \Claire", \Miss America" and \T rev or" sequences used are all part of a single 10 Hz image

rate sequence named \VTPH" (for videotelephone).

The results obtained w ere go o d, as can b e seen in the represen tativ e images in Figure 4.9.

Comparable results w ere obtained rep eating the ab o v e exp erimen ts for the same sequences

do wnsampled to 5 Hz image rate (do wnsampling b y image dropping). Notice that the �rst

12

Using a gcc 2.* compiler.
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image of the sequences is not segmen ted b y the algorithm, since there is no past image to b e

used b y the 3D op erators.

(a) \F oreman" image 2 (b) \Carphone" image 2

(c) \VTPH" image 2 (\Claire" image

6)

(d) \VTPH" image 126 (\Miss Amer-

ica" image 125)

(e) \VTPH" image 143 (\T rev or" im-

age 96)

(f ) "Salesman" image 10

Figure 4.9: Kno wledge-based segmen tation results for sev eral videotelephone sequences.
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4.4.5 Conclusions

A new MB lev el kno wledge-based segmen tation algorithm for videotelephone sequences has

b een dev elop ed whic h is able to cop e with a wide range of sequences. It w as dev elop ed has an

ev olution of the algorithms in [160 , 166]. The algorithm demands relativ ely lo w computational

p o w er, since most of the pro cessing is done at MB lev el, whic h has 256 less elemen ts than the

original images.

The algorithm is a go o d candidate for in tegration in v ery lo w bitrate �rst-generation video

co ders. The estimation of the sp eak er's p osition can b e used to impro v e the sub jectiv e qualit y

of the enco ded sequence b y increasing the ob jectiv e qualit y of the image at the sp eak er's face

and b o dy at the exp ense of a reduced ob jectiv e qualit y in the bac kground (whic h is sub jectiv ely

less imp ortan t).

A classi�cation of videotelephon y sequences has b een prop osed. According to it, sequences can

b e classi�ed as b elonging to classes 1 and 3|uniform bac kground|, class 2|non-uniform but

�xed bac kground|, and class 4|non-uniform mo ving bac kground.

4.5 RSST segmen tation algorithms

This section presen ts a new image segmen tation algorithm whic h is based on the RSST concept

[134 ] and on split & merge (with elimination of small regions) [72 ]. Unlik e [72 ], the regions

are merged b y order of similarit y (or uniformit y of the result), and the elimination of small

regions is but an in termediate step of the pro cess. Unlik e [134 ], the problem of small regions

is dealt with. Also, a mathematical morphology image simpli�cation tec hnique is prop osed

for application b efore segmen tation, whic h is t ypically used in W atershed algorithms suc h as

the one in Sesame [30]. The resulting algorithm has a p erformance comparable to the RSST

algorithm in [194 ], although with a sligh tly less elegan t form ulation. This algorithm is the result

of collectiv e w ork, and w as �rst prop osed in [32 , 33].

The new algorithm presen ted is compared with the RSST algorithm prop osed in [194 ], and

with its extension using an a�ne, instead of 
at, region mo del. The p erformance of these other

algorithms is also assessed when the image simpli�cation pre-pro cessing and the split phase of

the new algorithm are added.

The outline of the new algorithm is as follo ws. Images are �rst simpli�ed using a mathematical

morphology op erator, whic h attempts to eliminate less p erceptually relev an t details. The sim-

pli�ed image is then split according to a QPT and the resulting regions are then merged using

one of three criteria: merge, elimination of small regions and con trol of the n um b er of regions.

The split phase generally pro duces an o v er-segmen ted image, its in terest stemming from the re-

duction in the total n um b er of regions, whic h leads to a reduced computational e�ort, esp ecially

when compared to the t ypical region merging solutions, where eac h pixel is initially considered

as an individual region.

The merge criterion merges successiv ely the most similar adjacen t regions resulting from the
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split step, th us remo ving the false b oundaries in tro duced b y the QPT structure used.

The elimination of small regions criterion remo v es a large n um b er of the small, often less rel-

ev an t, regions whic h t ypically result when the merge criterion starts to fail. If not eliminated,

small regions lead frequen tly to an erroneous �nal segmen tation, since they ha v e a large con-

trast relativ e to their surroundings. Small regions are eliminated b y merging them to their most

similar neigh b oring regions.

The con trol of the n um b er of regions criterion is similar to the merge step. Ho w ev er, this

criterion fails when a certain �nal n um b er of regions is attained (or, alternativ ely , when a

threshold of region dissimilarit y is exceeded).

A t eac h step the algorithm pro duces segmen ted images with one less region. Hence, it can

b e seen as originating an image hierarc h y with increasing simpli�cation lev els. There are t w o

sources of image simpli�cation in the algorithm. Firstly , simpli�cation in a pre-pro cessing step,

whic h eliminates details whic h are deemed irrelev an t b efore applying the three other steps of the

algorithm: merging, eliminating small regions, and con trolling the n um b er of regions. Secondly ,

the segmen tation itself can b e seen as successiv ely simplifying the image, b y appro ximating it

with the same region mo del (in the case the 
at region mo del) o v er larger and larger regions.

4.5.1 Pre-pro cessing

Since more often than not images are mean t to b e appreciated b y h umans, the econom y of

represen tation mandates that details whic h are p erceptually less relev an t from the HVS p oin t

of view should b e eliminated as m uc h as p ossible. This pro cess is lab eled simpli�cation. It is

done in part b y the segmen tation algorithm itself, but it ma y b e adv an tageous to simplify the

image b efore p erforming segmen tation prop er. The purp ose of the pre-pro cessing stage is th us

to simplify the original image in order to eliminate at least part of the less relev an t information.

Inciden tally , this ma y also reduce the computational load of the subsequen t segmen tation steps.

A t ypical metho d of simplifying an image is b y using lo w pass �lters with an appropriate region

of supp ort (t ypically a �nite windo w, so that FIR �lters can b e used). Ho w ev er, these �lters tend

to atten uate the color transitions corresp onding to ph ysical edges. Some ma y ev en mo dify their

p osition. These e�ects can ha v e a v ery negativ e impact on the segmen tation results, esp ecially

in terms of b oundary lo calization.

T o ols without the aforemen tioned problems ha v e b een prop osed in [176 ], namely the op ening-

closing b y reconstruction op erator '


( r ec )( n )

( � )

'
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and the closing-op ening b y reconstruction op erator 
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( I )) ;

b oth of whic h pro duce comparable (if di�eren t in general) results. These mathematical mor-

phology op erators [181 , 180 ] are based on geo desic erosion and dilation op erators as sp eci�ed

in [34 ] (see also [33 ] for details).
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These op ening-closing and closing-op ening op erators b y reconstruction eliminate b oth brigh t

and dark details without corrupting thin edges and without a�ecting edge p ositioning. Fig-

ure 4.10 exempli�es its application to image 50 of the \T able T ennis" sequence. In this w ork,

simpli�cation w as alw a ys p erformed b y �rst con v erting the sequence to R

0

G

0

B

0

color space and

then simplifying eac h color comp onen t of the image separately . This is arguably not an optimal

solution, since the simpli�cations are th us in tro duced indep enden tly in eac h comp onen t. Ho w-

ev er, these non-linear op erators do not translate easily in to a non-scalar w orld and, b esides, the

results obtained in practice seem to b e acceptable.

In simpli�cation there is a trade-o� b et w een computational load and �nal segmen tation qualit y .

Increasing to o m uc h the simpli�cation reduces the computational load, but can also decrease

the �nal segmen tation qualit y . On the other hand, an adequate simpli�cation degree ma y in

fact impro v e the segmen tation results b y reducing the e�ect of undesirable image features, suc h

as noise and less relev an t details.

4.5.2 Segmen tation algorithm

The segmen tation algorithm consists of t w o phases: the split phase and the merge phase.

Split

During the split phase, the image is recursiv ely split in to smaller regions according to a QPT

structure. A t eac h step a region is analyzed and, if it is considered inhomogeneous, it is split in to

four. The adopted homogeneit y criteria w as the dynamic range, since the use of the v ariance

or the use of the similarit y b et w een the a v erage colors of the four sub-regions b oth w ere found

in [33 ] to lead to w orst results. Hence, for an image i [ � ] to segmen t, a rectangular region R is

split if max

v 2 R

i [ v ] � min

v 2 R

i [ v ] � t

s

, where t

s

is the split threshold.

The main purp ose of this step is to reduce the computational load of the merge step and hence

of the o v erall algorithm: the smaller the initial n um b er of regions for the merging steps, the less

memory is used. There is a compromise b et w een computational e�ort and segmen tation qualit y:

the higher the threshold, the lo w er the n um b er of regions and hence computational costs, but the

higher the inhomogeneit y of the resulting regions. In order to a v oid compromising segmen tation

qualit y , the split threshold is t ypically set to a lo w v alue, so that after the split step the regions

ha v e a nearly constan t grey lev el. In this w ork a threshold of t

s

= 12 has b een c hosen empirically

so as to lead to acceptable results for a wide range of test sequences.

Merge

Merging is actually based on three criteria, whic h are tried in sequence at eac h step of the

algorithm. First, an attempt to merge b y order of region similarit y is p erformed: the t w o most

similar adjacen t regions are merged, but only if their color distance is small enough. If the

previous criterion fails, the smallest region, if considered small enough, is merged to its most

similar neigh b oring region. If that also fails, then the t w o most similar adjacen t regions are
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(a) Original.

(b) Simpli�cation of eac h R

0

G

0

B

0

comp onen t with the

op ening-closing b y reconstruction op erator using a 3 � 3

structuring elemen t.

Figure 4.10: \T able T ennis" image 50.
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merged, but no w only if the n um b er of regions in the partition still exceeds the n um b er of

required regions. These three criteria will b e detailed in the follo wing.

Merge b y similarit y

This is the �rst criterion of the merge phase of the algorithm. Merging, in this case, is based on

the distance b et w een the a v erage colors of the pairs of adjacen t regions, as in [134]. In [33 ] t w o

di�eren t homogeneit y criteria w ere tested, namely the dynamic range and the v ariance of the

color on the union of the t w o regions. Both alternativ es w ere discarded since they consisten tly

led to w orst results. As in [134 ], regions are merged in non-decreasing order of similarit y . In

this case, ho w ev er, the merge tak es place only if the color distance of the t w o regions to b e

merged is b elo w the so-called merge threshold t

m

.

Elimination of small regions

This is the second criterion of the merge phase of the algorithm. Man y small, p erceptually

less relev an t, regions tend to remain after the merge step. These regions are usually con trasted

with their surroundings, and hence are not easily merged in to the larger, more p erceptually

relev an t, neigh b ors b y the merge b y similarit y criterion of the previous section. These small

regions, if not dealt with adequately , usually lead to erroneous �nal results. It is common, if

small regions are not eliminated, that the ma jorit y of the �nal regions are small and more often

than not irrelev an t, while the most p erceptually relev an t regions are merged together or in to

the bac kground.

In this step, an y region not larger than 0 : 004% of the total image area (4 pixels in a CIF image)

is eliminated. Afterw ards, regions smaller than 0 : 02% of the total image area (20 pixels in a CIF

image) are eliminated b y increasing size, but only while the o v erall area of eliminated regions

is not larger than 10% of the total image area. In case of size ties, the similarit y b et w een

the small regions and an y of their neigh b ors is used to decide whic h of the small regions to

eliminate. The thresholds w ere c hosen empirically so as to lead to reasonable results for a

wide v ariet y of test images. This algorithm outp erforms the one in [134 ], since the problem

of small regions w as not considered there. An ev olution of the algorithm in [134 ], presen ted

in [194 ], minimizes con tributions to the global appro ximation error, and yields results whic h are

generally b etter. It has the additional adv an tage that it do es not recur to empirical thresholds

and ad-ho c elimination of small regions.

The elimination, in the algorithm prop osed here, is alw a ys done b y merging the small regions

to the most similar adjacen t region. When merging a small region in to a larger neigh b or, the

algorithm do es not c hange the larger neigh b or parameters (e.g., grey lev el a v erage, v ariance,

etc.). Th us, small regions do not \p ollute" the a v erage color of the larger regions they are

merged to.
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Con trol of the n um b er of regions

The ob jectiv e of the third criterion of the merge phase is to con trol the segmen tation result in

terms of the �nal n um b er of regions. It is equal to the merge step, though no w the pro cess

stops when the required n um b er of regions is attained. Since this step successiv ely pro duces

segmen ted images with a decreasing n um b er of signi�can t regions, it can b e seen as originating

an image hierarc h y with increasing simpli�cation lev els.

In comparison to the algorithm in [194 ], where a maxim um global appro ximation error can b e

used to decide when to stop the algorithm (using a single threshold), either the �nal n um b er

of regions or the maxim um color distance of the regions ha v e to b e used, b oth of whic h ha v e a

m uc h less clear relation to the global segmen tation qualit y .

4.5.3 Results and discussion

The algorithm prop osed in the previous sections is compared with the RSST algorithm presen ted

in [194 ], whic h uses a 
at region mo del, and with the RSST algorithm in [194 ] up dated to use

the a�ne region mo del. These algorithms will b e referred to as new RSST, 
at RSST, and a�ne

RSST, resp ectiv ely , ev en though the last t w o are actually the same algorithm using di�eren t

region mo dels. The last t w o algorithms w ere also tried with an initial split phase, so as to

observ e the c hanges in results in terms of qualit y and computational e�ciency .

The next section describ es the exp erimen tal conditions, and the ones follo wing it presen t and

discuss the results. First the new RSST algorithm will b e discussed. Then, it will b e compared

to the 
at RSST algorithm. Finally , the strengths and w eaknesses of the a�ne region mo del will

b e assessed b y comparing the 
at and a�ne RSST algorithms. These comparisons all assume

algorithms without a split phase. The adv an tages of the split phase will b e dealt with in a

separate section.

Exp erimen tal conditions

The new RSST segmen tation algorithm w as run alw a ys with t

s

= 12 (when a split phase w as

used) and t

m

= 10. These sp eci�c thresholds w ere c hosen empirically , since it w as observ ed

that they led to reasonable results for a wide range of images.

The test images are the �rst images of some of the sequences describ ed in App endix A. All

exp erimen ts w ere run un til a �nal n um b er of 25 regions w as attained, with a few exceptions

where, in order to sho w some sp ecial feature of an algorithm, a smaller n um b er of regions w as

used. Since a �xed n um b er of regions w as used, the results should b e compared according to

the o v erall uniformit y , or appro ximation qualit y . Notice that the in v erse pro cedure migh t b e

used, i.e., establishing a �nal qualit y and comparing the n um b er of regions required. Ho w ev er,

since the new RSST algorithm do es not aim explicitly at maximizing qualit y , this w ould com-

plicate the stopping condition of the algorithm needlessly . In practice, on the other hand, b oth

ob jectiv es (a giv en qualit y with the smallest p ossible n um b er of regions, or the highest p ossible

qualit y for a giv en n um b er of regions) ma y mak e sense dep ending on the application.
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The test images are all either CIF of QCIF (Quarter-CIF) in terms of spatial resolution. Re-

gardless of the size of the image to segmen t, ho w ev er, and b efore the split phase (when it exists),

the image has b een unconditionally split in to 32 � 32 blo c ks, instead of starting with the whole

image.

13

In those cases where the split phase is not used, the image is initially divided in to

blo c ks of a giv en size, t ypically with a single pixel.

When simpli�cation is used, a 3 � 3 ( n = 1) structuring elemen t (see Figure 4.10) w as c hosen

empirically , since it pro duced go o d results for a wide range of images.

The segmen tation results are presen ted in the form of a picture where the region b orders are

dra wn in blac k and the region in teriors are dra wn according to the estimated parameters of the

parametric mo del used (i.e., either the 
at region mo del, for the new and 
at RSST, or the

a�ne region mo del, for the a�ne RSST) or with the texture of the original image.

The new RSST algorithm

Image simpli�cation and elimination of small regions

Figure 4.11 sho ws the same test image segmen ted with the new RSST algorithm. The result

using b oth pre-pro cessing (image simpli�cation) and elimination of small regions can b e seen

to b e acceptable. Ho w ev er, neither elimination of small regions nor image simpli�cation b y

themselv es yield acceptable results (remem b er that the four results ha v e exactly 25 regions).

Image simpli�cation, on the one hand, has a limited p o w er in remo ving detail: if a windo w

larger than 3 � 3 is used, and ev en though the morphological �lter used tends to preserv e edges,

the b oundary p ositioning su�ers. On the other hand, small region remo v al, b eing based solely

on region size, can hardly solv e the problem in a totally generic w a y . The com bination of the

t w o, ho w ev er, yields an algorithm whic h is m uc h more robust, ev en though somewhat inferior

to the 
at RSST, as will b e seen in the next sections.

Notice that, without either simpli�cation or remo v al of small regions, a considerable prop ortion

of the total n um b er of regions is rather small and p erceptually irrelev an t. They exist as separate

regions b ecause they ha v e a strong con trast to their surroundings. None of the RSST algorithms

(new, 
at, and a�ne) fully solv es the problem of selecting regions according to their p erceptual

relev ance. Ho w ev er, it will b e seen that 
at and a�ne RSST partially solv e the problem b y

implicitly assuming larger regions to b e more relev an t than smaller ones, instead of relying

solely on con trast, as do es the new RSST when small regions are not remo v ed.

Also notice that, without remo v al of small regions and without the split phase, the new RSST

algorithm is essen tially the same as the RSST algorithm in [134 ].

The results presen ted in the follo wing sections for the new RSST algorithm assume that image

simpli�cation and remo v al of small regions are indeed p erformed.

13

F or images whose size is not a m ultiple of 32, whic h is the case of the QCIF test images, the top-leftmost

blo c k is alw a ys 32 � 32, whic h means the blo c ks along the b ottom and righ t b order of the image ma y b e rectangles.
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(a) Without small region remo v al, without sim-

pli�cation.

(b) Without small region remo v al, with simpli�-

cation.

(c) With small region remo v al, without simpli�-

cation.

(d) With small region remo v al, with simpli�ca-

tion.

Figure 4.11: \Claire" image 0: segmen tation in to 25 regions using the new RSST algorithm

(without the split phase).
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Con trol of the n um b er of regions

This step con trols the �nal n um b er of segmen tation regions, hence implicitly con trolling the �nal

lev el of detail of the segmen tation. Figure 4.12 sho ws the results of the new RSST algorithm

with 20 to 5 regions. It can b e clearly seen that these segmen tations form a hierarc h y of

decreasing detail.

(a) 20 regions. (b) 15 regions.

(c) 10 regions. (d) 5 regions.

Figure 4.12: \Claire" image 0: segmen tation in to 20 to 5 regions using the new RSST algorithm

(without the split phase).
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The 
at RSST algorithm

Image simpli�cation

Image simpli�cation, as a pre-pro cessing step, do es not yield signi�can t impro v emen ts in the

case of the 
at RSST algorithm. An example can b e found in Figure 4.13, where the \Carphone"

sequence is segmen ted with and without simpli�cation. This insensitiv eness to the e�ects of

simpli�cation are due to the fact that, in algorithms attempting to reduce the global appro xi-

mation error, as is the case of the 
at RSST algorithm, small regions tend to b e merged so oner.

Hence, segmen tation itself can b e seen as a simpli�cation pro cess, whic h eliminates successiv ely

the details of the image, and a simpli�cation pre-pro cessing step is redundan t.

Since simpli�cation, for algorithms attempting to minimize the global appro ximation error,

is p erformed b y the algorithm itself, the results presen ted in the follo wing for b oth the 
at

and a�ne RSST algorithms assume that no image simplifying pre-pro cessing is done prior to

segmen tation.

Comparison with the new RSST algorithm

Figure 4.14 sho ws segmen tation results of four di�eren t test images using the new and the 
at

RSST algorithms. The same segmen tation results are sho wn in Figure 4.15 sup erimp osed on

the original images, so that the b oundary accuracy can b e assessed more easily .

F or all but the \Flo w er Garden" sequence the results attained are comparable, if sligh tly b etter

in the case of the 
at RSST. Flat RSST seems to yield regions whic h are globally more signi�can t,

ev en though it tends to eliminate small details whic h are seman tically relev an t but whic h do

not con tribute m uc h to the global error. It is the case of the ey es of \Claire" and the shades

in the ball in \T able T ennis". Ho w ev er, it m ust b e remem b ered that these details are tak en

in to accoun t in the new RSST algorithm not b ecause of their seman tical relev ance, but simply

b ecause they are con trasted to their surroundings. Also, 
at RSST tends to pro duce more

false con tours, i.e., region b oundaries neither corresp onding to transitions in the image nor to

ph ysical edges in the scene. Ho w ev er, these false con tours stem not so m uc h from the algorithm

as from the mo del used. As will b e seen in the next section, more sophisticated region mo dels

tend to solv e the false con tour problem. Other metho ds for remo ving false con tours can b e

found in [194 ].

In the case of the \Flo w er Garden" sequence the 
at RSST algorithm greatly outp erforms

the new RSST algorithm. This is due to the fact that the new RSST algorithm relies on

a somewhat ad-ho c metho d for remo ving small regions, whic h are v ery abundan t in suc h a

textured image. The parameters (thresholds) used in the elimination of small region criterion

w ere c hosen empirically so as to yield acceptable results in general. The fact that there are

sequences suc h as \Flo w er Garden" where the new RSST algorithm fails (unless the thresholds

are adjusted in a rather ad-ho c w a y) and the fact that the 
at RSST yields acceptable results

also for these problematic sequences, pro v es that the 
at RSST algorithm is indeed more generic

than the new RSST algorithm.
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(a) Without simpli�cation

(b) With simpli�cation

Figure 4.13: \Carphone" image 0: segmen tation in to 25 regions using the 
at RSST algorithm.
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Figure 4.14: \Carphone", \Claire", \Flo w er Garden", and \T able T ennis" (image 0): segmen-

tation in to 25 regions using the new RSST algorithm (left) and the 
at RSST algorithm (righ t).

No split phase w as used.
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Figure 4.15: \Carphone", \Claire", \Flo w er Garden", and \T able T ennis" (image 0): segmen-

tation in to 25 regions using the new RSST algorithm (left) and the 
at RSST algorithm (righ t).

No split phase w as used. Boundaries sup erimp osed on the original.
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Using an a�ne mo del

The RSST algorithm prop osed in [194 ], whic h uses the 
at region mo del, w as adapted to use

the a�ne region mo del. Figure 4.16 sho ws the results of segmen ting a few test images with suc h

an algorithm.

It m ust b e noticed here that the images segmen ted in Figure 4.16 are QCIF size. This is due to

the fact that the region mo del parameters o ccup y considerable more memory for the a�ne region

mo del than for the 
at region mo del, whic h rendered segmen tation of CIF images impractical

whenev er a split phase w as not used. Ho w ev er, the implemen tation of the algorithms did not

attempt to minimize the required memory . With a suitably optimized implemen tation, CIF

images and b ey ond migh t w ell b e within the p o w ers of a normal PC.

The results sho w considerable b oundary raggedness. The reason for this raggedness is that

the a�ne mo del adjusts with error zero to an y region with up to three pixels (in 2D). Hence,

when starting from one-pixel regions, the �rst merges are essen tially random, since all merges

con tribute zero to the global error, and the algorithm do es not sp ecify what to do in case of ties.

Despite this fact, it can b e seen that the mo del is p o w erful enough to represen t shaded areas,

for instance in the building in the bac kground of \F oreman" or in the arm of \T able T ennis".

Comparison with the 
at RSST algorithm

Figure 4.17 sho ws the comparison of the a�ne mo del to the 
at mo del (b oth in the framew ork

of a global error minimization RSST, i.e., 
at and a�ne RSST), when the image is initially

split in to 2 � 2 blo c ks. An area of four w as c hosen to a v oid the problem describ ed ab o v e of

o v er adjustmen t of the mo del to the data inside v ery small regions, whic h leads to b oundary

raggedness. Since the initial n um b er of regions is divided b y four, the results are presen ted

for CIF sized sequences, whic h ha v e the same memory requiremen ts. The same segmen tation

results are sho wn in Figure 4.18 sup erimp osed on the original images, so that the b oundary

accuracy can b e assessed more easily .

The use of initial 2 � 2 blo c ks leads to inevitable loss of resolution in b oundary p ositioning.

Ho w ev er, when the 
at region mo del is used in the same circumstances, the a�ne region mo del

leads to an econom y of represen tation whic h is not p ossible with the 
at mo del. See for instance

the red sleev e or the ball in \T able T ennis", whic h are no w w ell represen ted with a smaller

n um b er of regions. Also, the use of more p o w erful region mo dels leads to less false con tours, as

can b e seen in the bac kground of \T able T ennis" and \Claire".

The use of 2 � 2 blo c ks has other dra wbac ks, b esides lost resolution in b oundary p ositions. A

blo c k ma y fall in a transition whic h is t w o pixels thic k, th us creating a new region whic h ma y

nev er again b e merged to either side. Both these problems migh t b e solv ed b y an impro v ed

algorithm where the resulting regions migh t b e split wherev er necessary and then re-merged, or

simply b y p ost-pro cessing the b oundaries pixel b y pixel, deciding whether they should b elong

or not to an y of the adjacen t regions [146 ].



4.5. RSST SEGMENT A TION ALGORITHMS 167

Figure 4.16: \Carphone", \Claire", \F oreman", and \T able T ennis" (QCIF, image 0): segmen-

tation in to 25 regions using the a�ne RSST algorithm; b oundaries sup erimp osed o v er the color

according to the estimated region mo del parameters (left) and o v er the original image (righ t).

No split phase w as used.
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Figure 4.17: \Carphone", \Claire", \Flo w er Garden", and \T able T ennis" (image 0): segmen ta-

tion in to 25 regions using the 
at RSST algorithm (left) and the a�ne RSST algorithm (righ t).

Images initially split in to 2 � 2 blo c ks.
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Figure 4.18: \Carphone", \Claire", \Flo w er Garden", and \T able T ennis" (image 0): segmen ta-

tion in to 25 regions using the 
at RSST algorithm (left) and the a�ne RSST algorithm (righ t).

Images initially split in to 2 � 2 blo c ks. Boundaries sup erimp osed on the original.
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Adv an tage of using a split phase

Figure 4.19 sho ws the segmen tation of the �rst image of the QCIF \Carphone" using the a�ne

RSST with and without a split phase.

(a) Without split.

(b) With split.

Figure 4.19: QCIF \Carphone" image 0: segmen tation in to 25 regions using the a�ne RSST

algorithm.

These results sho w clearly that the use of a split phase, aside from leading to considerable

increase of computational e�ciency and reductions in memory requiremen ts, has a v ery p os-

itiv e impact on the p erformance of the algorithm. This p erformance can also b e assessed in

Figure 4.20, whic h compares the 
at RSST algorithm (without split) with the a�ne RSST al-



4.5. RSST SEGMENT A TION ALGORITHMS 171

gorithm using the split phase, this time applied to the CIF \Carphone". Notice that, as will b e

seen in the next section, the split phase do es not yield signi�can t impro v emen ts in segmen tation

qualit y in the case of the 
at RSST. In fact, the a�ne RSST is the only algorithm whose seg-

men tation qualit y impro v es with a split phase. This e�ect is easily explained b y the fact that,

using a split phase, the attained regions are seldom small, th us a v oiding the o v er adjustmen t

describ ed previously .

(a) Flat RSST without split.

(b) A�ne RSST with split.

Figure 4.20: \Carphone" image 0: segmen tation in to 25 regions.

It ma y b e argued, and probably v ery righ tly so, that the results migh t b e further impro v ed if

splitting w ere done also using the a�ne mo del; for instance, b y splitting regions while the a v erage

squared appro ximation error is ab o v e a threshold. This issue, as w ell as the more in teresting
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problem of re
ecting in the split phase the ob jectiv e of minimizing the glob al appro ximation

error, ha v e b een left for future w ork.

The split phase

Impact on segmen tation qualit y

It w as sho wn previously that using a split phase in the a�ne RSST algorithm is a go o d w a y

of a v oiding the o v er adjustmen t problems for small regions c haracteristic of the a�ne mo del.

Figure 4.21 sho ws results of applying the new and 
at RSST algorithms with and without a

split phase to the �rst image of \Claire".

The qualit y of the new and 
at RSST algorithms' results are not strongly a�ected b y the split

phase. This fact ma y b e con�rmed for a wide range of test images. The strongest negativ e

impact of split in the app earance of arti�cial shap es in false con tours, as can b e seen in the

bac kground of the 
at RSST result (the new RSST algorithm is more robust to false con tours).

It is only the shap es of false con tours whic h are a�ected b y the split phase, not false con tours

themselv es, whic h exist with or without it. Ho w ev er, it ma y b e argued that, since they are false

con tours an yw a y , their shap e is not to o relev an t and they can b e remo v ed b y p ost-pro cessing,

as done in [194 ]. Also, the use of more p o w erful mo dels leads to less false con tours and hence

to a less negativ e visual impact of the split phase. All in all, it ma y b e said that, since split has

either a p ositiv e or a sligh tly negativ e impact in segmen tation qualit y , it will b e amply justi�ed

if it leads to signi�can t sa vings in either or b oth computational time and memory requiremen ts.

Impact on running times

The execution times of the new and 
at RSST algorithms is giv en in T able 4.2.

14

The �rst

thing to notice is that the new RSST algorithm is slo w er than the 
at RSST algorithm. This is

due to the fact that merges in new RSST are done according to three di�eren t criteria, whic h

imply t w o di�eren t orderings of the graph arcs: one according to the color distance, another

according to the size of the regions. On the con trary , the 
at RSST (and the a�ne RSST, for

that matter) require only a single ordering of the graph arcs. A similar comparison is p erformed

in T able 4.4 b et w een the 
at and a�ne RSST algorithms, though with a minim um blo c k size of

2 � 2. Noticing that the segmen tation algorithm in 
at and a�ne RSST is actually the same, the

p erformance di�erence is due essen tially to the increased a�ne mo del complexit y , whic h implies

solving a linear least squares problem for calculating the w eigh t of the graph arcs. Both tables

also sho w the considerable sp eed gains when using a split phase, with the exception of t w o cases:

\Salesman" and \T able T ennis" for the 
at and a�ne RSST algorithms, in whic h the added

computational complexit y of the split phase out w eighs the sa vings in the merge phase. This is

probably due to the fact that the implemen tation used calculates the region mo del parameters

during the split phase. Since the split phase, as implemen ted, do es not use the region mo del,

these calculations w ould b e b etter p ostp oned to the end of the split phase. This w as not done,

14

Results on a P en tium 200 MHz, with 64 Mb yte RAM, running RedHat Lin ux 5.0 (k ernel 2.0.32), programs

compiled with gcc 2.8.1 and full compiler optimization (-O3), times obtained with gprof 2.8.1.
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(a) New RSST without split. (b) New RSST with split.

(c) Flat RSST without split. (d) Flat RSST with split.

Figure 4.21: \Claire" image 0: segmen tation in to 25 regions.
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sequence no split split

\Carphone" 29.52 8.56

\Claire" 24.20 3.29

\Flo w er Garden" 34.16 19.06

\F oreman" 29.44 9.46

\Miss America" 25.81 3.88

\Salesman" 29.11 12.45

\T able T ennis" 35.71 11.99

\T rev or" 27.71 5.42

a v erage 29.46 9.26

(a) New RSST algorithm.

no split split

13.83 6.39

13.48 2.25

22.64 13.25

14.76 6.40

13.70 3.94

14.49 9.41

15.34 12.78

13.85 5.57

15.26 7.50

(b) Flat RSST al-

gorithm.

T able 4.2: Execution times (in seconds) of 4.2(a) new RSST and 4.2(b) 
at RSST for CIF

sequences (image 0).

though. T able 4.3 sho ws the execution times of the a�ne RSST when applied to QCIF images,

whic h also con�rms the adv an tages of the split phase.

It should b e noticed, though, that the p erformance impro v emen t due to the split phase ma y

b e reduced if the merge phase is further optimized, and vice-v ersa. Hence, as b oth phases are

optimized, an ey e should b e k ept on the global result so as to assess whether or not the split

phase is really adv an tageous.

Finally , these results, and esp ecially the a v erages, should b e tak en with a grain of salt, since,

ev en though the test images used form an acceptable sample for testing generic algorithms, the

results ma y b e di�eren t if other images are used.

Sequence no split split

\Carphone" 31.05 17.73

\Claire" 34.03 9.33

\F oreman" 32.53 19.29

\Grandmother" 31.70 17.19

\Miss America" 30.94 9.46

\Mother and Daugh ter" 31.45 17.40

\Salesman" 31.64 23.55

\T able T ennis" 33.68 24.25

\T rev or" 34.10 14.28

a v erage 32.35 16.94

T able 4.3: Execution times (in seconds) of a�ne RSST for QCIF sequences (image 0).
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sequence no split split

\Carphone" 3.62 3.32

\Claire" 3.33 1.23

\Flo w er Garden" 4.93 3.73

\F oreman" 3.81 3.29

\Miss America" 3.59 3.10

\Salesman" 3.24 3.88

\T able T ennis" 3.49 4.50

\T rev or" 3.18 3.23

a v erage 3.65 3.29

(a) Flat mo del.

no split split

37.13 33.28

34.32 13.14

47.15 41.69

37.25 34.71

33.00 27.71

34.07 37.30

37.90 45.48

40.29 32.11

37.64 33.18

(b) A�ne mo del.

T able 4.4: Execution times (in seconds) of 4.4(a) 
at RSST and 4.4(b) a�ne RSST for CIF

sequences (image 0) using a minim um blo c k size of 2 � 2.

4.5.4 Conclusions

Three segmen tation algorithms ha v e b een compared: the new RSST [32, 33], the 
at RSST [194 ],

and the a�ne RSST, whic h is the same algorithm as in [194 ] extended so as to use an a�ne

region mo del. The last t w o algorithms ha v e b een tested also with optional image simpli�cation

pre-pro cessing and a split phase. The 
at RSST w as sho wn to b e more generic than the new

RSST, ev en though it is less robust relativ e to false con tours. The 
at RSST w as sho wn to b e

relativ ely insensitiv e, in terms of segmen tation qualit y , to the use of image simpli�cation, whic h

is essen tial in the new RSST, and to the use of a split phase. The a�ne RSST has sho wn a great

p oten tial, ev en though some problems still need to b e solv ed. In the case of the a�ne RSST,

the split phase w as sho wn to ha v e a p ositiv e impact on segmen tation qualit y , since it tends to

minimize the negativ e e�ects of the o v er adjustmen t of the mo del for small regions. In terms

of computational requiremen ts, the split phase w as sho wn to pro vide considerable sa vings, ev en

if its implemen tation still requires optimization. The algorithms prop osed in the next sections,

whic h deal with sup ervised segmen tation and coherence of temp oral segmen tation, mak e use of

the 
at RSST with a split phase and no image simpli�cation.

4.6 Sup ervised segmen tation

4.6.1 RSST extension using seeds

The global appro ximation error minimizing RSST algorithms, either using the 
at or the a�ne

region mo dels, ma y b e stopp ed either when the error exceeds a certain threshold, or when a

required n um b er of regions has b een attained. These algorithms pro vide no means for con-

trolling the p osition of the resulting regions or for sp ecifying seeds around whic h the regions of
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in terest should b e obtained, as happ ens in region gro wing algorithms (suc h as w atersheds [105]).

Ho w ev er, they can b e easily extended with suc h features, as men tioned previously , and as �rst

prop osed in [119].

Consider a lab el image with the same size as the original image. Let lab el zero denote unseeded

pixels and seed s , with s 6= 0, b e the set of all pixels with lab el s (whic h ma y or ma y not b e

connected). The set of existing seeds plus the set of unseeded pixels can b e seen as a partition

of the image. The lab el images ma y b e restricted to those ha ving connected seeds, but this is

not necessary . The RSST algorithms can b e extended suc h that an initial lab eling is tak en in to

accoun t during segmen tation. During the split phase (if there is one) the regions are forced

to b e split if they con tain pixels b elonging to di�eren t seeds. During the merge phase, when

searc hing for the next t w o adjacen t regions to merge, one ma y simply sa y that regions with

pixels of di�eren t seeds should b e merged last, if ev er, or that regions with the same seed should

b e merged �rst. F urther, whenev er an unseeded region is b eing merged with a seeded region,

the resulting region will inherit the seed of the seeded one. If adjacen t regions with di�eren t

seeds are prev en ted from b eing merged, the �nal partition resp ects the seeds, in the sense that

all regions con tain at most pixels of one seed.

Occasionally , ho w ev er, it ma y b e acceptable to merge regions with di�eren t seeds. If this

happ ens, the resulting region ma y inherit either the highest (or lo w est) lab el or the lab el of the

largest region, for instance.

4.6.2 Results

Figures 4.22(b) and 4.22(c) sho w the result of segmen ting the �rst image of the \Grandmother"

sequence with the 
at RSST algorithm and targeting at six �nal regions. Figures 4.22(d)

and 4.22(e) sho w the result of segmen ting the same image though with the se e de d 
at RSST

algorithm, and resorting to the set of seed pixels represen ted b y crosses in Figure 4.22(a). Six

di�eren t seeds w ere used: bac kground, plan t, sofa, hair, face and b o dy . The pixel seeds on the

hair b elong all the the hair seed, the same thing happ ening with the crosses on the face and the

bac kground. The seed lo cations w ere c hosen in an empirical w a y , un til the desired result w as

attained.

4.6.3 Conclusions

It is ob vious, from the example in Figure 4.22, that, b y simple mouse clic ks, a h uman can

sup ervise the segmen tation algorithms of the previous sections to impro v e the results, i.e., b y

imp osing seman tical meaning. In a w a y , th us, a second-generation, mid-lev el vision to ol is

b eing help ed to attain high-lev el vision results. It ma y b e argued that unsup ervised third-

generation algorithms ma y also b e attained b y dev eloping new segmen tation algorithms whic h

incorp orate seman tical information from the v ery start. Ho w ev er, it ma y b e more natural to rely

on algorithms of the lo w est lev els and to �nd go o d automatic sup ervision algorithms, since this

mak es the problem m uc h more amenable. This w as already recognized, in a w a y , b y P a vlidis

in [154 , p.91], whic h called sup ervision \in terpretation guided editing."
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(a) Original image with pixel seeds

represen ted b y crosses.

(b) Without using seeds.

(c) Without using seeds, o v er the orig-

inal.

(d) Using seeds. (e) Using seeds, o v er the original.

Figure 4.22: Segmen tation of \Grandmother" image 0 with the 
at RSST algorithm (using a

split phase with t

s

= 12) targeting at six �nal regions and with the same algorithm equipp ed

with six di�eren t seeds: bac kground, plan t, sofa, hair, face, and b o dy .
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The simple extension of the RSST algorithms prop osed here can also b e used, as will b e seen in

the next section, to e�ectiv ely segmen t a set of images in an image sequence in a time recursiv e

fashion, and so as to main tain coherence b et w een the segmen tation results along time.

4.7 Time-coheren t analysis

In the framew ork of mo ving image analysis, viz. for image co ding, the time coherence of

segmen tation is imp ortan t for at least t w o reasons. The �rst one has to do with manipula-

tion/in teractivit y: when the user/sp ectator of the information is allo w ed to in teract with the

scene, it m ust b e p ossible for him to select, zo om, rotate, or c hange an y scene ob jects. This

implies that ob jects m ust b e iden ti�ed, and this iden ti�cation m ust b e coheren t along eac h of

the images of the sequence in whic h the ob jects o ccur. Hence, if the user decides to c hange

the color of a giv en car whic h he selects in a particular image of the mo ving scene, that car's

color m ust b e c hanged along the whole set of images in the sequence. The second reason has to

do with co ding e�ciency: segmen tation coherence is imp ortan t b ecause it allo ws for impro v ed

time prediction to ols to b e used.

This section extends the RSST segmen tation algorithms so as to deal with mo ving images.

This extension mak es use of the extension of the RSST algorithms using seeds to p erform a

time-recursiv e segmen tation. Time recursion is in tro duced b y using the previously segmen ted

regions as seeds for the segmen tation of groups of images, suc h that the previous segmen tation

results are pro jected in to the curren t image. Pro jection of segmen tation results is not a new

idea, ha ving b een prop osed in [105 ] and in its precursor [154, p.92] whic h states that \... in

mo ving scenes where the segmen tation of a previous frame ma y b e used as an initialization

for the curren t frame." Ho w ev er, its use in conjunction with the RSST algorithms is, to the

kno wledge of the author, original, and w as �rst prop osed in [119 ].

4.7.1 Extension of RSST to mo ving images

The extension of the RSST algorithms to mo ving images is simple: stac k the successiv e 2D

images of a sequence in to a 3D image, consider the 3D 6-neigh b orho o d, and lea v e the rest of the

algorithms unc hanged. If the image sequence grid is rectangular, this is its natural extension

in to three dimensions, assuming, of course, a progressiv e sequence format. Of course, the split

phase, if there is one, no w pro ceeds according to an o ctal picture tree, instead of a QPT. Also,

it is no w less than clear whether the a�ne region mo del (for 3D) should b e used, and what its

meaning is. The 
at mo del can and will b e used without c hange, though.

Requiremen ts

When segmen tation of long sequences of 2D images is the aim, simply segmen ting the 3D

images obtained b y stac king a few 2D images at a time ma y cause problems. The �rst problem

is that the aim is to obtain a sequence of 2D partitions. F or instance, a p erfectly acceptable



4.7. TIME-COHERENT ANAL YSIS 179

3D partition with connected regions ma y lead to some 2D partitions con taining disconnected

regions.

15

Also, if an ob ject has undergone a large mo v emen t from one image to the next, it will

result in t w o ob jects in 3D segmen tation. It should, ho w ev er, result in a single ob ject whose

lo cation in t w o successiv e images do es not o v erlap.

Another problem has to do with the n um b er of images that should b e stac k ed b efore p erforming

3D segmen tation. Clearly , the ideal w ould b e to stac k as man y images as p ossible. Ho w ev er,

this can easily result in b oth an o v erwhelming amoun t of data to pro cess (segmen tation can b e

v ery memory demanding) and unacceptable dela ys when segmen tation is to b e p erformed in

real time, b ecause segmen tation cannot pro ceed un til all images are a v ailable. Also, no matter

ho w man y images one stac ks b efore 3D segmen tation, there will alw a ys come a time when the

next stac k of images will ha v e to b e pro cessed. The coherence b et w een the previous and the

next partitions of stac ks of images will then b e lost, unless other measures are tak en.

Concluding, 3D segmen tation algorithms should b e able to trac k regions along time, should

not demand to o m uc h computational p o w er, and should in tro duce small dela ys for real-time

applications.

Time recursiv eness

A solution for the problem of main taining temp oral coherence in segmen tation is describ ed

in [105 ], ev en though the idea is clearly a v ariation of the one exp osed in [154 , p.92]. The idea

is to p erform 3D segmen tation on stac ks of images that o v erlap along time, and use partitions

obtained in the past segmen tations as seeds for the presen t segmen tation, th us in tro ducing time

recursiv eness. The minim um con�guration pro viding time recursiv eness th us consists of stac ks

of t w o images, main taining a time o v erlap of a single image. Since the RSST segmen tation

algorithms tend to consume a large amoun t of memory , the use of pairs of images is amply

justi�ed b y implemen tation considerations.

When the past partitions are gro wn in to the presen t through 3D segmen tation, a connected

3D region in the obtained partition ma y turn to b e disconnected if restricted to a smaller time

range. F or instance, in the pairwise 3D segmen tation sc heme suggested ab o v e, the 2D partition

corresp onding to the presen t image in a just segmen ted pair of images ma y ha v e disconnected

regions. This problem is solv ed easily if,

16

after the 3D segmen tation in v olving all the images in

the stac k, the segmen tation pro ceeds using only the presen t images. Before that, ho w ev er, the

regions whic h w ere split in to more than one connected comp onen t will b e unseeded, with the

exception of one of its connected comp onen ts. Usually the largest connected comp onen t retains

the lab el of the originating seed in the past. This simple solution th us ma y create regions with

new lab els.

Using time recursiv eness, some regions ma y not gro w in to the presen t, and hence regions, and

the corresp onding seed lab els, ma y disapp ear when no corresp ondence is found from the past

15

Ho w ev er, in some cases this ma y actually b e desirable. F or instance, when the 2D pro jection of an ob ject is

split in to t w o disjoin t regions b y another ob ject closer to the observ er. In this case it is arguable that the t w o

disjoin t regions are one and the same ob ject.

16

Again, this is only a problem if the classes in the partitions are required to b e connected, whic h is often the

case.
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to the presen t. F urther, some regions in the presen t ma y not corresp ond to an y region in the

past, and hence new lab els ma y also app ear this w a y .

The problem with time recursiv eness using the describ ed metho ds is that the n um b er of regions

tends to gro w. This is caused b ecause of illumination e�ects whic h often create new (arti�cial)

regions, no matter ho w complex the region mo dels are, and b ecause regions seldom disapp ear,

ev en when a stopping criterion based on the global appro ximation error is used. Hence, it is

desirable to complemen t the segmen tation steps explained ab o v e with a further step in whic h

the segmen tation no longer resp ects the seeds, some di�eren tly lab eled regions b eing allo w ed to

merge.

Co ding

Though this c hapter do es not address directly the partition co ding problem, it should b e noted

that information ab out the relation b et w een the curren t and the past class lab els should b e

sen t along with the class shap e information. This information ma y , for instance, state whic h

classes in the past images ceased to exist, whic h new classes w ere created, and whic h classes

w ere split or merged. The relation b et w een curren t and past class lab els ma y also b e of help

for the enco ding of con tours, of color (the inside of the regions), and ev en of motion.

4.7.2 Results

Figure 4.23 sho ws the results of segmen ting the �rst image of the QCIF \T able T ennis" sequence

using the 
at RSST algorithm with a split step in whic h t

s

= 12. The target ro ot mean square

color distance used w as 22 (corresp onding to a PSNR of 21.3 dB). A lo w PSNR target w as

c hosen in order to obtain a �nal n um b er of regions whic h w ould b e meaningful on prin ted

pap er. The simple 
at region mo del used accoun ts for the false con tours in the bac kground and

also for the division of the sleev e in to regions of di�eren t shading.

The time coherence of the TR-RSST segmen tation algorithm can b e seen in Figure 4.24, whic h

sho ws the time ev olution of ten classes of the segmen ted sequence corresp onding to the arm,

hand, and rac k et of the pla y er. These ten classes corresp ond to only nine lab els, since lab el ten

(gra y), used initially for the b order of the rac k et, is later reused in the lo w er part of the arm.

The algorithm in tro duces new regions when the appro ximation error is not go o d enough, as can

b e seen in the lo w er part of the arm from the eigh th image on.

4.7.3 Conclusions

This section describ ed an extension of the 
at RSST algorithm whic h deals with sequences of

images while main taining coherence of the obtained partitions from image to image. The results

obtained are reasonable and sho w that the metho d is in teresting for use in second-generation

video co decs.
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Figure 4.23: Segmen tation of QCIF \T able T ennis" image 0 using 
at RSST.
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Figure 4.24: Segmen tation of images 0 to 9 of QCIF \T able T ennis" with the TR-RSST algo-

rithm. T en classes are sho wn in di�eren t colors: hand (three classes, bro wn, dark blue, and

dark green), rac k et (one and t w o classes, blac k and gra y), sw eater cu� (one class, violet), sleev e

and shoulder (three and four classes, ligh t blue, ligh t green, red, and gra y).



Chapter 5

Time analysis

T o do o Mundo � e c omp osto de mudan� ca,

T omando sempr e novas qualidades.

Lu � �s V az de Cam~ oes

There is a considerable in terdep endence b et w een motion estimation and segmen tation, i.e., b e-

t w een time and space analysis of mo ving images. Estimation of motion, ev en at pixel lev el,

requires regularization, since otherwise the results will not b e lik ely to corresp ond to the 2D

pro jection of real 3D motion (due to the ap erture problem [70 ]). On the other hand, if reg-

ularization is implicit in some motion mo del (with some ph ysical meaning), then that motion

mo del m ust b e applied to individual regions: it is extremely unlik ely that a single set of mo del

parameters can describ e the motion of all the pixels in a mo ving image: the real w orld scenes

usually consist of rigid or semi-rigid ob jects with indep enden t motion. Hence, segmen tation in to

zones with di�eren t motions m ust b e p erformed. The question that remains is whic h should

b e p erformed �rst: motion estimation (i.e., estimation of the mo del parameters) or segmen ta-

tion? The ob vious resp onse seems to b e to p erform b oth sim ultaneously , but that is not an

easy task. This w as the issue of discussions in the MotSeg (Motion Segmen tation) group of the

MA VT (Mobile Audio-Visual T erminal) pro ject (c haired b y the author), see [135 , 115]. It will

not b e further discussed here.

Camera mo v emen t in tro duces global motion, that is, motion whic h is indep enden t (or nearly

so) of the con ten ts of the scene. Nev ertheless, this motion ma y b e sup erimp osed in to motion of

the ob jects in the scene, so that segmen tation is an imp ortan t issue ev en in camera mo v emen t

estimation. This c hapter presen ts the camera mo v emen t estimation algorithm �rst published

in [122 ] and also prop oses an impro v emen t based on the Hough transform whic h is similar to the

one prop osed in [4 ]. The impro v emen t stems from the segmen tation part of the algorithm, whic h

is based on a Hough transform clustering segmen tation tec hnique, ev en if, in the sequel, it is

in terpreted, more in the ligh t of robust estimation metho ds, as an outlier detection mec hanism.

Note that clustering segmen tation tec hniques whic h mak e no use of top ological restrictions, suc h

183
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as connectedness of the attained classes, do mak e sense in the framew ork of camera mo v emen t

estimation, since these mo v emen ts in tro duce global motion whic h is indep enden t of the scene

con ten ts. The zone in the image whose motion corresp onds to camera mo v emen t is that in

whic h the scene is static from one image to the next. Mo deling the shap e or connectedness of

this zone w ould probably not lead to impro v ed camera mo v emen t estimation.

The prop osed camera mo v emen t estimation algorithms deal with t w o t yp es of mo v emen t: pan

(whic h also encompasses tilt) and zo om. These algorithms, and esp ecially the one based on the

Hough transform, can b e used for b oth comp ensation of camera mo v emen ts, in the framew ork

of video co ding, or for image stabilization in the case of vibration or small pan mo v emen ts origi-

nated in hand-held video cameras, for instance in mobile videotelephon y . Both can b e classi�ed

as transition to second-generation to ols, since they mak e use of more structured information

extracted from the image sequence. The �rst to ol, camera mo v emen t comp ensation, will b e

dealt with in the next c hapter, and the second one, image stabilization, in Section 5.5.

The algorithm based on the Hough transform is a natural ev olution of the one in [122 ], whic h

in turn stemmed from earlier w ork b y the author [129 , 127 , 130, 128, 113 ]. It can also b e seen

as a simpler v ersion of the algorithm in [4].

5.1 Camera mo v emen ts

Tw o t yp es of camera mo v emen t will b e considered: panning and zo oming. P anning corresp onds

to the usual mo v emen t used to capture a panoramic view. In this section, ho w ev er, it will b e

tak en to mean an y rotation of the camera ab out an axis parallel to the image pro jection plan,

so that it includes pan and tilt as particular cases. Rotations of the camera around the lens

axis will not b e considered. In a pure pan mo v emen t, the axis of rotation is tak en to pass

through the optical cen ter of the camera ob jectiv e.

1

The e�ect of a pure pan is appro ximately

a translation of the pro jected image. The deviations from a true translation are due to sev eral

factors, of whic h the most imp ortan t are that the in fo cus plan c hanges (ob jects whic h w ere in

fo cus are no w out of fo cus and vice v ersa) and that the p ersp ectiv e of the pro jected image also

c hanges (formerly parallel pro jected lines are no w con v ergen t and vice v ersa). The �rst e�ect

ma y b e reduced b y reducing the ob jectiv e ap erture, whic h results in a larger depth of �eld, i.e.,

it increases the maxim um distance to the in fo cus plan where ob jects ha v e an apparen tly sharp

image in the pro jection plan b y reducing the area of the corresp onding circles of confusion. The

appro ximation to a true translation, ho w ev er, is go o d pro vided the rotation p erformed b y the

pan mo v emen t is small. Notice that, if t w o pan mo v emen ts in ob jectiv es with di�eren t fo cal

lengths (or the same zo om lens at t w o di�eren t fo cal lengths) result in translations of the image

with the same magnitude, the appro ximation to a pure translation is b etter for the larger fo cal

length. This happ ens b ecause the corresp onding camera rotation is smaller.

Zo oming corresp onds to the con tin uous c hange of the fo cal length of the camera while k eeping

the originally fo cused plane in fo cus, i.e., with a sharp image in the pro jection plan. In a pure

zo om mo v emen t, the optical cen ter of the lenses do es not c hange its p osition. Ev en if the optical

1

Actually , the axis of rotation is tak en to pass through the principal p oin t of the lens system closer to the

ob ject.
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cen ter do es c hange, it is usually b y a v ery small distance, esp ecially when compared with the

distance b et w een the camera and the view ed ob jects. Zo oming corresp onds th us appro ximately

to a prop ortional scaling, an isometric transformation of the pro jected image. If the zo om is

not pure, then this is only partially true, since the c hange in the p osition of the optical cen ter

of the lens in tro duces p ersp ectiv e c hanges in the pro jected image, whic h cannot b e describ ed

b y a simple scaling. F or the same ap erture (or pupil), a c hange in the fo cal length whic h is

accompanied b y a corresp onding c hange in the pro jection plan p osition so as to k eep the in fo cus

plane unc hanged, results in a c hange of the blurriness (i.e., the area of the circle of confusion

corresp onding to a giv en p oin t) b y appro ximately the same factor as the pro jected sizes, and

hence seems to corrob orate that zo oming corresp onds to a simple scaling of the image. But,

since increasing the fo cal length usually also implies augmen ting the ob jectiv e ap erture, the

circles of confusion are enlarged more that the image itself (i.e., the depth of �eld is reduced).

It will b e assumed in this c hapter that a rectangular sampling lattice is used to sample the

mo ving images, and that the spatial activ e area of this lattice (corresp onding to the domain of

the digital image) is cen tered around the lens axis. Th us, zo oming corresp onds to an isometric

scaling around the cen ter of the activ e area. This assumption, ho w ev er, is not fundamen tal: if

the cen ter is not on the lens axis, a �ctitious pan mo v emen t will b e estimated along with the

zo om to comp ensate for the o�set. This m ust b e tak en in to accoun t when analyzing the results,

though.

The degree to whic h a pan or zo om mo v emen t results in appro ximate translations and scalings

of the pro jected image is b ey ond the scop e of this thesis. The reader is referred to an y go o d

textb o ok on optics dealing with lens systems, the usual optical ab errations, and camera tec hnol-

ogy (a simpli�ed treatmen t can b e found in [102 ]). Ho w ev er, it ma y b e said that the non-linear

e�ects of panning and zo oming are small for small mo v emen ts. Also, since these mo v emen ts

will b e estimated (using the algorithms describ ed in this c hapter) from one image to the next in

an image sequence, they corresp ond to fractions of mo v emen t lasting t ypically from

1

60

to

1

25

of

a second. These in terv als are generally short enough (or the camera op erators slo w enough) for

the fractional mo v emen ts to b e small from image to image. Ho w ev er, these e�ects do b ecome

more eviden t when in tegrating the incremen tal mo v emen ts o v er an en tire sequence. Again, they

will b e neglected in this thesis, except as a (partial) justi�cation for the cum ulativ e errors of

the estimated mo v emen t factors along a sequence.

P anning mo v emen ts ha v e an immediate equiv alen t in the HVS: c hanges of gaze direction through

ey e or, to a certain exten t, head mo v emen ts. Our ey es, unfortunately , ha v e no zo oming capabil-

ities. The equiv alen t of zo oming is p erformed b y the upp er lev els of the HVS, b y concen trating

more or less the atten tion to the part of the image near the fo v ea. In the case of the HVS

sev eral p osition and attitude feedbac k mec hanisms (from the ey e and nec k p osition, and from

the equilibrium sensors in the inner ear) simplify the brain's task while p erforming a matc h b e-

t w een successiv e images.

2

The role of camera mo v emen t estimation then is to p erform a similar

function in the absence of p osition feedbac k. It should b e noticed that zo om mo v emen ts, b eing

related directly to lens p ositions, migh t b e sensed, quan tized, digitized and stored or fed bac k

for eac h image with little cost, th us rendering estimation useless. As to pan mo v emen ts, the

2

Images in the retina are formed in a con tin uous w a y , of course, but the c hanges in gaze direction are p erformed

through saccadic ey e mo v emen ts, whic h render c hanges almost discrete. Besides, there is evidence that the visual

function is e�ectiv ely suppressed during these saccadic mo v emen ts.
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same pro cess migh t b e done, though the sensing devices w ould probably b e costlier. In practice,

none of these mo v emen ts is captured along with the images, and hence has to b e estimated.

5.1.1 T ransformations on the digital image

Image and pixel co ordinates

The notation de�ned in Sections 3.2.2 and 3.2.3 will b e sligh tly extended. As b efore, s usually

corresp onds to a lattice site (i.e., a co ordinate in the image plan), addressed b y the digital image

pixel v . That is,

s =

�

u

0

: : : u

m � 1

�

v :

This equation ma y b e simpli�ed b y sp ecifying a rectangular sampling lattice in R

2

(i.e., m = 2,

u

0

=

�

0 � b

�

T

, and u

1

=

�

a 0

�

T

)

s =

�

0 a

� b 0

�

v :

Using the usual notation for the co ordinates of lattice sites and pixels

s =

�

x

y

�

=

�

0 a

� b 0

�

v =

�

0 a

� b 0

� �

i

j

�

:

Ho w ev er, the real sizes of a and b (as w ell as the relation b et w een image size and real size of

the imaged ob jects), are immaterial for the purp oses of comp ensation of camera mo v emen t or

image stabilization. Hence, the co ordinates of the sampling lattice sites will b e expressed in

pixel width units, whatev er they are, i.e.,

s =

�

0 1

� b=a 0

�

v =

�

0 1

�

1

�

0

�

v ;

where � is the pixel asp ect ratio corresp onding to the sampling lattice used.

The domain of digital images sampled with a rectangular lattice is usually tak en to consist of

L lines of C pixels, where line 0 is the topmost line (and line L � 1 is the b ottommost), and

column 0 is the leftmost column. In this case it will b e useful to cen ter the corresp onding lattice

sites around the origin, whic h is tak en to b e the p oin t where the lens axis in tersects the image

plan. Hence, the previous equation is c hanged to comp ensate for this o�set

s =

�

0 1

�

1

�

0

� �

v �

�

L � 1

2

C � 1

2

��

=

�

0 1

�

1

�

0

� �

i �

L � 1

2

j �

C � 1

2

�

;

or

x = j �

C � 1

2

, and

y = �

1

�

�

i �

L � 1

2

�

:

(5.1)
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Expressing the pixel co ordinates v in terms of the image co ordinates s , the follo wing equation

results

v =

�

0 � �

1 0

�

s +

�

L � 1

2

C � 1

2

�

;

or

i = � � y +

L � 1

2

, and

j = x +

C � 1

2

:

(5.2)

According to the notation in tro duced in Section 3.2.3, in equations (5.1) and (5.2) s =

�

x y

�

T

should b e tak en to b elong to R

2

and v =

�

i j

�

T

to Z = f 0 ; : : : ; L � 1 g � f 0 ; : : : ; C � 1 g � Z

2

. By

a sligh t abuse of notation, ho w ev er, v will b e tak en to b elong to R = [0 ; L � 1] � [0 ; C � 1] � R

2

,

in whic h case they can b e though t of as represen ting sites in the analog image expressed in

the usual pixel co ordinates. Hence, s co ordinates are image cen tered, orien ted as usual ( x -axis

righ t w ards and y -axis up w ards), and isotropic (in the sense that they express real distances, in

some unit, in b oth directions), while v co ordinates ha v e origin in the cen ter of the top-leftmost

pixel, the �rst co ordinate gro wing do wn w ards and the second righ t w ards, and are generally not

isotropic, since the pixel asp ect ratio is not tak en in to accoun t. These last co ordinates ho w ev er,

translate nicely in to pixels.

P an and zo om mo v emen ts

P an mo v emen t

A pan mo v emen t, as seen, corresp onds to a translation of the image. Let d

s

=

�

d

s

x

d

s

y

�

T

b e the

translation v ector corresp onding to the pan mo v emen t. Then, a site s =

�

x y

�

T

will b e tak en

in to

s

0

= s � d

s

=

�

x � d

s

x

y � d

s

y

�

after the pan mo v emen t. Notice the sign of the translation v ector: its direction re
ects the

camera mo v emen t, since a rotation of the camera to the righ t will translate the image to the

left.

3

Zo om mo v emen t

A zo om mo v emen t, as seen, corresp onds to a scaling of the image ab out the lens axis. Let

Z > 0 2 R b e the scaling factor corresp onding to the zo om mo v emen t. Then, a site s =

�

x y

�

T

3

Of course, this is only true after rev ersing the directions in the image, since the lens pro jects an in v erted

image.
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will b e tak en in to

s

0

= Z s =

�

Z x

Z y

�

after the zo om mo v emen t, where Z > 1 means zo om in, Z < 1 means zo om out, and Z = 1

means no zo om.

Com bined pan and zo om mo v emen ts

If a scaling is p erformed b efore a translation, the result is repro ducible b y p erforming an ap-

propriately scaled translation b efore the scaling. Hence, it is immaterial whic h of the pan and

zo om mo v emen ts is p erformed �rst (if they are not p erformed sim ultaneously). But the camera

mo v emen t estimation equations will b e rendered simpler if a com bined mo v emen t is mo deled as

a scaling after a translation. Hence, after a translation b y d

s

and a scaling b y Z , site s =

�

x y

�

T

will b e tak en in to

s

0

= Z ( s � d

s

) =

�

Z ( x � d

s

x

)

Z ( y � d

s

y

)

�

: (5.3)

If the opp osite question is ask ed, viz. where did s

0

came from, the follo wing equation results

s =

s

0

Z

+ d

s

=

"

x

0

Z

+ d

s

x

y

0

Z

+ d

s

y

#

:

The v ector whic h tak es from s

0

to s is giv en b y

s � s

0

=

s

0

Z

� s

0

+ d

s

= (

1

Z

� 1) s

0

+ d

s

= z s

0

+ d

s

=

�

z x

0

+ d

s

x

z y

0

+ d

s

y

�

;

where z = 1 = Z � 1 will b e kno wn henceforth as the zo om factor.

Con v erting this equation to pixel co ordinates

M ( z ; d )[ i; j ] = v � v

0

=

�

0 � �

1 0

�

( s � s

0

) =

�

0 � �

1 0

�

( z s

0

+ d

s

)

= z

�

v

0

�

�

L � 1

2

C � 1

2

��

+ d =

�

z

�

i �

L � 1

2

�

+ d

i

z

�

j �

C � 1

2

�

+ d

j

�

;

(5.4)

where d =

�

d

i

d

j

�

T

is the translation v ector expressed in pixel co ordinates. The quan tit y

M ( z ; d )[ i; j ] is usually kno wn as the bac kw ard motion v ector at v

0

=

�

i j

�

T

corresp onding to

the camera mo v emen t factors z and d , since, if the camera mo v emen t o ccurred from image n � 1

to image n in a sequence,

�

i j

�

T

+ M ( z ; d )[ i; j ] tells where pixel

�

i j

�

T

(of image n ) w as on

image n � 1.
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Division of the image in to blo c ks

Let L = B

L

L

b

and C = B

C

C

b

, i.e., the digital images can b e divided in to B

L

� B

C

blo c ks of

L

b

� C

b

pixels eac h. Let b

mn

b e the blo c k at the m th line of blo c ks (topmost is 0) and at the

n th column of blo c ks (leftmost is 0). Eac h blo c k can b e seen as a small image. The pixel at

co ordinates

�

i j

�

T

of blo c k b

mn

has pixel co ordinates

�

mL

b

+ i

nC

b

+ j

�

in the o v erall image, as can b e readily v eri�ed. Hence, its corresp onding camera mo v emen t

motion v ector is

M ( z ; d )[ m; n; i; j ] = M ( z ; d )[ mL

b

+ i; nC

b

+ j ] =

�

z

�

mL

b

+ i �

L � 1

2

�

+ d

i

z

�

nC

b

+ j �

C � 1

2

�

+ d

j

�

;

from whic h the a v erage camera mo v emen t motion v ector of blo c k b

mn

can b e calculated as

M

b

( z ; d )[ m; n ] =

1

L

b

C

b

L

b

� 1

X

i =0

C

b

� 1

X

j =0

M ( z ; d )[ m; n; i; j ] =

2

6

6

4

z

�

m �

B

L

� 1

2

�

L

b

+ d

i

z

�

n �

B

C

� 1

2

�

C

b

+ d

j

3

7

7

5

: (5.5)

5.2 Blo c k matc hing estimation

Motion comp ensation w as a breakthrough tec hnology in video co ding. It relies on t w o general

facts: the pro jected scene tends to c hange little from image to image, and hence the previous

image ma y b e a go o d prediction for the curren t one, and c hanges are mostly due to camera

mo v emen ts and/or motion of the imaged ob jects. Both t yp es of mo v emen ts can b e estimated,

and the estimated motion, or the estimated motion mo del parameters can b e used to impro v e

the prediction of the curren t image giv en the previous one. Hence, motion estimation is of

paramoun t imp ortance to video co ding. Despite the fact that n umerous algorithms ha v e b een

prop osed for motion estimation in the literature [5 , 190, 169], the blo c k matc hing algorithm,

and its v arian ts, is still the most used and the one for whic h hardw are implemen tations are

more readily a v ailable.

The rationale for blo c k matc hing is simple. Motion cannot b e estimated in a purely lo cal fashion:

if the closest matc h to a pixel is searc hed in the previous image, the attained motion v ector

�eld, that is, the set of motion v ectors obtained for all pixels, is extremely non uniform, ev en

if restrictions in the searc h range are in tro duced. This is undesirable for t w o reasons. Firstly ,

if motion analysis aimed at scene understanding, a highly non uniform motion v ector �eld is

unlik ely to corresp ond to the pro jection of the real 3D motion in the scene: real motion tends

to b e reasonably uniform. The ph ysical w orld is mostly constituted of semi-rigid ob jects, and

th us the usual motion mo dels used assume that the motion v ector �eld has few discon tin uities,

whic h t ypically o ccur at the b oundaries of the imaged ob jects. This is related to the fact that

estimating a motion v ector �eld from a pair of images (i.e., computing the so-called optical 
o w)
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is an ill-p osedness problem [9 ], and hence some t yp e of regularization m ust b e used, t ypically

through the use of additional constrain ts forcing the motion v ector �eld to b e uniform almost

ev erywhere. Secondly , if motion is to b e used for enco ding, then the sa vings obtained through a

b etter prediction should not b e smaller than the cost of enco ding the motion v ector �eld. This

last reason, together with engineering concerns ab out the practicalit y of its implemen tation in

real co decs, led to a compromise. In the no w classical video co decs, motion is estimated at a

m uc h lo w er resolution than the image resolution: motion v ectors are estimated for eac h L

b

� C

b

blo c k of pixels, where L

b

and C

b

divide resp ectiv ely L and C (the digital image size), as in the

previous section. T ypical v alues for the blo c k sizes are 8 � 8 and 16 � 16.

The estimate

~

M

b

[ m; n ] of the motion v ector of blo c k b [ m; n ] of image f

n

relativ e to image f

n � 1

is calculated b y minimizing some measuremen t of the prediction error suc h as (see [143 ])

E [ m; n ]( M

b

[ m; n ]) =

X

v 2 b [ m;n ]

D ( f

n

[ v ] ; f

n � 1

[ v + M

b

[ m; n ]]) ; (5.6)

where D is some distance on the color space, and where the minimization is p erformed o v er

a restricted set of p ossible v alues for the motion v ector. The motion v ector is usually allo w ed

only to tak e v alues on a small rectangular windo w cen tered on the n ull (no motion) v ector,

e.g., M

b

[ m; n ] 2 f� d

i

max

; : : : ; d

i

max

g � f� d

j

max

; : : : ; d

j

max

g , whic h restricts the range of image

motion with whic h the algorithm can cop e. This windo w is usually further reduced at the image

b orders so that the reference blo c k sta ys within the previous image, though metho ds ha v e b een

prop osed whic h prefer to extrap olate the previous image out of its b orders. The v alues used for

d

i

max

and d

j

max

in this c hapter are 32 and 30, whic h are a go o d compromise b et w een the range

of acceptable image motion and implemen tation e�ciency , at least for full searc h algorithms

(see b elo w) o v er CIF images. The v alues also happily comp ensate the pixel asp ect rate of the

image sequences used, see Section A.1.1.

Regularization in this case is implicit, since all pixels of a blo c k are assumed to share a single

motion v ector. In a sense, th us, the motion v ector �eld is only allo w ed to ha v e discon tin uities

at the blo c k b oundaries, whic h are rather unlik ely to coincide with real ob ject b oundaries.

Ho w ev er, when a blo c k con tains (parts of ) ob jects with di�eren t motions or con tains unco v ered

parts of ob jects, the minim um prediction error attained is lik ely to b e large, and hence can

b e used as a rough indication of the v alidit y of the motion v ector. Sequences with pure pan

and/or zo om camera mo v emen ts do not su�er from these problems (except p ossibly at unco v ered

b orders), but are extremely rare in practice (and unin teresting).

If the motion v ectors M

b

[ m; n ] in (5.6) are allo w ed to tak e v alues in R

2

instead of in Z

2

, then

motion estimation is said to ha v e sub-pixel accuracy . Suc h estimations are rendered amenable

to implemen tation b y restricting the v alues of the motion v ectors to subm ultiples of the pixel,

t ypically to half or quarter pixels. In an y case, metho ds m ust b e devised to in terp olate image

f

n � 1

at suc h in ter-pixel p ositions, whic h can b e done b y standard linear �ltering metho ds

(see [150 ]) or simply b y using bilinear in terp olation.
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5.2.1 Error metrics

The color space metrics used in practice for motion estimation simply neglects the c hromatic

information in the image, relying th us only on the luma of the image. This approac h is sound,

in practice, b ecause images are usually a v ailable with considerable blurred c hromatic con ten t.

In most cases, the c hromatic comp onen ts are ev en subsampled relativ e to luma.

The usual Euclidean distance is not used in practice, b ecause it requires m ultiplication, rendering

its implemen tation more costly , and b ecause the cit y blo c k distance, i.e., the sum of absolute

v alues, b esides considerably simpler, in practice yields almost equiv alen t results [143 ].

5.2.2 Algorithms

Sev eral algorithms ha v e b een prop osed to �nd the motion v ector yielding the minim um pre-

diction error. The rationale for not using an exhaustiv e searc h (or full searc h) w as the hea vy

computational requiremen ts. Suc h algorithms searc h only an appropriately selected n um b er of

motion v ectors, at the cost attaining non-optimal estimations, and are describ ed in standard

texts on image compression, e.g., [143].

The use of the full searc h algorithm has the adv an tage of, at the cost of some extra memory ,

b eing able to store the prediction errors of all p ossible motion v ectors of a blo c k (instead of

just a small subset), whic h ma y b e useful for motion v ector �eld smo othing or for estimating

the co v ariance matrix of the motion v ector, as will b e seen in the sequel. Notice, ho w ev er,

that the calculation of prediction errors for all tested motion v ectors is incompatible with a

standard acceleration metho d for blo c k matc hing algorithms, whic h, for eac h motion v ector,

scans the blo c k line b y line and, at the end of eac h line, c hec ks whether the sum exceeds the

curren t minim um prediction error. If it do es, then the curren t motion v ector cannot p ossibly

yield a lo w er prediction error, the sum is stopp ed, and the error is not fully calculated. This

metho d, usually named short-circuited estimation, yields considerable sa vings in computational

requiremen ts.

Finally , it should b e men tioned that while minimizing (5.6) , when more than one motion v ector

leads to the same minim um prediction error, the smallest motion v ector is preferred in the

algorithms prop osed in this c hapter. Other c hoices, suc h as the motion v ector closer to some

already estimated neigh b or, ma y help in tro duce more regularit y in the motion v ector �eld.

5.3 Estimating camera mo v emen t

Motion estimation, of whic h camera mo v emen t estimation can b e seen as a particular case, relies

hea vily on robust estimation metho ds, that is, metho ds that remain reliable in the presence of

sev eral t yp es of noise. Go o d reviews of suc h metho ds, as applied to computer vision in general

and motion estimation in particular, can b e found in [111 , 57].

The basic requiremen t imp osed to the camera mo v emen t estimator algorithms dev elop ed w as
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that they should b e robust in the presence of outliers, whose detection will b e seen in Sec-

tion 5.3.2. F or reasons ha ving to do with tradition and ease of computation [111 ], the more

often used estimation metho d is least squares, whic h is a t yp e of M-estimator. Ho w ev er, this

metho d is not robust: it has a breakdo wn p oin t of 0, meaning that a single outlier ma y force

the estimates outside an arbitrary range [111 ].

Ev en though the algorithms prop osed here are based on the least squares estimator, robustness is

pursued in di�eren t w a ys: the �rst algorithm relies on iterativ e Case Deletion [57 ] to successiv ely

remo v e data p oin ts (motion v ectors) deemed to corresp ond to outliers, while the second relies

on the Hough transform to p erform a clustering of the data p oin ts. This clustering can b e

seen either as a simple form of segmen tation or as metho d for remo v al of outliers. This last

metho d is essen tially a simpli�cation of the metho d prop osed �rst in [4].

4

Ho w ev er, the prop osed

algorithms include an in termediate motion v ector smo othing step in the iterations whic h reduces

the n um b er of outliers that stem from the ap erture problem, th us impro ving the estimates b y

increasing the n um b er of motion v ectors on whic h the least squares camera mo v emen t estimation

is based.

The algorithms prop osed here for estimating camera mo v emen t w ere designed so that they

w ould b e easily implemen table. As suc h, they rely on blo c k matc hing to obtain an initial, lo w

resolution, sparse motion v ector �eld, whic h is then used to estimate the camera mo v emen t

factors z and d . Camera motion is th us estimated from an estimated motion v ector �eld. This

is similar to the metho ds of motion estimation and segmen tation whic h rely on the optical


o w [4 ], though in this case the motion v ector �eld is v ery sparse.

5.3.1 Least squares estimation

If the estimated blo c k motion v ectors

~

M

b

[ m; n ] are assumed to ha v e an indep enden t 2D Gaus-

sian distribution around the motion v ectors M

b

[ m; n ]( z ; d ) giv en b y the mo del of (5.5) , with

co v ariance matrix C [ m; n ], then the maxim um lik eliho o d estimated v alues of the camera mo v e-

men t factors minimize

B

L

� 1

X

m =0

B

C

� 1

X

n =0

(

~

M

b

[ m; n ] � M

b

[ m; n ]( z ; d ))

T

C

� 1

[ m; n ](

~

M

b

[ m; n ] � M

b

[ m; n ]( z ; d )) ; (5.7)

whic h is obtained b y taking the logarithm of the probabilit y of the estimated motion v ectors

according to the distribution mo del.

Since M

b

[ m; n ]( z ; d ), giv en b y (5.5) , is linear on z and d , the minimization actually corresp onds

to the least squares solution of a linear equation (whic h can b e deriv ed from (5.7) b y using

Kronec k er op erators), whose prop erties ha v e b een in tro duced when discussing the 
at and

a�ne region mo dels in Chapter 4.

4

Hough transform-based estimation algorithms are related to the LMedS (Least Median of Squares) robust

estimation metho d, see [111 ].
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Simplifying the estimation

The co v ariance matrix C [ m; n ] of the motion v ectors

~

M

b

[ m; n ], estimated in this case through

blo c k matc hing, ma y b e imp ortan t for obtaining accurate estimates of the camera mo v emen t

factors. Here, ho w ev er, the co v ariance matrix is simpli�ed. The estimation and use of a full

co v ariance matrix remains as an issue for future w ork.

Instead of estimating the co v ariance matrix, w e build one whic h in tuitiv ely mak es sense, and

whic h giv es appropriate results in practice. There are t w o sources of errors for the least squares

estimator if the co v ariance matrix is simpli�ed to C [ m; n ] = �

2

I

2

, with I

2

the iden tit y matrix:

1. blo c ks whic h do not corresp ond to camera mo v emen t, i.e., blo c ks encompassing one or

sev eral mo ving ob jects, or blo c ks con taining unco v ered areas (without a corresp ondence

in the previous image), are giv en the same w eigh t as blo c ks corresp onding to camera

mo v emen ts; and

2. badly estimated motion v ectors, namely those where the minim um error is in a v ery 
at

v alley (shallo w or wide) of the prediction error surface, are giv en the same w eigh t as blo c ks

with go o d motion v ectors, where the minim um error is in a deep trough of that surface

(this is related to the ap erture problem already men tioned).

The �rst problem is related to motion v ectors whic h most de�nitely do not ha v e the Gaussian

distribution around the mo del, as tak en in the previous section: they are outliers. Outlier

remo v al will also b e attempted in the complete algorithm, but some outliers are lik ely to remain

ev en after suc h remo v al. F ortunately , the cases corresp onding to the �rst problem, whic h

are missed b y the outlier detection mec hanisms, usually result in a large prediction error, at

least larger than for blo c ks with pure camera mo v emen t. Hence, if the prediction error is

used in place of the v ariance, b etter estimates result. The co v ariance matrix will th us b e

C [ m; n ] =

~

E [ m; n ] I

2

, with

~

E [ m; n ] = E [ m; n ](

~

M

b

[ m; n ]) (see (5.6) ). In practice, ho w ev er, since

~

E [ m; n ] ma y b e zero in o ccasions, and C [ m; n ] cannot b e singular, the co v ariance matrix is

tak en to b e C [ m; n ] = (1 +

~

E [ m; n ]) I

2

.

The second problem has not b een addressed here directly . A n umerically sound approac h migh t

b e to �t a parab oloid (with ellipsoidal section, and axes in an y direction) to the error surface,

cen tered in the minim um error, and tak e the parameters of a section of the parab oloid at a

�xed heigh t as the elemen ts of the co v ariance matrix,

5

p ossibly scaled up or do wn according to

the minim um prediction error, as in the previous paragraph. This w ould allo w the algorithm

to cop e appropriately with narro w v alleys of the prediction error b y allo wing the mo del of the

estimated motion v ectors to include a co v ariance, o� diagonal, elemen t. This approac h w as not

follo w ed, for questions related to the computational cost of the algorithms, and remains as an

issue for future w ork.

5

Remem b er that the equation of an ellipse ma y b e written as

�

x y

�

C

� 1

�

x

y

�

= r ;

with C p ositiv e de�nite.
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Finally , it m ust b e remem b ered that, b y assigning the same v ariance to b oth comp onen ts of the

estimated motion v ectors, as in C [ m; n ] = (1 +

~

E [ m; n ]) I

2

, the pixel asp ect ratio is not tak en

in to accoun t, so that, when the pixels are not square, one direction is giv en more w eigh t in the

minimization than the other. T o solv e this problem, the co v ariance matrix will b e tak en to b e

C [ m; n ] = (1 +

~

E [ m; n ])

�

�

2

0

0 1

�

:

If, as prop osed b efore, the full co v ariance matrix is estimated b y �tting a parab oloid to the

prediction error surface, this correction is ob viously not necessary .

Since an y p ositiv e de�nite correlation matrix C of a 2D random v ariable can b e rendered to the

form C = �

2

I

2

b y transforming the random v ariable b y a rotation � and a scaling s of its (sa y)

y axis, and th us can b e describ ed b y � , � , and s , the appro ximation used here corresp onds to

setting � to 0, s to the in v erse of the pixel asp ect ratio, and �

2

to the prediction error (plus

one).

Masking the blo c ks

As said b efore, not all blo c ks corresp ond to camera mo v emen ts, and as suc h an essen tial step

is the remo v al of outliers. Suc h a step can b e tak en as pro ducing a mask matrix M , with B

L

lines and B

C

columns, whic h is zero if blo c k b [ m; n ] is an outlier and one otherwise. Using this

mask, together with the appro ximation of C [ m; n ] prop osed in the last section, the expression

to minimize can b e written as

B

L

� 1

X

m =0

B

C

� 1

X

n =0

M [ m; n ]

1 +

~

E [ m; n ]

�

~

M

b

[ m; n ] � M

b

[ m; n ]( z ; d )

�

T

�

�

� 2

0

0 1

�

�

~

M

b

[ m; n ] � M

b

[ m; n ]( z ; d )

�

:

(5.8)
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Solution and its uniqueness

Let

A =

B

L

� 1

X

m =0

B

C

� 1

X

n =0

M [ m; n ]

1 +

~

E [ m; n ]

�

�

� 2

�

�

m �

B

L

� 1

2

�

L

b

�

2

+

�

�

n �

B

C

� 1

2

�

C

b

�

2

�

;

B

i

=

B

L

� 1

X

m =0

B

C

� 1

X

n =0

M [ m; n ]

1 +

~

E [ m; n ]

�

m �

B

L

� 1

2

�

L

b

;

B

j

=

B

L

� 1

X

m =0

B

C

� 1

X

n =0

M [ m; n ]

1 +

~

E [ m; n ]

�

n �

B

C

� 1

2

�

C

b

;

C =

B

L

� 1

X

m =0

B

C

� 1

X

n =0

M [ m; n ]

1 +

~

E [ m; n ]

�

�

� 2

�

m �

B

L

� 1

2

�

L

b

~

M

b

i

[ m; n ] +

�

n �

B

C

� 1

2

�

C

b

~

M

b

j

[ m; n ]

�

;

D

i

=

B

L

� 1

X

m =0

B

C

� 1

X

n =0

M [ m; n ]

1 +

~

E [ m; n ]

~

M

b

i

[ m; n ] ;

D

j

=

B

L

� 1

X

m =0

B

C

� 1

X

n =0

M [ m; n ]

1 +

~

E [ m; n ]

~

M

b

j

[ m; n ], and

S =

B

L

� 1

X

m =0

B

C

� 1

X

n =0

M [ m; n ]

1 +

~

E [ m; n ]

;

where

~

M

b

[ m; n ] =

�

~

M

b

i

[ m; n ]

~

M

b

j

[ m; n ]

�

T

. Then, if S ( AS � �

� 2

B

2

i

� B

2

j

) 6= 0, the minim um

of (5.8) is unique and found at

~z =

C S � �

� 2

B

i

D

i

AS � �

� 2

B

2

i

� B

2

j

; (5.9)

~

d

i

=

S AD

i

+ B

i

B

j

D

j

� B

2

j

D

i

� S B

i

C

S ( AS � �

� 2

B

2

i

� B

2

j

)

, and (5.10)

~

d

j

=

S AD

j

+ �

� 2

( B

i

B

j

D

i

� B

2

i

D

j

) � S B

j

C

S ( AS � �

� 2

B

2

i

� B

2

j

)

: (5.11)

If S ( AS � �

� 2

B

2

i

� B

2

j

) 6= 0, then either S = 0 and/or AS � �

� 2

B

2

i

� B

2

j

= 0. But S = 0

only if the mask M is all n ull (since

~

E [ m; n ] � 0), in whic h case there is no data, only outliers,

rendering estimation imp ossible. On the other hand, if AS � �

� 2

B

2

i

� B

2

j

= 0, the solution

ceases to b e unique. The standard least squares algorithms, in cases of non-uniqueness, often

return the smallest p ossible solution. In this case, ho w ev er, the factors z and d do not ha v e the

same units, and hence suc h a solution is meaningless. Tw o in teresting (p ossible) solutions are

as follo ws:

1. Cho ose z as zero (no zo om), and �nd the corresp onding pan factor. In this case the
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solution is

~z = 0 ;

~

d

i

=

D

i

S

, and

~

d

j

=

D

j

S

:

2. Set z to its extrap olation ^z from the estimates of the previous images and solv e for d

~z = ^z ;

~

d

i

=

D

i

� B

i

^z

S

, and

~

d

j

=

D

j

� B

j

^z

S

:

This solution attempts to main tain zo om mo v emen ts as smo oth as p ossible, since in prac-

tice zo om mo v emen ts are slo w er than pan mo v emen ts, esp ecially for hand-held cameras,

where vibration can b e quite strong and zo oming is p erformed through a motor, whic h is

t ypically quite slo w.

The former solution is the one used in the prop osed algorithm. The latter has b een left for

future w ork.

The next sections sho w ho w the least squares estimation ma y b e impro v ed b y using appropriate

outlier detection metho ds and motion v ector �eld smo othing algorithms.

5.3.2 Outlier detection

As said b efore, the motion v ector �eld of an image relativ e to the previous one ma y con tain

motion v ectors whic h do not corresp ond to camera mo v emen t, either b ecause they con tain

ob jects with indep enden t motion, or b ecause they con tain areas with no corresp ondence in the

previous image.

Unco v ered areas

Giv en an initial estimate of the camera mo v emen t factors, it is easy to classify those blo c ks

that con tain unco v ered zones b e c ause of the camera mo v emen t. Simply reconstruct the motion

v ectors of eac h blo c k (and round them to in teger co ordinates), using the initial estimate of

the camera mo v emen t factors, and mark as con taining unco v ered bac kground those for whic h

the motion v ector tak es the reference blo c k outside of the previous image. Since those motion

v ectors are lik ely to b e wrongly estimated, this is a reasonable step to tak e.
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Lo cal motion

As to the blo c ks con taining ob jects (or parts thereof ) with indep enden t motion, t w o di�eren t

metho ds will b e compared. The �rst metho d relies on simple comparison of the estimated

motion v ectors with the ones predicted b y the estimated camera motion factors, w as already

prop osed in [122 ]. The second metho d is based in the concept of the Hough transform. While

the �rst metho d ma y b e seen as an iterativ e Case Deletion metho d for increasing the robustness

of the least squares estimator [57 ], the second p erforms a clustering of the data p oin ts in the

Hough transform parameter space, from whic h a rough segmen tation of the data p oin ts in to

t w o disjoin t sets (v alid data p oin ts and outliers) can b e obtained. It is a simple v ersion of the

metho d prop osed in [4 ].

A distance based approac h

This metho d uses a simple thresholding tec hnique for classifying blo c ks as p ossessing lo cal

motion or not. Giv en the initial estimates ~z and

~

d of the camera mo v emen t factors, the es-

timated motion v ectors

~

M

b

[ m; n ] are compared with the ones predicted b y the mo del, i.e.,

with M [ m; n ]( ~ z ;

~

d ). If k

~

M

b

[ m; n ] � M [ m; n ]( ~ z ;

~

d ) k = kM [ m; n ]( ~ z ;

~

d ) k > t , where t is a giv en

threshold, then the blo c k is deemed to p ossess lo cal motion and classi�ed as suc h. When

kM [ m; n ]( ~ z ;

~

d ) k = 0, the test is p erformed not on the relativ e size of the di�erence b et w een

the motion v ectors but on the absolute size of the estimated motion v ector itself, i.e., if

k

~

M

b

[ m; n ] k > t

2

, where t

2

is another threshold, the blo c k is deemed to p ossess lo cal motion.

The threshold t

2

is tak en, in the algorithm, to equal 10 t , so as to render the metho d dep enden t

of single parameter. This relation b et w een t

2

and t w as c hosen empirically and giv es acceptable

results in practice.

Finally , it should b e men tioned that, in b oth cases, the norms are calculated on the motion

v ectors expressed in site co ordinates, so as to tak e the pixel asp ect ratio in to accoun t.

A Hough transform approac h

This approac h is v ery similar to the one in [4], ev en though m uc h simpler and adapted to the

camera mo v emen t mo del used in this thesis, and th us more e�cien t.

The algorithms for camera mo v emen t estimation prop osed mak e a simple assumption ab out

the mo v emen t, as will b e seen: if more than 40% of the blo c ks in an image can b e describ ed

adequately b y a set of camera motion factors and no other larger group of blo c ks exists in

the same circumstances, then those blo c ks are tak en to represen t static bac kground and the

estimated factors to represen t the actual camera mo v emen t. This assumption can ob viously fail

at times, but it is simple and giv es go o d results in practice. Ho w ev er, the metho d describ ed

previously can ha v e some di�culties with this assumption, since the initial factors are estimated

b efor e outlier remo v al, and th us can fall midw a y b et w een t w o di�eren t motions in a scene,

probably resulting in the classi�cation of nearly all blo c ks as outliers. In order to solv e this

problem, a di�eren t pro cedure is used here, whic h in fact in tert wines a rough estimation with
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outlier detection. It uses the concept of Hough transform, whic h can b e found on an y image

pro cessing textb o ok [56 ].

Let the space of the p ossible camera mo v emen t factors b e b ounded and divided in to accum ulator

cells, here called bins for simplicit y . Since the pan factor comp onen ts d

i

and d

j

are directly

related with the motion v ectors in case of a zo omless mo v emen t, they will b e b ounded to

[ � d

i

max

; d

i

max

] and [ � d

j

max

; d

j

max

], resp ectiv ely . As to the zo om factor, it will b e b ounded to

[ � 0 : 2 ; 0 : 2], based on empirical evidence ab out the range of t ypical zo om mo v emen ts (and also

b ecause, for CIF images, used in this c hapter, these v alues result in motion v ectors for the outer

blo c ks whic h exceed the maxim um horizon tal displacemen t of d

j

max

= 30 used). The n um b er

of bins w as c hosen so as to divide this b ounded region in to bins small enough to pro vide a

rough estimate of the factors, and large enough to render the Hough transform approac h useful,

b y allo wing the Hough transform of estimated motion v ectors corresp onding to a single set of

camera mo v emen t mo del parameters to concen trate in a single bin. The follo wing empirical

v alues where found to yield go o d results: 41 bins for z , and 42 bins for b oth d

i

and d

j

, totalling

72324 bins. If an initial estimate of the camera mo v emen t factors is a v ailable, these bins are

o�set so that the motion v ectors generated b y these initial factors all coincide in the cen ter of

a single bin. This con tributes to a v oid errors due to a disp ersion of the Hough transformed

motion v ectors among t w o, four, or ev en among eigh t bins.

Let H b e a 3D accum ulator arra y with 41 planes of 42 � 42 bins. F or eac h estimated motion

v ector

~

M

b

[ m; n ], the zo om factors z corresp onding to the cen ter of eac h bin are tried. Giv en

the mo del (5.5) this results in

d

i

=

~

M

b

i

[ m; n ] � z

�

m �

B

L

� 1

2

�

L

b

, and

d

j

=

~

M

b

j

[ m; n ] � z

�

n �

B

C

� 1

2

�

C

b

:

The bin in H corresp onding to the zo om factor b eing curren tly tried and to the pan factor

comp onen ts calculated ab o v e is incremen ted. After pro cessing all estimated motion v ectors, the

cen ter of the bin con taining the largest v alue (whic h can b e trac k ed dynamically while �lling H )

is tak en as a rough estimate of the camera mo v emen t factors. Blo c ks whose estimated motion

v ectors con tributed to that bin or to a bin closer than a giv en threshold t

h

(using a c hess-b oard

distance, i.e., the maxim um of the absolute v alues, expressed in n um b er of bins), are deemed to

agree with the estimated camera mo v emen t factors. Ev en though a rough estimate is calculated

b y this metho d, it is discarded, since the mask of v alid blo c ks will b e later used to estimate,

with the least squares estimator, more accurate v alues for those factors.

Those blo c ks whic h where deemed to con tain unco v ered areas are not a�ected b y the pro cedure

ab o v e.

Zones of the image, encompassing more than one blo c k, and p ossessing motion whic h cannot b e

describ ed b y the assumed mo del will tend to disp erse their con tribution to the Hough transform

through a large n um b er of bins in H . On the con trary , zones whose motion is describable b y

the mo del will tend to concen trate on the bin corresp onding to the mo del parameters. By

selecting the maximal bin, the largest of these mo del complian t zones will b e c hosen. If no suc h

zone exists, the c hosen maxim um will b e small, leading to a mask with few v alid blo c ks. Later
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parts of the algorithm will detect this and either attempt to relax the threshold t

h

or quit the

estimation, if further relaxation is not acceptable.

Finally , it should b e noticed that if pan mo v emen ts only are b eing estimated, this metho d

reduces to selecting the maxim um of the histogram of motion v ectors, whic h w as prop osed

in [110 ].

5.3.3 Smo othing

Whenev er there are zones with a relativ ely uniform color or pattern, e.g. t w o colors separated

b y a straigh t b oundary , the motion v ectors estimated b y the blo c k matc hing algorithm will tend

to b e erroneous. This is the so called ap erture problem. Suc h cases migh t b e partially dealt with

b y estimating the co v ariance matrices C [ m; n ] and using them in the least squares estimation.

As this has not b een done, for reasons of e�ciency , some other metho d of dealing with these

errors has to b e used. It is true that part of these errors w ould probably b e captured b y the

outlier detection part of the algorithm, but at the cost of estimates for the camera mo v emen t

factors whic h w ould b e based on a smaller n um b er of data p oin ts. In some situations, that migh t

ev en render estimation of camera mo v emen t imp ossible, for lac k of enough blo c ks to p erform

the estimate (40% of the total).

In order to solv e these problems, a simple metho d for regularizing the estimated motion v ector

�eld has b een devised. Giv en estimates ~z and

~

d of the camera mo v emen t factors, a corresp onding

motion v ector �eld is constructed, as in equation (5.5) , though rounded to in teger co ordinates.

Let

�

M

b

[ m; n ]( ~ z ;

~

d ) b e that v ector �eld. Then, of the set of p ossible motion v ectors M

b

[ m; n ]

whic h are closer to

�

M

b

[ m; n ]( ~ z ;

~

d ) than

~

M

b

[ m; n ] is, and whose prediction error is small enough,

namely E [ m; n ]( M

b

[ m; n ]) � (

~

E [ m; n ] + 1)(1 + t

s

), the one whic h is closer to

�

M

b

[ m; n ]( ~ z ;

~

d )

is c hosen as the new, smo othed estimate. If there is a tie, the motion v ector with the smaller

prediction error is c hosen. If again there is a tie, the one closer to the original estimate

~

M

b

[ m; n ]

is c hosen. If no suc h v ector is found, the estimate is left as is.

The smo othing threshold t

s

con trols ho w m uc h increase in the prediction error is allo w able

while manipulating the estimated motion v ector. An empirical v alue of 6% has b een used in

this thesis. As to the sum of 1 to the minim um prediction error, it allo ws some smo othing to

o ccur ev en if the minim um prediction error is zero.

A di�eren t approac h to motion v ector smo othing, using a Gibbs mo del, can b e found in [185].

5.4 The complete algorithms

Tw o algorithms are prop osed here. The �rst, see Algorithm 1, is based on the original prop osal

of [122]. It will b e called the \old algorithm", and it uses the distance based approac h to the

detection of outliers. The second, see Algorithm 2, is an impro v emen t whic h uses the Hough

transform approac h to outlier detection. It will b e called \new algorithm".

Both algorithms use t w o lo ops. The inner lo op p erforms camera motion estimation and outlier
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Algorithm 1 Estimation of the camera motion factors using the old algorithm (based on [122]).

Require: t

0

� 0 f initial outlier detection threshold g

Require: � t � 0 f outlier detection threshold incremen t g

Require: t

max

� t

0

f maxim um outlier detection threshold g

Require: t

s

� 0 f smo othing threshold g

Require: 0 � t

a

� 1 f camera mo v emen t detection threshold g

Require: i

max

> 0 f maxim um inner iterations g

Require: � > 0 f pixel asp ect ratio g

Require: L

b

> 0 f n um b er of lines p er blo c k g

Require: C

b

> 0 f n um b er of columns p er blo c k g

Require: B

L

> 0 f n um b er of lines of blo c ks g

Require: B

C

> 0 f n um b er of columns of blo c ks g

Require:

~

M

b

has B

L

� B

C

motion v ectors

Require: j

~

M

b

i

[ m; n ] j � d

i

max

; 8 m 2 f 0 ; : : : ; B

L

� 1 g ; 8 n 2 f 0 ; : : : ; B

C

� 1 g

Require: j

~

M

b

j

[ m; n ] j � d

j

max

; 8 m 2 f 0 ; : : : ; B

L

� 1 g ; 8 n 2 f 0 ; : : : ; B

C

� 1 g

Ensure: either \found" is false, and no camera mo v emen t has b een found, or ~z and

~

d are

estimates of the camera mo v emen t factors

t = t

0

f initialize outlier detection threshold g

rep eat

M

b

 

~

M

b

f cop y estimated motion v ector �eld g

E  

~

E f cop y prediction errors corresp onding to

~

M

b

g

M  1 f �ll M with ones (v alid) g

b order( M ) f b order blo c ks are set to zero (outlier) in M (impro v es initial estimates in case

of a zo om out or a non-n ull pan) g

i  0 f initialize n um b er of inner iterations g

rep eat

~z ;

~

d  lse ( M

b

; E ; M ; L

b

; C

b

; � ) f estimate zo om and pan factors using least squares g

build

�

M

b

( ~ z ;

~

d ) f build rounded motion v ector �eld from ~z and

~

d g

M

b

 smo oth (

~

M

b

;

�

M

b

( ~ z ;

~

d ) ; t

s

) f smo oth

~

M

b

to w ards

�

M

b

( ~ z ;

~

d ) with threshold t

s

g

c hanges ; M  outliers ( M ;

�

M

b

( ~ z ;

~

d ) ; � ; t ) f mark unco v ered blo c ks in M and lo cal motion

blo c ks (distance based approac h), set \c hanged" according to whether an y blo c k had its

mask c hanged g

i  i + 1

un til not c hanged or i = i

max

found  (v alid ( M ) > t

a

B

L

B

C

) f set \found" according to whether there are enough v alid

(non-outlier) blo c ks g

t  t + � t f incremen t outlier detection threshold g

un til found or t > t

max
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Algorithm 2 Estimation of the camera motion factors using the new algorithm.

Require: t

h

max

� 0 f maxim um outlier detection threshold g

Require: t

s

� 0 f smo othing threshold g

Require: 0 � t

a

� 1 f camera mo v emen t detection threshold g

Require: i

max

> 0 f maxim um inner iterations g

Require: � > 0 f pixel asp ect ratio g

Require: L

b

> 0 f n um b er of lines p er blo c k g

Require: C

b

> 0 f n um b er of columns p er blo c k g

Require: B

L

> 0 f n um b er of lines of blo c ks g

Require: B

C

> 0 f n um b er of columns of blo c ks g

Require:

~

M

b

has B

L

� B

C

motion v ectors

Require: j

~

M

b

i

[ m; n ] j � d

i

max

; 8 m 2 f 0 ; : : : ; B

L

� 1 g ; 8 n 2 f 0 ; : : : ; B

C

� 1 g

Require: j

~

M

b

j

[ m; n ] j � d

j

max

; 8 m 2 f 0 ; : : : ; B

L

� 1 g ; 8 n 2 f 0 ; : : : ; B

C

� 1 g

Ensure: either \found" is false, and no camera mo v emen t has b een found, or ~z and

~

d are

estimates of the camera mo v emen t factors

t

h

 0 f initialize outlier detection threshold g

~z  0 f initial estimate: no zo om g

~

d  0 f initial estimate: no pan g

rep eat

M

b

 

~

M

b

f cop y estimated motion v ector �eld g

E  

~

E f cop y prediction errors corresp onding to

~

M

b

g

M  1 f �ll M with ones (v alid) g

b order( M ) f b order blo c ks are set to zero (outlier) in M (impro v es initial estimates in case

of a zo om out or a non-n ull pan) g

i  0 f initialize n um b er of inner iterations g

rep eat

c hanges ; M  hough( M

b

; E ; ~z ;

~

d; L

b

; C

b

; t

h

) f p erform outlier detection, set \c hanged"

according to whether an y blo c k had its mask c hanged g

~z ;

~

d  lse ( M

b

; E ; M ; L

b

; C

b

; � ) f estimate zo om and pan factors using least squares g

build

�

M

b

( ~ z ;

~

d ) f build rounded motion v ector �eld from ~z and

~

d g

M

b

 smo oth (

~

M

b

;

�

M

b

( ~ z ;

~

d ) ; t

s

) f smo oth

~

M

b

to w ards

�

M

b

( ~ z ;

~

d ) with threshold t

s

g

c hanges ; M  unco v ered( M ;

�

M

b

( ~ z ;

~

d ) ; � ; t ) f mark unco v ered area blo c ks (outliers) in M

and set \c hanged" to true if an y blo c k had its mask c hanged g

i  i + 1

un til not c hanged or i = i

max

found  (v alid ( M ) > t

a

B

L

B

C

) f set \found" according to whether there are enough v alid

(non-outlier) blo c ks g

t

h

 t

h

+ 1 f incremen t outlier detection threshold g

un til found or t

h

> t

h

max
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detection un til the mask of v alid blo c ks remains unc hanged or un til the limit n um b er of inner

iterations is attained. In b oth cases the mask is not guaran teed to con v erge, hence the need

for a limited n um b er of iterations. Notice that the order of estimation and outlier detection is

in v erted: in the old algorithm estimation is p erformed �rst, while in the new algorithm outlier

detection is p erformed �rst. Of course, as noticed b efore, outlier detection in the new algorithm

actually in v olv es roughly estimating the mo v emen t parameters b efore detecting outliers, so that,

for eac h inner iteration on the new algorithm, t w o estimations are p erformed. The adv an tage

is that the outlier detection using the Hough transform is m uc h more robust, since it explicitly

selects the most probable bin. The use of the least squares estimation to obtain the �nal results

is due to the lac k of precision of the Hough estimator. This lac k of precision is due to the fact

that the parameter space of the Hough transform has b een coarsely quan tized to guaran tee

meaningful results for the relativ ely small n um b er of data p oin ts used: the camera mo v emen t

estimates are based on blo c k matc hing results on a coarse 16 � 16 grid.

The outer lo op c hec ks whether the n um b er of v alid blo c ks on whic h the estimate is based is

su�cien t to consider that camera mo v emen ts are presen t in the curren t image (relativ e to the

previous). If not, it incremen ts the threshold o v er whic h blo c ks are considered outliers in outlier

detection (but only the part relativ e to lo cal motion, not to unco v ered areas), thereb y relaxing

the requiremen ts un til either camera motion is considered presen t or the maxim um relaxation

is attained. With this outer lo op, it is p ossible to estimate camera motion factors as accurately

as p ossible, b y starting with stringen t requiremen ts and �nishing with more relaxed ones. If

the maxim um relaxation is attained b efore camera mo v emen t is detected, the algorithms fails.

Since ev en images p ossessing zero pan and zo om factors can b e classi�ed as ha ving camera

mo v emen t, the algorithm failure ma y mean, in b oth cases, that the scene is to o complex for

the algorithms or that a scene cut has b een reac hed (the curren t image is unrelated with the

previous).

Both algorithms su�er from an inheren t limitation of accuracy: b oth are based on pixel lev el

blo c k motion v ectors. The results are th us lik ely to su�er from errors, esp ecially for v ery small

pan mo v emen ts without an y zo oming, whic h ma y in fact b e estimated as no mo v emen t at all.

The accuracy ma y b e impro v ed b y using blo c k matc hing metho ds with sub-pixel accuracy . This

w as not tried here, ho w ev er.

5.4.1 Results

Exp erimen tal conditions

The algorithms ha v e b een tested with the parameters sho wn in T ables 5.1(a), 5.1(b) and 5.1(c).

Estimating zo om o�set

The \T able T ennis" sequence consists of t w o shots. The second, from image 131 on, con tains no

camera mo v emen t, and th us will not b e of great in terest here. F rom images 0 to 130, though,

there is a zo om mo v emen t. It starts slo wly around image 20, increases its sp eed, then slo wly
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L 288 CIF lines

C 352 CIF columns, or pixels p er line

L

b

16 pixels

C

b

16 pixels

B

L

18 blo c ks

B

C

22 blo c ks

d

i

max

32 pixels

d

j

max

30 pixels

� 1 : 0(6) 16/15 (see Section A.1.1)

(a) Common format parameters.

t

0

0 : 1 10%

� t 0 : 1 10%

t

max

0 : 5 50%

t

s

0 : 06 6%

t

a

0 : 4 40%

i

max

15 iterations

(b) Old algorithm.

t

h

max

1 Hough accum ulator bins

t

s

0 : 06 6%

t

a

0 : 4 40%

i

max

15 iterations

(c) New algorithm.

T able 5.1: Algorithms parameters.
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decreases to w ards its end, around image 107. The zo om mo v emen t is only clear, though, from

images 24 (23 to 24) to 106 (105 to 106). Note that this zo om mo v emen t is not accompanied

b y an y pan mo v emen t, as can b e readily seen b y direct observ ation of the sequence.

Figures 5.1 and 5.2 sho w the estimated camera mo v emen t factors of the \T able T ennis" sequence

using the old and the new algorithms, resp ectiv ely .

In Figures 5.1(b) and 5.2(b) it can b e seen that, despite the fact that there is no panning in

the original sequence, non-zero pan factor comp onen ts w ere detected. It should b e noticed,

ho w ev er, that in the case of the new algorithm these factors are non-zero only when there is

zo oming in the sequence. In the case of the old algorithm, some spurious zo om and pan factors

o ccur out of the 24 to 106 image range, but this is due to the lo w er qualit y of its estimation.

Th us, from the results of the new algorithm, in Figure 5.2(b), it can b e inferred that the cen ter

of scaling of the zo om is o�set from the cen ter of the image.

Let the cen ter of zo om b e o�set from the cen ter of the image. Let d

s

z

b e this o�set. After a pure

zo om with scaling factor Z o�set b y d

s

z

, a site s in the image c hanges its p osition to s

0

, where

s

0

= Z ( s � d

s

z

) + d

s

z

= Z

�

s �

�

1 �

1

Z

�

d

s

z

�

: (5.12)

Comparing with (5.3) , it can b e seen that this o�set zo om is equiv alen t to a pan plus zo om

with scaling Z and translation d

s

= (1 � 1 = Z ) d

s

z

. Con v erting to the usual camera mo v emen t

factors z and d

d = �

�

0 � �

1 0

�

z d

s

z

= � z d

z

;

where d

z

is the o�set expressed in pixel co ordinates.

Hence, the estimated pan factor should v ary linearly with the zo om factor. By observing

Figures 5.2(a) and 5.2(b), it can b e seen that this b eha vior is appro ximately true, esp ecially

for the d

i

comp onen t of the pan factor, whic h attains larger v alues, and hence su�ers less from

estimation errors.

Using linear regression, it is p ossible to estimate the zo om o�set in pixel co ordinates d

z

from

the estimated v alues of z and d for images 24 to 106. The v alue obtained for d

z

w as

d

z

=

�

10 : 3116

� 4 : 16089

�

;

whose estimated standard deviations (see [165 , x 15.2]) are 1 : 34175 and 1 : 03135, resp ectiv ely .

These v alues agree reasonably w ell with direct observ ation, whic h yielded appro ximately d

z

=

�

7 � 3 : 5

�

T

. It can b e concluded that, ev en though camera mo v emen t estimation is based

on blo c k matc hing results, with pixel accuracy , it do es yield estimation results with sub-pixel

accuracy (at least when there are strong zo om mo v emen ts). An issue whic h remained for future

w ork is the quan ti�cation of the errors in the camera mo v emen t factors estimated.

Giv en the estimated zo om and pan factors and using (5.3) rep eatedly , it is p ossible to estimate

the p osition in eac h image of a p oin t originally in the cen ter of the image plan. Figure 5.3
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(a) Zo om factor.
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solid line, d

j

brok en line).

Figure 5.1: \T able T ennis": camera mo v emen t estimation results (old algorithm). Camera

mo v emen t has not b een detected in image 131, where a scene cut o ccurs.
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(a) Zo om factor.
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Figure 5.2: \T able T ennis": camera mo v emen t estimation results (new algorithm). Camera

mo v emen t has not b een detected in image 131, where a scene cut o ccurs.
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sho ws this estimate, together with the same estimate using (5.12) with the v alue obtained for

d

z

b y linear regression. It can b e seen that the factors estimated do lead to an appro ximately

linear ev olution of the cen ter, whic h further corrob orates the h yp othesis that the pan is due to

an o�set in the cen ter of zo om.

x

y

0-0.5-1-1.5-2-2.5-3-3.5-4-4.5

0

-1

-2

-3

-4

-5

-6

-7

-8

Figure 5.3: \T able T ennis": ev olution of the cen ter of the image plan from image 23 to image

106 using (5.3) , solid line, and (5.12) , brok en line. F actors estimated using the new algorithm.

Figure 5.4 sho ws the result of transforming the �rst image of the \T able T ennis" sequence using

the comp osition of all estimated camera mo v emen t factors up to images 60, in the middle of the

zo om mo v emen t, and 124, w ell after the end of the zo om mo v emen t. The result of these t w o

transformations of the �rst image is then o v erlapp ed with the original images 60 and 124. It is

clear that the size of the transformed images seems to agree v ery w ell with the corresp onding

original image. There is, though, a sligh t displacemen t in its p osition, of the order of one or

t w o pixels. The go o d agreemen t in image size seems to indicate that the zo om factors are b eing

accurately estimated (it m ust b e remem b ered that the transformations in tegrate ab out 36 and

80 fractional zo om factors, resp ectiv ely). The sligh t o�set in p osition can b e seen to b e of the

order of the error b et w een the t w o lines in Figure 5.3.

Comparison of the algorithms

Scene cuts

As said b efore, the failure of detection of camera mo v emen t can o ccur for sev eral reasons, one of

them b eing the o ccurrence of a scene cut. The robustness of the algorithms can b e ascertained

b y c hec king their abilit y to detect real scene cuts, and b y c hec king the n um b er of false scene

cut detections generated.
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(a) Ov erlap with image 60.

(b) Ov erlap with image 124.

Figure 5.4: \T able T ennis": o v erlap of the original images with image 0 transformed according

to the camera mo v emen t factors estimated b y the new algorithm.
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Sev eral sequences ha v e b een tested, namely \Carphone", \Coastguard", \Flo w er Garden",

\F oreman", \Stefan", \T able T ennis", and \VTPH". Of these sequences, only \T able T en-

nis" and \VTPH" con tain scene cuts. In \T able T ennis" t w o shots of a game are sho wn, the

scene cut taking place from image 130 to image 131. In the case of \VTPH", t w o scene cuts

o ccur from image 79 to image 80 and from image 130 to image 131. In the follo wing, scene cuts

will b e iden ti�ed b y the n um b er of their second image.

T ables 5.2(a) and 5.2(b) sho w the o ccurrence of erroneous detections (i.e., detection of camera

motion at scene cuts) or non-detections (i.e., failure to detect camera mo v emen t at normal,

non-scene cut images) of camera mo v emen t in the test sequences.

detections non-detections

\Carphone" 203, 312, and 314

\Flo w er Garden" 62

\F oreman" 47, 49, and 153 to 157

`Stefan" 2, 9, 65, 66, 85, 133, 141, 171, 172, 211, 214, 216, and 286

\VTPH" 80 86, 93, 102, 103, 110, and 111

(a) Old algorithm.

detections non-detections

\F oreman" 156, 191, and 192

(b) New algorithm.

T able 5.2: Camera mo v emen t erroneous detections and non-detections.

The sup erior p erformance of the new algorithm is clear. The old algorithm frequen tly fails to

detect camera mo v emen t where there is no scene cut. But it also fails to detect a true scene

cut at image 80 of the \VTPH" sequence. Hence, it can b e said that its results w ould not

b e impro v ed b y allo wing further relaxation on the outer lo op, since this w ould lead to less

erroneous non-detections but also to further erroneous detections. On the other hand, the new

algorithm correctly classi�es the three scene cuts and only fails to detect camera mo v emen t

at three normal images of the \F oreman" sequence. In image 156, this failure is due to the

mo v emen t of the hand in fron t of the camera. In images 191 and 192, it seems to stem from

a badly estimated motion v ector �eld, whic h is due to a strong pan mo v emen t with motion

blurring.

Accuracy

Both algorithms are based on the same least squares estimator, so the accuracy of the result

is strongly dep enden t on the outlier detection mec hanism used. The previous results clearly

sho w that the outlier mec hanism of the old algorithm leads to frequen t erroneous detections

or non-detections of camera mo v emen t. But ev en in cases where camera mo v emen t is presen t
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and detected, the outlier detection mec hanism can lead to p o or qualit y estimates. Figures 5.5

and 5.6 sho w the camera mo v emen t factors estimated b y b oth algorithms for the \Stefan"

sequence.

The regularit y in the time ev olution of the factors for the new algorithm is not a coincidence. It

is not imp osed b y the algorithm itself, since the algorithm op erates indep enden tly for eac h image

of the sequence. Hence, it can only stem from the regularit y of the true camera mo v emen ts (it

is a TV sequence, and TV op erators usually try to ac hiev e smo oth camera mo v emen t, esp ecially

when sho oting sp ort images). The conclusion can only b e that the results of the old algorithm

are m uc h w orst, since the estimated factors ha v e a quite rough time ev olution.

In order to ascertain the accuracy of the new algorithm, the estimated camera motion factors

w ere in tegrated along time and the in tegrated v alues w ere used to mo v e a b o x whic h w as hand

p ositioned o v er a particular feature of the scene presen t on the �rst image. Figures 5.7 and 5.8

sho w the b o x in the �rst image of the test sequences used (in this case \Coastguard", \Flo w er

Garden", \F oreman", and \Stefan"), and the same b o x displaced and scaled according to the

in tegration of the estimated camera mo v emen t factors in a p osterior image (close to the last

image where the feature is visible in the sequence and b efore an y non-detections of camera

mo v emen t). The p ositioning of the b o x relativ e to the corresp onding feature can b e used as a

measure of the accuracy of the estimation, remem b ering that estimation errors are accum ulated

in the in tegration pro cedure.

F or the \Coastguard" sequence, the b o x p osition o�set is appro ximately 20 pixels horizon tally

and 10 pixels v ertically . T aking in to accoun t that the b o x has b een p ositioned according to

the in tegration of the camera mo v emen t factors obtained for eac h image with reference to the

previous, and also taking in to accoun t that this o�set is obtained after 200 images, the result

can only b e classi�ed as go o d. Besides, the sequence is not trivial, since it con tains t w o ob jects

with indep enden t motion (the t w o b oats), and the w ater with its random motion.

As to the \Flo w er Garden" sequence, the o�set is of ab out 20 pixels in b oth directions for a

range of 125 images. In this case, though, the camera mo v emen t is neither a pan nor a zo om:

it is a tra v eling mo v emen t, in whic h the camera c hanges its p ositions. Hence, the motion in the

pro jected image cannot b e describ ed b y the mo del used and dep ends on the relativ e distance

of the ob jects: ob jects whic h are closer mo v e faster and ob jects whic h are farther mo v e slo w er.

This justi�es the horizon tal o�set, since the algorithm tak es the whole image in to accoun t. Also,

some ob jects can ha v e a pro jected v ertical motion ev en if the camera mo v es horizon tally . This

is the case of windo w, and it justi�es the v ertical o�set in its p osition. Nev ertheless, it can b e

said that the algorithm p erforms reasonably w ell ev en when the true camera mo v emen t do es

not truly consist of zo oming and panning.

In the \F oreman" sequence the o�set is v ery small. The sequence is not simple since it can b e

seen to p ossess a comp osition of pan mo v emen ts with small rotation mo v emen ts ab out the lens

axis whic h a�ects the estimation algorithm.

Finally , the \Stefan" sequence con tains t w o di�cult parts for the algorithms: small mo v emen ts

in the sp ectators, and the rather uniform game 
o or, for whic h blo c k matc hing yields erroneous

results. Nev ertheless, the p osition o�set after 244 images is small, of the order of 20 pixels

horizon tally , and negligible in the v ertical direction.
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Figure 5.5: \Stefan": camera mo v emen t factors estimated b y the old algorithm (sho wn only for

images with detected camera mo v emen t).
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Figure 5.6: \Stefan": camera mo v emen t factors estimated b y the new algorithm.



5.4. THE COMPLETE ALGORITHMS 213

(a) \Coastguard" image 0. (b) \Coastguard" image 200.

(c) \Flo w er Garden" image 0. (d) \Flo w er Garden" image 124.

Figure 5.7: Pseudo-feature trac king capabilit y of the new algorithm.
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(a) \F oreman" image 0. (b) \F oreman" image 150.

(c) \Stefan" image 0. (d) \Stefan" image 243.

Figure 5.8: Pseudo-feature trac king capabilit y of the new algorithm.
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Computational requiremen ts

The total running time for the estimation of camera mo v emen t for ev ery image, except the �rst,

of the \Stefan" sequence, whic h has 300 images, w as of ab out 9500 seconds for b oth algorithms.

6

Ho w ev er, full searc h blo c k matc hing accoun ts for ab out 98.5% of this time. Excluding full searc h,

for whic h hop efully there are fast hardw are implemen tations a v ailable, the old algorithm sp en t

133.07 seconds and the new algorithm 129.02 seconds estimating 299 camera mo v emen t factors.

I.e., b oth algorithms tak e ab out half a second to run for eac h image. The algorithms are th us

essen tially equiv alen t in computation time, though the memory requiremen ts are larger for the

new algorithm, since it requires use of the matrix of Hough accum ulator cells H for outlier

detection.

5.5 Image stabilization

Image stabilization, b e it mec hanical or electronic, is an imp ortan t feature of to da y's video

cameras [102 ], whether they are hand-held or part of a videotelephone. It is imp ortan t b ecause

it impro v es the qualit y of mo ving images b y reducing disturbing image vibrations caused b y

an unsteady hand. Since image stabilization is p erformed b efore storage or transmission, the

compression ratio is also impro v ed, since images are more easily predicted from the previous

ones.

5.5.1 Viewing windo w

Let the digital image a v ailable from a camera after sampling ha v e L � C pixels. Let also the

needed output image ha v e L

w

� C

w

, with L

w

� L and C

w

� C , and the same pixel size. Let

�

L

=

L � L

w

2

and �

C

=

C � C

w

2

. The L

w

� C

w

image can b e extracted from the camera image b y

placing its cen ter, with site co ordinates s

w

, within a rectangle [ � �

C

; �

C

] � [ �

1

�

�

L

;

1

�

�

L

]. The

rectangle of width C

w

and heigh t

1

�

L

w

cen tered at s

w

will b e called the viewing windo w. The

output image can b e obtained from the camera image b y selecting the corresp onding camera

image pixels, if v

w

( s

w

in pixel co ordinates) has in teger co ordinates, or b y using some t yp e

of in terp olation if the co ordinates of v

w

can tak e non-in teger v alues. In this section bilinear

in terp olation will b e used for simplicit y . Bilinear in terp olation in tro duces a linear �ltering to

the camera image whose frequency resp onse dep ends on the fractional parts of the co ordinates

of v

w

. F or instance, for n ull fractional parts of the co ordinates of v

w

, no �ltering is p erformed

(
at frequency resp onse), while for half-pixel co ordinates (fractional parts of 0.5), the pixels

of the output image are the a v erage of four pixels in the camera image, corresp onding to a

lo w-pass �ltering of the camera image. This is clearly not a desirable e�ect, but the use of more

appropriate in terp olation metho ds remained as an issue for future w ork.

6

On a P en tium 200 MHz, with 64 Mb yte RAM, running RedHat Lin ux 5.0 (k ernel 2.0.32), programs compiled

with gcc 2.8.1 and full compiler optimization (-O3), times extracted with gprof 2.8.1.
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5.5.2 Viewing windo w displacemen t

Small camera pan mo v emen ts can b e eliminated from the output image b y displacing the viewing

windo w, relativ e to its previous p osition, in the direction of the detected camera mo v emen t,

thereb y stabilizing the output image [192 , 122]. Since the viewing windo w m ust alw a ys �t inside

the camera image, the amoun t of mo v emen t that can b e eliminated is limited, of course.

The ob jectiv e of the displacemen ts of the viewing windo w is to main tain the p oin t whic h w as

at its cen ter in one image also cen tered in the in the next image, ev en in the presence of camera

mo v emen t. Let s

w

[ n ] b e the p osition of the cen ter of the viewing windo w at image n , and Z [ n ]

and d

s

[ n ] the camera mo v emen t factors (in site co ordinates) from image n � 1 to image n . Then

a p oin t at the cen ter of the viewing windo w in image n � 1 will b e mo v ed to Z [ n ]( s

w

[ n � 1] � d

s

[ n ])

in image n , according to equation (5.3) . Hence, if this mo v emen t is to b e eliminated from the

output image, the cen ter of the viewing windo w has to b e mo v ed accordingly to

s

w

[ n ] = Z [ n ]( s

w

[ n � 1] � d

s

[ n ]) : (5.13)

If the co ordinates of s

w

ev er fall outside the rectangle [ � �

C

; �

C

] � [ �

1

�

�

L

;

1

�

�

L

], then the

camera mo v emen t cannot b e fully canceled out, i.e., the image cannot b e stabilized as required.

The ev olution of the cen ter of the viewing windo w will th us b e describ ed b y

�

s

w

x

[ n ]

s

w

y

[ n ]

�

=

2

4

min

�

max

�

Z [ n ]( s

w

x

[ n � 1] � d

s

x

[ n ]) ; � �

C

�

; �

C

�

min

�

max

�

Z [ n ]( s

w

y

[ n � 1] � d

s

y

[ n ]) ; �

1

�

�

L

�

;

1

�

�

L

�

3

5

:

With this equation, after a large panning, sa y , to the righ t, the viewing windo w will b e saturated

at the left of the camera image. Ev en after the panning stops, it will remain there, e�ectiv ely

reducing the capabilities of image stabilization in that direction. Hence, some mec hanism for

returning the viewing windo w to its rest p osition, viz. the cen ter of the camera image, m ust

b e devised. This is accomplished through the in tro duction of a loss factor � ( Z [ n ] ; d

s

[ � ]) in the

ev olution of the cen ter of the viewing windo w

�

s

w

x

[ n ]

s

w

y

[ n ]

�

=

2

4

min

�

max

�

Z [ n ]((1 � � ( Z [ n ] ; d

s

[ � ])) s

w

x

[ n � 1] � d

s

x

[ n ]) ; � �

C

�

; �

C

�

min

�

max

�

Z [ n ]((1 � � ( Z [ n ] ; d

s

[ � ])) s

w

y

[ n � 1] � d

s

y

[ n ]) ; �

1

�

�

L

�

;

1

�

�

L

�

3

5

: (5.14)

The loss factor is usually zero, but when the pan factor d

s

is small enough for a giv en n um b er

of images, the loss will b e set to a non-zero, small v alue, whic h will slo wly rev ert s

w

to the

cen ter of the camera image. When the zo oming is v ery strong, the same thing happ ens, though

with a larger loss, so as to reset the viewing windo w p osition faster. When camera mo v emen t

estimation fails, whic h is lik ely to o ccur at scene cuts, the cen ter of the viewing windo w is reset

immediately . Hence, the ev olution of s

w

is go v erned b y

�

s

w

x

[ n ]

s

w

y

[ n ]

�

=

8

>

<

>

:

equation (5.14) if camera mo v emen t w as detected,

"

0

0

#

if camera mo v emen t estimation failed;

(5.15)



5.5. IMA GE ST ABILIZA TION 217

where

� ( Z [ n ] ; d

s

[ � ]) =

8

>

<

>

:

0 : 1 if j z [ n ] j > 0 : 02 (where z [ n ] =

1

Z [ n ]

� 1),

0 : 01 if j z [ n ] j � 0 : 02 and k d

s

[ n � i ] k � 0 : 1 for i = 0 ; : : : ; 4, and

0 otherwise.

(5.16)

The v alues used in (5.16) w ere deriv ed empirically . The loss factors of 0.1 and 0.01 w ere c hosen

b ecause they reset the viewing windo w p osition in resp ectiv ely 20 to 30 images (ab out 1 second

for 25 Hz sequences) and in 220 to 230 images (ab out 9 seconds for 25 Hz sequences). Th us, if

the camera stops, it tak es 9 seconds for the viewing image to cen ter, while if a large zo om in or

out o ccurs, the viewing windo w is reset in 1 second. The use of a loss only after �v e small pan

mo v emen ts precludes it from a�ecting e�ectiv e image stabilization in the presence of vibration.

5.5.3 Results

Figures 5.9, 5.10, 5.11 sho w the ev olution of the cen ter of the image as giv en b y (5.13) , for

the CIF sequences \Stefan", \F oreman", and \Carphone". Actually , the co ordinates ha v e b oth

b een in v erted so that the �gures sho w the mo v emen t of the camera. The �gures also sho w

the residual camera mo v emen t, i.e., the camera mo v emen t that remains after adjustmen t of

the viewing windo w p osition according to (5.15) and (5.16) . The output image size used is

268 � 328, that is L

w

= 268 (or �

L

= 10) and C

w

= 328 (or �

C

= 12).

These results sho w that the metho d e�ectiv ely stabilizes the output image, as can b e seen b y

lo oking at the residual camera mo v emen t, pro vided the camera mo v emen t factors ha v e b een

w ell estimated.

In order to ascertain the e�ectiv eness of the stabilization, whic h dep ends on the qualit y of the

camera mo v emen t estimation, the output image sequences ha v e to b e view ed in real time. The

visualization of the results sho ws that the stabilization of the \Stefan" and \F oreman" sequences

w as v ery e�ectiv e. In the case of the \Carphone" sequence, the results are not as go o d. This

results essen tially from the follo wing:

1. the camera vibration is rather small, often smaller than one pixel;

2. the static bac kground in rather uniform, whic h mak es the blo c k matc hing motion v ectors

less reliable; and

3. the sp eak er and the landscap e seen through the windo w, b oth with motion indep enden t

of the camera, o ccup y a signi�can t part of the images.

The net result is that sometimes the estimated factors re
ect the motion of the sp eak er, not

the one of the bac kground. Figures 5.12 and 5.13 sho w the di�erences b et w een images 5 and

6, and b et w een images 26 and 27, with and without cancellation. The �rst case sho ws that

the estimated camera mo v emen t has b een \p olluted" b y the sp eak er, so that the di�erences

in the windo w frame, to the righ t of the sp eak er, whic h are due to horizon tal pan mo v emen ts,
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Figure 5.9: \Stefan": camera mo v emen t.
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Figure 5.10: \F oreman": camera mo v emen t. Note that the p osition of the camera is reset

whenev er camera mo v emen t is not detected (at images 156, 191, and 192).
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Figure 5.11: \Carphone": camera mo v emen t.
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ha v e not b een canceled. The v ertical estimate, ho w ev er, is quite precise, as can b e seen in the

reduced di�erences obtained in to the left of the sp eak er. In the second case the estimated

camera mo v emen t is correct, since the static bac kground has b een mostly canceled out. The

o v erall results are quite acceptable.

(a) Images 5 and 6. (b) Images 26 and 27.

Figure 5.12: \Carphone": di�erence b et w een successiv e images without stabilization. The luma

di�erences are scaled b y 5 and o�set b y 125.5 (half w a y the luma excursion in Y

0

C

B

C

R

), and

the c hroma di�erences are scaled b y 5 and o�set b y 128 (zero c hroma in Y

0

C

B

C

R

).

(a) Images 5 and 6. (b) Images 26 and 27.

Figure 5.13: \Carphone": di�erence b et w een successiv e images with stabilization. See note in

Figure 5.12.

Figures 5.14, 5.15 and 5.16 sho w the comparison b et w een the PSNR of eac h image relativ e to
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the previous in the original sequences (but restricted to a cen tered windo w of 268 � 328) and

in the stabilized sequences. The impro v emen ts in PSNR are quite go o d, ev en when the viewing

windo w is saturated in one direction. When it is saturated in b oth directions, as around image

200 of the \F oreman" sequence, the results are quite similar, as exp ected.
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Figure 5.14: \Stefan": PSNR b et w een eac h pair of successiv e images. PSNR without stabi-

lization, dotted line, with stabilization saturated viewing windo w p osition, brok en line, with

stabilization and no saturation of windo w p osition, solid line.

Finally , it m ust b e stressed here that the results of image stabilization on the \Stefan" sequence

are v alid for c hec king the v alidit y of the prop osed metho d, ev en though (electronic) image

stabilization is of little or no use in professionally shot sequences, whic h often mak e use of

sp ecially constructed devices to guaran tee stabilit y of the image, and where the camera op erator

w an ts complete con trol of the sequence b eing shot.

5.6 Conclusions

Tw o camera mo v emen t estimation algorithms ha v e b een prop osed, the second of whic h can b e

seen as a simpli�cation of the metho d in [4 ]. Ho w ev er, b oth metho ds in tegrate a motion v ector

smo othing in termediate step whic h tends to reduce the n um b er of outliers and th us to impro v e

the camera mo v emen t estimate. A metho d for image stabilization has also b een prop osed,

whic h is similar to the one in [122], but whic h includes the zo om factor in to the equations for

the viewing windo w p osition, thereb y impro ving its p erformance in case of zo om mo v emen ts.

The camera mo v emen t estimation algorithm based on the Hough transform and the image

stabilization algorithm ha v e b een sho wn to p erform quite w ell b y using sev eral sequences with

and without camera mo v emen t. This last Hough transform-based camera mo v emen t estimation

algorithm w as also sho wn to p erform quite w ell as a scene cut detector.
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Figure 5.15: \F oreman": PSNR b et w een eac h pair of successiv e images. The p eaks at images

156, 191, and 192 are due to the non-detection of camera mo v emen t at those images, whic h

leads to a reset of the viewing windo w p osition. PSNR without stabilization, dotted line,

with stabilization saturated viewing windo w p osition, brok en line, with stabilization and no

saturation of windo w p osition, solid line.
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Figure 5.16: \Carphone": PSNR b et w een eac h pair of successiv e images. PSNR without sta-

bilization, dotted line, with stabilization saturated viewing windo w p osition, brok en line, with

stabilization and no saturation of windo w p osition, solid line.
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Chapter 6

Co ding

\Nicholas, I saw you wink at Elaine. What did

you tel l her?"

Nic holas Negrop on te

Visual information is usually obtained in an unstructured w a y , b y a sampling and quan tization

pro cess. Sev eral problems m ust b e solv ed for e�ectiv e transmission and/or storage of this

unstructured information. Firstly , it m ust b e �t in to a more structured mo del, whose parameters

represen t the scene implicit in the original unstructured data as faithfully as necessary . The

c hoice of an appropriate mo del or mo dels is called mo deling. Secondly , the parameters of

the giv en mo del m ust b e estimated. This estimation is called analysis. Finally , the mo del

parameters m ust b e enco ded, so as to ac hiev e the t ypical goals of co ding: high compression

ratio, high qualit y , lo w cost, and easy access to the structured con ten t.

A co dec con tains analysis blo c ks and enco ding blo c ks, as in Figure 2.1. The design of a com-

plete co dec encompasses c ho osing appropriate mo dels, building the analysis algorithms, and

constructing appropriate enco ding metho ds. Analysis has b een dealt with in the previous

c hapters. This c hapter prop oses enco ding metho ds. Section 6.1 presen ts a camera mo v emen t

enco ding metho d for classical co decs (a transition to second-generation to ol), and Section 6.2

discusses a taxonom y of partition t yp es and represen tations whic h will b e used in Section 6.3 to

o v erview p ossible partition co ding tec hniques. Finally , Section 6.4 dev elops a fast cubic spline

implemen tation metho d with applications on parametric curv e partition co ding.

6.1 Camera mo v emen t comp ensation

The dev elopmen t of camera mo v emen t detection and estimation algorithms in [129, 127 , 130,

128, 113 , 122] led to a prop osal for camera mo v emen t comp ensation in classical, �rst-generation

225
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co decs. In particular, a prop osal w as made for the extension of the H.261 standard whic h

w ould tak e in to accoun t camera mo v emen ts with minim um syn tax c hanges. This prop osal w as

published in [122], and is describ ed brie
y in this section.

It should b e noticed that the ideas herewith presen ted can b e applied without c hange to other

video co ding standards, suc h as H.263, MPEG-1, MPEG-2, and MPEG-4.

This section is divided in four parts. The �rst studies natural w a ys to quan tize the zo om factor,

whic h should b e of generic use. The second presen ts the prop osed H.261 extensions. The third

part describ es ho w an enco der ma y mak e use of the prop osed extensions. The fourth and last

part presen ts some results and discusses them.

6.1.1 Quan tizing camera motion factors

Quan tization is the pro cess b y whic h a con tin uous quan tit y is rendered discrete for storing or

transmission. The zo om factor estimated b y the algorithms in Chapter 5, equation (5.9) , is a

rational quan tit y . In all practical cases, it will already b e \quan tized" to �t in to some �xed

length 
oating p oin t register. It is necessary to further quan tize it so that it can b e e�cien tly

enco ded.

Since most sequences do not ha v e zo om and H.261 uses motion v ectors detected at pixel lev el,

it seems reasonable to round the pan factor comp onen ts to in tegers. Besides, no mo v emen ts

larger than 15 pixels p er MB are p ossible, as sp eci�ed in the H.261 recommendation. So the

quan tization of the pan factor comp onen ts, whic h are giv en b y (5.10) and (5.11) , is based simply

on rounding to the nearest in teger and limiting the result to the in terv al [ � 15 ; 15]. This results

in �v e bits enco ding with a FLC (Fixed Length Co de).

As to the zo om factor, it is assumed that the largest and smallest zo oms allo w ed are the ones

leading to -15 or 15 of either motion v ector co ordinates, calculated according to (5.4) , in one of

the MBs at the b order of the image. This leads, after some simple calculations, to the follo wing

limits:

(

� 15 = 168 � z � 15 = 168 for CIF, and

� 15 = 80 � z � 15 = 80 for QCIF.

Notice that the maxim um allo w able zo om is larger in QCIF than in CIF, b ecause the QCIF

pixels are also larger than the corresp onding ones in CIF.

Within the limits presen ted ab o v e for z , there is a �nite n um b er of distinct motion v ector pat-

terns in the rounded motion v ector �eld

�

M

b

[ m; n ]( z ; d ) for an y giv en d . Eac h of these patterns

ma y b e classi�ed b y an in teger n um b er, th us resulting in a natural quan tization c haracteristic

for z . The b oundary v alues of z where the motion v ector pattern c hanges ha v e b een calculated

n umerically . The results are presen ted in Figure 6.1 in the form of a quan tization c haracteristic

for z with 135 quan tization lev els for CIF resolution|8 bit enco ding with a FLC|and 79 lev els

for QCIF resolution|7 bits with FLC.

Notice that sev eral of the v alues for z around zero corresp ond to almost all motion v ectors of

zero length, except for a few on the b oundaries of the image ha ving small amplitudes. As suc h,
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Figure 6.1: The quan tization c haracteristics of the zo om factor z .
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it mak es sense to include a dead zone in the z quan tization c haracteristic. This ma y reduce the

n um b er of quan tization lev els b elo w 129, th us allo wing for a sev en bit FLC for the quan tized

zo om factor for CIF images.

It should b e noticed that similar quan tization c haracteristics ma y b e obtained for di�eren t image

sizes, di�eren t maxim um v alues of the corresp onding motion v ector �eld, and ev en if half- or

quarter-pixel (or an y fraction of the pixel, for that matter) motion v ectors are admissible for

motion comp ensation. The presen ted c haracteristic w as dev elop ed with the H.261 extension in

mind.

6.1.2 Extensions to the H.261 recommendation

The extensions of the H.261 recommendation so as to pro vide means for camera motion com-

p ensation are of t w o t yp es: syn tactical and seman tical. The former c hanges are small, but the

latter ones are more substan tial. Both will b e addressed b elo w.

Syn tactical extensions

The necessary syn tactical extensions to the H.261 recommendation [62 ] are few:

1. Bit 5 of the PTYPE (Picture T yp e) means: 0 no camera mo v emen t is used, 1 camera

mo v emen t is used.

2. When there is camera mo v emen t, the �rst three PEI (Picture Extra Insertion Information)

bits will b e set to 1 and PSP ARE (Picture Spare Information) will con tain the pan and

zo om factors:

First b yte

Horizon tal comp onen t of pan factor (�v e bits).

Second b yte

V ertical comp onen t of pan factor (�v e bits).

Third b yte

Quan tized zo om factor (eigh t bits).

The previous c hanges imply that camera mo v emen t comp ensated image will ha v e an o v erhead

of 27 bits. Appropriate VLCs (V ariable Length Co des) for the pan and zo om factors ma y b e

dev elop ed in order to reduce this small o v erhead.

These extensions mak e use of reserv ed bits in the H.261 recommendation, and th us are totally

compatible with existing H.261 complian t enco ders and deco ders.

Seman tical extensions

The seman tical extensions to the H.261 recommendation are the follo wing:
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1. Let there b e a rounded camera mo v emen t motion v ector �eld generated from the trans-

mitted quan tized pan and zo om factors, according to (5.5) .

2. When there is camera mo v emen t presen t (�fth bit of PTYPE), the follo wing in terpreta-

tions will apply to in ter MBs:

� A MB is MC (Motion Comp ensated): this means that it is lo c al motion comp ensated.

Its MVD (Motion V ector Data) is obtained from the MB v ector b y subtracting the

v ector of the preceding MB or b y subtracting the corresp onding v ector of the rounded

camera mo v emen t v ector �eld if:

(a) ev aluating MVD for MBs 1, 12 and 23 (left edge of GOB (Group of Blo c ks));

(b) ev aluating MVD for MBs in whic h MBA (MacroBlo c k Address) do es not repre-

sen t a di�erence of 1; or

(c) the MTYPE (Macroblo c k T yp e) of the previous MB w as not MC.

� A MB is not MC: this means that it is camera mo v emen t comp ensated. It will

b e comp ensated using the corresp onding motion v ector from the camera mo v emen t

motion v ector �eld.

Th us, all MBs are predicted using the transmitted camera mo v emen t, except those with lo cal

motion. But ev en these will mak e use of the camera mo v emen t motion v ector �eld b y impro v ed

prediction of their motion v ectors.

Similar sc hemes ma y b e used in other standards, suc h as H.263. In H.263, where the prediction

of motion v ectors is more in v olv ed and e�cien t than in H.261, the motion v ector of the camera

mo v emen t �eld ma y b e used to obtain impro v ed prediction.

6.1.3 Enco ding con trol

Giv en the extensions to the H.261 recommendation, there is still some information lac king ab out

ho w to put them all to w ork in a fully functional extended H.261 co dec.

A p ossible enco ding pro cedure extends the one prop osed in RM8 (Reference Mo del 8) [21 ]:

1. T ak e the curren t original image and the previous deco ded image and p erform full-searc h

blo c k matc hing motion estimation.

2. F rom the results of the previous item detect whether or not there is camera mo v emen t,

and estimate it if there is. If no camera mo v emen t w as estimated, pro ceed as in RM8. If

camera mo v emen t w as estimated, build a rounded camera mo v emen t motion v ector �eld

from the detected pan and zo om factors, according to (5.5) .

3. Classify eac h MB as in RM8, except that non-motion comp ensated MBs should b e pre-

dicted using the corresp onding camera mo v emen t motion v ector. Smo othing, as describ ed

in the previous c hapter, ma y b e used in motion comp ensated MBs to appro ximate the

corresp onding motion v ector to the camera mo v emen t motion v ector or to the preceding

MB motion v ector, whic hev er is more appropriate. This reduces the n um b er of bits sp en t
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transmitting motion v ectors, though the prediction error ma y increase in a con trolled

fashion.

4. Pro ceed as in RM8, but enco de according to the seman tical extensions prop osed.

6.1.4 Results and conclusions

Camera mo v emen t comp ensation, as presen ted, aims essen tially at the reduction of redundancy

in the �eld of motion v ectors. This is somewhat misleading, �rstly b ecause H.261 already

co des the motion v ectors in a DPCM (Di�eren tial Pulse Co de Mo dulation) w a y whic h remo v es

part of the �eld redundancy , and secondly b ecause, for v ery lo w bitrates, since some qualit y

degradation m ust b e accepted, the motion v ector �eld sho ws little uniformit y , particularly

for mobile sequences. Figure 6.2 sho ws a t ypical v ector �eld out of the sequence \F oreman"

(enco ded b y RM8 at 24 kbit/s and 5 Hz image rate and using QCIF resolution) where this

non-uniformit y can b e clearly seen.

Figure 6.2: T ypical motion v ector pattern for \F oreman" at 24 kbit/s, 5 Hz image rate and

QCIF resolution.

The o v erall w eigh t of the motion v ectors in terms of sp en t bits p er image, though larger for

smaller bitrates, is still small. F or instance, using RM8 to enco de the sequence \F oreman" at 24

kbit/s, with an image rate of 5 Hz and using QCIF resolution, the a v erage n um b er of bits p er

image sp en t enco ding motion v ectors and DCT co e�cien ts is, resp ectiv ely , 690 and 2866. The

motion v ectors accoun t only for ab out 20% of the total. This means that, ev en if substan tial

reduction in the former w ere obtained, the gains in terms of qualit y , for the same target bitrate,

w ould b e somewhat small.

Tw o exp erimen ts will help to clarify matters. In the �rst, an ordinary RM8 co der w as used.

In the second, a mo di�ed co der whic h, when p erforming bitrate con trol, assumes that motion

v ectors are transmitted \magically", i.e., without sp ending an y bits. Both exp erimen ts w ere

p erformed though the enco ding of \F oreman" with a target of 24 kbit/s, using 5 Hz image rate
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and at QCIF resolution. The resulting a v erage luma PSNR obtained w as resp ectiv ely 23 : 94 dB

and 24 : 38 dB. The gains in PSNR can b e seen to b e small. Using a realistic camera mo v emen t

comp ensation approac h, one whic h results in actual bits b eing sp en t, the results will forcibly b e

w orst: an a v erage PSNR of 24 : 01 dB w as obtained using the camera mo v emen t comp ensation

metho d prop osed b efore. F or this exp erimen t, the a v erage n um b er of bits p er image sp en t

enco ding the motion v ectors and the DCT co e�cien ts w as, resp ectiv ely , 649 and 2916. The

transfer of bits from motion v ector to DCT co e�cien ts is small due to the non-uniformities of

the motion v ector �eld, whic h reduces the gain of camera mo v emen t comp ensation.

One w a y to attempt to solv e the non-uniformit y problem is through the use of smo othing.

Ho w ev er, since smo othing in tro duces larger prediction errors, some, if not more, of the bits

spared transmitting the motion v ectors will b e w asted comp ensating this w orst prediction. After

exp erimen ting camera mo v emen t comp ensation with smo othing under the same conditions as

b efore, an a v erage luma PSNR of 23 : 99 dB w as obtained, sho wing a little loss in terms of

ob jectiv e qualit y . In this case the bit distribution obtained w as 607 for motion v ectors and 2966

for DCT co e�cien ts.

The results, though obtained for the H.261 standard, are exp ected to b e v alid also in more

mo dern standards as H.263 and MPEG-4. This do es not mean that the camera mo v emen t is

useless in video co ding. Its imp ortance, as w ell as the imp ortance of the scene cut detection,

are considerable, for instance, if metadata is to b e extracted from the sequences, i.e., if \data

ab out the data" is necessary . This seems to b e the case in video database indexing applications.

6.2 T axonom y of partition t yp es and represen tations

Image analysis algorithms usually pro duce partitions of the scenes in to 2D (or 3D) regions.

These partitions usually ha v e to b e co ded during the image and video represen tation pro cess.

It has b een recognized that partition information will accoun t for a signi�can t p ercen tage of the

bit stream (e.g., [61 ]). It is th us v ery imp ortan t to dev elop e�cien t partition co ding tec hniques.

The comparison of tec hniques prop osed in the literature has often b een haun ted b y the lac k of

systematization of the sub ject. This section attempts to �ll this gap b y prop osing a taxonom y

of partition t yp es and represen tations. The prop osals made in this section and the o v erview

con tained in Section 6.3 ha v e already b een published in [120 , 121], and stem from preliminary

w ork published in [31].

The t w o main lev els of the taxonom y , partition t yp e and partition represen tation, can b e seen to

corresp ond to the �rst steps tak en when dev eloping a partition co ding tec hnique: the iden ti�ca-

tion of the problem to b e solv ed corresp onds to the iden ti�cation of the partition t yp e addressed

b y the co ding tec hnique, and the selection of the partition represen tation corresp onds to se-

lecting the kind of data the co ding tec hnique will manipulate. Th us, di�eren t represen tations,

usually leading to di�eren t tec hniques, can b e used for the same t yp e of partitions.

During the description of the taxonom y tree lev els, square brac k ets will b e used to sp ecify the

co des represen ting the p ossible branc hes at eac h tree no de.
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6.2.1 P artition t yp e

The partition t yp es can b e organized in a tree with the follo wing lev els:

1. Space

Are partitions 2D [2D] or 3D [3D]?

2. Lattice

What sort of sampling lattice w as used for digitizing the images from whic h the partitions

w ere obtained (e.g., rectangular [R] or hexagonal [H])?

3. Graph

What kind of graph is sup er-imp osed on the partition (usually a neigh b orho o d system is

sp eci�ed [N

n

])?

4. Classes

Are partitions binary [B] or mosaic [M]?

5. Connectivit y

Are the classes connected [C] or can they b e disconnected [D] (on the c hosen image graph)?

Figure 6.3 sho ws the partition t yp e lev els of the taxonom y tree. The lea v es of the taxonom y tree

corresp ond to di�eren t t yp es of partition. Eac h t yp e of partition can b e sp eci�ed b y answ ering

the �v e questions listed ab o v e. F or instance, the follo wing answ ers: 1. 2D [2D], 2. hexagonal

[H], 3. 6-neigh b orho o d [N

6

], 4. mosaic [M], and 5. connected [C], (or, with co des, 2DHN

6

MC);

de�ne a t yp e of partitions that lie in a 2D space, that corresp ond to digital images sampled

according to an hexagonal lattice, that are structured according to the hexagonal graph, that

can ha v e more than t w o classes, and where all classes are connected (the concepts of class and

region are equiv alen t in this case).

Notice that the branc hes under \3D" in the �gure are not dra wn, since 2D partitions are the

fo cus of this section. A t the partition represen tation lev el, ho w ev er, 3D partitions will b e

considered in more detail (see the next section).

6.2.2 P artition represen tation

This section in tro duces more lev els of detail in to the taxonom y tree, related with the represen-

tation c hosen for the partitions. 2D and 3D partitions will b e dealt with separately .

2D partitions

The �rst imp ortan t decision to b e made regards mosaic partitions:

1. Handling

Should the mosaic partitions b e handled as suc h (a single mosaic partition) [M] or should
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Figure 6.3: The partition t yp e taxonom y tree (in b old, the example giv en in the text). c stands

for either C (connected classes) or D (disconnected classes).
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they b e separated in to a collection of binary partitions (eac h one corresp onding to a

di�eren t class in the original mosaic partition) [B]?

As will b e discussed later, the handling of mosaic partitions as collections of binary partitions

is often of paramoun t imp ortance. F or instance, when classes should b e readily accessible from

the co ded bit stream, a collection of binary partitions ma y allo w an easier access to the v arious

ob jects in a scene than the original mosaic partition.

It has b een seen that a partition can b e represen ted in t w o di�eren t w a ys: either b y the lab els

of eac h pixel, or b y con tour information plus region-class information.

1

When class equiv alence

is the aim, the latter represen tation pro vides information ab out the clustering of regions in to a

certain n um b er of classes.

Hence, the next lev el in the taxonom y will b e:

2. Ho w

Ho w should the partition b e represen ted? With pixel lab els [L] or with con tours [C]?

F or the case of partitions represen ted with con tours, other c hoices ha v e to b e made: Ho w to

represen t the con tours? What sort of neigh b orho o d system has the con tour graph? These

questions lead to t w o other lev els of partition represen tation in the taxonom y tree:

3. Where

Where should con tours b e de�ned? On the image graph or on the line graph? That is,

should the con tour b e de�ned on pixels [P] or on edges [E]?

4. Graph

What is the kind of neigh b orho o d system of the graph from whic h the con tour is a sub-

graph [N

n

]?

Figure 6.4 sho ws the partition represen tation lev els of the taxonom y tree for the 2D case.

The 2DHN

6

M c partition t yp e with a represen tation separated in to binary class partitions, using

con tours de�ned on edges, whic h ha v e a N

3

neigh b orho o d system, is co ded as 2DHN

6

M c -BCEN

3

or:

P artition t yp e

2D, hexagonal lattice, N

6

graph, mosaic, classes connected or disconnected according to

whether c is C or D.

P artition represen tation

Mosaic treated as indep enden t binary partitions, con tours, edges, N

3

graph.

1

Similarly , [38] divides shap e represen tation metho ds in to b oundary-based, and area-based.
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Figure 6.4: The partition represen tation taxonom y tree for the 2D case (in b old, the example

giv en in the text). c stands for either C (connected classes) or D (disconnected classes).
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3D partitions

As can b e seen in Figure 6.5, for 3D partitions t w o represen tations ma y b e considered: stic k

to three dimensions [3D], or slice the partition along the time domain and use 2D metho ds

[2D]. Prediction of the 2D partition slices can b e used [In ter], otherwise the 2D partitions

are considered indep enden t [In tra]. When prediction is used, it ma y [M] or ma y not [F] use

motion comp ensation (the 'M' stands for \motion" while the 'F' stands for \�xed"). The

motion information ma y b e either estimated from the 3D partition [61 ] or input from external

sources (e.g., from a motion estimator w orking with the original 3D image). Notice that the

slicing to t w o dimensions establishes a connection to one of the 2D branc hes at the top of

the represen tation taxonom y sho wn in Figure 6.4, dep ending on the t yp e of the resulting 2D

(p ossibly predicted) partitions.

from the lea v es of the 3D branc h

of the t yp e taxonom y tree

approac h:

(3D or 2D)

prediction:

(in tra or

in ter)

comp ensation:

(motion comp ensated

or �xed)

to top of 2D represen tation

taxonom y

3D 2D

FM

in tra in ter

Figure 6.5: The partition represen tation taxonom y tree for the 3D case.

6.2.3 Represen tation prop erties

Cho osing the represen tation for the partitions (of a giv en t yp e) dep ends on the prop erties of

eac h represen tation and ho w adequate they are for the task at hand. Pros and cons related

with some of the lev els of the 2D partition represen tation taxonom y tree are listed b elo w:

� Handling (only for mosaic partitions):

Mosaic

A single connected con tour graph can separate sev eral regions, whic h leads to co ding
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e�ciency when a con tour represen tation is used; ho w ev er, access to a single class

shap e is not easy , since the regions (and classes) are not represen ted individually .

Binary

The classes are represen ted indep enden tly , and th us easy access to eac h class is

pro vided, though at the exp ense of less e�cien t co ding e�ciency .

� Ho w:

Lab els

In this case, the iden ti�cation of the class to whic h eac h pixel in the partition b elongs

is v ery simple, though the shap es of the classes are not directly represen ted.

Con tours

The shap es of the classes are directly represen ted, alb eit at the exp ense of requiring

somewhat in v olv ed algorithms to ascertain the class of a giv en pixel [155 , 182 , 6].

� Where:

Pixels

Represen ting con tours on pixels p oses a n um b er of problems, esp ecially in the case of

mosaic partitions, since using all b order pixels leads to unnecessary rep etition at b oth

sides of a b order; when the problem is a v oided b y using only one side of eac h b order,

other problems arise: e.g., ho w should one pixel wide regions or parts of regions

b e distinguished from b orders of thic k regions. Although the problems asso ciated

with these represen tations ha v e solutions, often somewhat in v olv ed, co ding con tours

on pixels do es not seem to ac hiev e higher compression than co ding con tours on

edges [31].

Edges

This is usually a more elegan t w a y of represen ting con tours, whic h in addition t ypi-

cally pro vides more compression than pixel based con tours [31 ].

6.3 Ov erview of partition co ding tec hniques

Once the t yp e of partitions to co de has b een ascertained and a partition represen tation selected,

according to the taxonom y de�ned in the previous section, there are usually a n um b er of a v ail-

able co ding tec hniques. This section o v erviews some of these tec hniques. Sp ecial atten tion will

b e pa y ed to 2D partitions.

6.3.1 Lossless or lossy co ding

The question of whether to use lossy partition co ding tec hniques is an imp ortan t one. It

is true that some tec hniques that are inheren tly lossy , suc h as parametric curv es, can yield

go o d compression [73 ]. Ho w ev er, it ma y b e di�cult, for some applications, to establish sound

partition co ding qualit y criteria. Also, when the scene ob jects (corresp onding p ossibly to classes
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or sets of classes) are to b e manipulated individually , e.g., pasting an ob ject in to a di�eren t

scene, the e�ects of lossy partition co ding can b e v ery imp ortan t, since pieces of the real ob ject

ma y b e lost, pieces of the bac kground can b e in tro duced, and ev en ob ject deformation ma y

o ccur. This seems to indicate that lossless partition co ding tec hniques are preferable, and

that simpli�cations should b e in tro duced in to the partitions carefully during the segmen tation

pro cess, b efore partition co ding.

Ho w ev er, if lossy co ding is acceptable, the losses are usually constrained so that there is:

1. class top ological equiv alence, i.e., the classes should b e main tained in n um b er and adja-

cency relations|the CA G should not b e altered (a stronger constrain t can b e imp osed if

the RA G, or ev en the RAMG, is not allo w ed to c hange); and/or

2. small displacemen t of b orders, i.e., the b orders b et w een the regions should c hange as

little as p ossible, according to some error criterion (other constrain ts ma y b e imp osed, for

instance on errors asso ciated with the area and p osition of the regions).

6.3.2 Mosaic vs. binary partitions

When easy access to the con ten ts of the video sequence is required, the shap es of the v arious

ob jects (e.g., a class or a set of classes in a partition) will ha v e to b e co ded indep enden tly . This

requiremen t can b e imp osed ev en if the segmen tation pro cess resulted in a mosaic partition,

reducing the problem to the co ding of a series of binary partitions (see the handling lev el in

Figure 6.4).

The indep enden t co ding of binary partitions also arises naturally when a la y ered scene represen-

tation, as prop osed b y W ang and Adelson [195 ], is used. La y ered represen tations of the scenes

are also used in MPEG-4 [77 ]: eac h la y er corresp onds to a 2D ob ject of arbitrary shap e, whose

time snapshots are called V OP (Video Ob ject Plane). The shap e of the ob jects represen ted

b y V OPs can b e asso ciated to binary partitions.

2

Ho w ev er, if the con ten t of the V OPs w ere

co ded through region based tec hniques (as w ould happ en if the Sesame [30 ] prop osal had b een

included in MPEG-4), then mosaic partitions w ould also b e necessary within eac h V OP.

Th us, b oth co ding of binary and mosaic partitions ma y b e imp ortan t issues when easy access

to the con ten ts of the video sequences is required.

6.3.3 P artition mo dels

The co ding e�ciency alw a ys dep ends on the c haracteristics of the partitions b eing co ded. Most

of the tec hniques aim at genericness, though this is a somewhat hard to de�ne prop ert y . By

genericness it is often mean t that the tec hniques p erform w ell on a v erage. The problem with

this de�nition is that often little is kno wn ab out the statistics of the partitions whic h need to b e

2

Actually the shap es of the V OPs can b e sp eci�ed in MPEG-4 using \binary shap e," i.e., a binary partition,

or \grey scale shap e," whic h is an alpha plane sp ecifying the transparency of eac h pixel.
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co ded. This is a general problem in image pro cessing: is there a statistical mo del for the images

to pro cess? In the case of partition co ding, the statistical c haracterization of input partitions

dep ends b oth on the original images and on the segmen tation algorithm used upstream. Hence,

most tec hniques do not address a sp eci�c mo del of input partitions, making only some general

assumptions suc h as:

3

1. the regions tend to con tain a signi�can t amoun t of pixels, i.e., small regions are improbable;

2. the classes tend to con tain a small amoun t of regions;

3. the con tours (b orders b et w een regions) tend to b e simple (not ragged); and

4. the region in teriors tend not to con tain to o man y small holes.

6.3.4 Class co ding

Class co ding is necessary when:

1. class equiv alence is enough;

2. the partitions used ha v e disconnected classes (see connectivit y lev el in Figure 6.3); and

3. the explicit lab els of the partition pixels ha v e not (y et) b een co ded (it is the case after

con tour co ding tec hniques and some lab el co ding tec hniques).

The ob jectiv e of class co ding is to establish whic h regions are group ed in the same class. This

issue will not b e discussed at length here. Ho w ev er, note that the co ding metho ds used should

tak e in to accoun t that:

1. the explicit class lab els are not required, since class equiv alence is enough; and

2. adjacen t regions cannot b elong to the same class, for otherwise they w ould b e a single

region (this can help reduce the amoun t of data to transmit).

If partition equalit y is required, then the class lab els should b e co ded explicitly for eac h region in

the partition. When the classes are connected, the fact that a giv en lab el app ears only once can

b e used to reduce the amoun t of data to transmit, since the degrees of freedom k eep reducing

un til zero when the next-to-last lab el is transmitted.

6.3.5 Lab el co ding

Lab el co ding tec hniques co de partitions whose represen tation is based on pixel lab els. The cases

of binary and mosaic partitions will b e addressed separately in the follo wing.

3

See for instance Chapter 10 of [68 ].
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Binary partitions

Binary partitions can b e seen as binary (or t w o-tone) images. Therefore, the tec hniques a v ailable

for co ding binary images are go o d candidates for co ding binary partitions. While lossless

tec hniques can b e applied without an y problems, lossy tec hniques often do p ose some problems,

since the t yp e of losses they allo w do es not generally tak e in to accoun t the constrain ts t ypically

used for lossy partition co ding.

Reviews on binary image co ding can b e found in [90 , 74] and, sp eci�cally for fax, in [76 ]. The

lossless co ding standards ITU-T T.4 and T.6 (Group 3 and Group 4 facsimile) [45 , 46] and

ITU-T T.82 JBIG [82] use tec hniques with increasing compression e�ciency:

T.4 uses one-dimensional RLE (Run-Length Enco ding) and, optionally , also the 2D MREAD

(Mo di�ed Relativ e Elemen t Address Designate) co des, b oth follo w ed b y VLC. In the 2D

mo de, eac h k line is co ded with RLE ( k is set to 2 for lo w resolution images and to 4 for

high resolution images), while all the other lines are co ded with MREAD.

T.6 is similar to ITU-T T.4, though the 2D mo de is alw a ys used and k is set to in�nite, so that

only MREAD is used. The resulting co des are called MMREAD (Mo di�ed MREAD).

T.82 uses the arithmetic Q-Co der [159 ] to co de the pixel v alues. The probabilities for the

Q-Co der are estimated using a lo cal con text (a template) for the curren t pixel. Since

JBIG uses resolution la y ers for progressiv e co ding, t w o t yp es of templates exist: the �rst

is used in the lo w est resolution la y er and includes only pixels already transmitted in that

la y er, while the second is used for all the other la y ers and includes not only pixels from

the curren t la y er but also from the la y er immediately b elo w in resolution.

A tec hnique based on a mo di�ed MMREAD co de, on 16 � 16 blo c ks, has b een prop osed for

the co ding of binary alpha maps in the framew ork of MPEG-4 [188 ]. This tec hnique has

b een adopted in VM3 [2 ] after a round of core exp erimen ts on binary shap e co ding [140 ]. Tw o

tec hniques with relations to JBIG [11 , 12] ha v e also b een ev aluated during the core exp erimen ts.

Both use arithmetic co des with probabilities estimated from a lo cal con text around the pixel to

b e co ded. The tec hnique whic h w as later appro v ed for inclusion in the MPEG-4 CD (Committee

Draft) [77 ] is of this latter t yp e.

Among all the other tec hniques that ha v e b een prop osed for binary partition co ding, mor-

phological sk eletons [103] (and more recen tly [83 ]) are esp ecially relev an t, mainly b ecause this

tec hnique has ev olv ed lately to e�cien tly co v er also mosaic partitions [14 ]. This tec hnique rep-

resen ts the shap e of a region b y a set of sk eleton p oin ts and a so-called quenc h function: the

region is the union of structuring elemen ts (of a certain shap e) cen tered on the sk eleton p oin ts

and scaled according to the v alue of the quenc h function at that p oin t.

Since binary partitions are a sp ecial case of mosaic partitions, tec hniques dev elop ed for the

latter ma y also b e applied to the former, either directly or with simplifying c hanges, despite the

fact that they do not tak e in to accoun t the sp ecial c haracteristics of binary partitions.
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Mosaic partitions

The case of mosaic partitions is more complex. The co ding of mosaic partitions has receiv ed

less atten tion than the co ding of binary partitions (ho w ev er, see [14 , 13, 191]). It is p ossible,

nev ertheless, to use binary partition co ding tec hniques b y �rst con v erting the mosaic partitions

in to bit planes. F or instance, using the F CT (see Section 3.4.3), the regions in a partition

can b e p erfectly iden ti�ed b y pain ting them with only four colors. Hence, eac h region can b e

iden ti�ed b y a t w o-bit lab el, and th us t w o bit-planes are su�cien t for represen ting the partition.

Eac h of the t w o bit-planes can b e co ded indep enden tly using (lossless) binary partition co ding

tec hniques. Notice that some b orders are presen t in b oth bit-planes, so this metho d cannot

yield optimal results.

A tec hnique using the concept of geo desic sk eleton, where the regions are describ ed b y a set of

sk eleton p oin ts and a quenc h function [14], w as recen tly prop osed. This tec hnique is, in a sense,

an extension of the tec hnique prop osed in [103 ] for binary partitions. The authors claim that

\the geo desic sk eleton is preferable to c hain co de whenev er there are man y isolated and short

con tour arcs to b e co ded," whic h seems to b e the case when 3D...-2DIn terM (motion predicted

2D partitions corresp onding to time slices of a 3D partition) partition represen tations are used.

A metho d whic h is also related to geo desic sk eletons has b een prop osed in [191 , 171]. It rep-

resen ts regions as a union of structuring elemen ts with appropriate translations and scalings.

Both tec hniques ([14 , 191]) allo w the structuring elemen ts to o v erlap already co ded regions,

th us a v oiding duplicate co ding of b orders and reducing the required bitrate. Both tec hniques

are lossy and, again, can b e used for mosaic and binary partitions. Inciden tally , it ma y b e

noted here that the problem of �nding the minim um n um b er of rectangles co v ering a giv en set

of elemen ts in a matrix can b e sho w to b e NP-complete, see [51, SR25, p.232].

Another in teresting tec hnique, based on Johnson-Mehl tessellations, has b een prop osed in [13]

(whic h con tains a go o d review of partition co ding tec hniques). The idea is to �nd germs (and

their germinating time) for eac h region suc h that the original partition is repro duced w ell when

the germs are allo w ed to gro w un til reac hing other gro wing germs. Though the tec hnique

prop osed is lossy , it can easily b e made lossless. According to the authors, the tec hnique

p erformed w orse than the other tec hniques studied (straigh t line and p olygonal appro ximation,

c hain co des, and geo desic sk eletons).

6.3.6 Con tour co ding

A t least three breeds of con tour co ding tec hniques can b e distinguished:

Chain co des

The con tour graph is co ded b y a string of sym b ols represen ting the direction of the \c hain"

connecting a v ertex to the next v ertex on the con tour. Eac h of these strings is called a

c hain co de. Sym b ols ma y also represen t direction c hanges, whic h mak es the c hain co des

di�eren tial.
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P arametric curv es

The con tours are appro ximated b y parametric curv es, whose co e�cien ts are then co ded;

the most common examples are appro ximations b y straigh t lines and b y splines (in general,

b y p olynomials).

T ransform co des

The con tours are represen ted as parametric curv es whic h are co ded using transform meth-

o ds, in a one-dimensional equiv alen t of transform co ding for images.

All these tec hniques in v olv e t w o steps: �rst the represen tation is c hanged b y transforming

the con tours in to strings of sym b ols (e.g., c hanges in c hain direction, spline parameters, con trol

p oin ts or transform co e�cien ts|p ossibly quan tized) and then these sym b ols are en trop y co ded.

F or con tours de�ned on pixels, it is also p ossible to use tec hniques dev elop ed for binary image

co ding. The idea is to pain t blac k, against a white bac kground, all the b order pixels in the

partition and then use one of the binary lab el co ding tec hniques already discussed. Notice,

ho w ev er, that lossless tec hniques should in general b e used, since lossy tec hniques w ere not

usually dev elop ed with partition co ding in mind.

Chain co des

The con tour graph is a subgraph of either the line graph (for con tours de�ned on edges) or the

image graph (for con tours de�ned on pixels), and usually consists of a collection of trails on the

original graph. Eac h con tour trail can th us b e represen ted b y a string of sym b ols represen ting

whic h of the neigh b ors of the curren t graph v ertex b elongs to the con tour trail or, whic h is the

same, the direction of the \c hain" connecting it to the next v ertex on the con tour trail: these

strings are called c hain co des [49, 50 , 201]. When the sym b ols represen t direction c hanges, the

c hain co des are said to b e di�eren tial [42 , 58]. The simplest partitions are those for whic h the

con tour graph is constituted of disconnected closed trails.

Binary partitions are generally simpler to co de than mosaic partitions. The main di�erence

stems from the fact that, for binary partitions, all v ertices in the con tour graph (at least

for edge con tours graphs) ha v e an ev en n um b er of neigh b ors: t w o v ertices for the N

3

line

graph corresp onding to the N

6

image graph (used for hexagonal sampling lattices), and t w o or

four v ertices for the N

4

line graph corresp onding to the N

4

image graph (used for rectangular

sampling lattices). That is, the connected comp onen ts of suc h graphs ha v e Euler trails, i.e.,

they can b e \dra wn without lifting the p encil".

Mosaic partitions with con tours de�ned on edges require sp ecial treatmen t, since the existence

of junction v ertices (v ertices with degree 3, see Figure 3.12) precludes the de�nition of con tours

as disconnected closed trails. There are at least t w o w a ys of dealing with this problem:

1. Ignore junctions and crossings. Select one of the exits and lea v e the others for co ding

as separate con tours; since initial con tour p oin ts are costly to co de, this solution is not

optimal.
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2. Co de junctions and crossings explicitly [106]. Select one of the exits but co de also informa-

tion ab out the junction or crossing so that later one can \return" and con tin ue follo wing

the remaining exits (one in the case of a junction, t w o in the case of a crossing).

When junctions and crossings are explicitly co ded, or when retracing of con tour segmen ts is

allo w ed, the compression obtained when co ding a connected comp onen t of a con tour dep ends

strongly on the w a y the connected comp onen t is follo w ed: where to start, whic h exit to follo w

�rst at eac h junction or crossing, etc. The problem of co ding can then b e seen as a problem

of minimizing the bitrate giv en a certain syn tax of represen tation. This problem is similar to

Chinese p ostman problem, i.e., to the problem of making a line dra wing without lifting the

p encil and minimizing the length of the redra wn lines, whic h is solv able in p olynomial time. Its

solution can b e accelerated if the dra wing sc hedule is determined in the RBPG of the partition

where eac h arc has an appropriate w eigh t. The adv an tage stems from the fact that the RBPG

has a smaller n um b er of v ertices and arcs. Eac h arc in the RBPG, whic h corresp onds to a

complete b order on the partition, should ha v e a w eigh t whic h is prop ortional to the n um b er

of bits required to enco de it using c hain co des. A rough appro ximation w ould b e to mak e

the w eigh t prop ortional to the n um b er of edges in the b order. Otherwise the w eigh t migh t b e

estimated from statistics obtained of previous enco dings.

When con tours are de�ned on pixels, the concepts of junction and crossing require a more

in v olv ed de�nition and treatmen t [101, 31]. In the case of binary partitions, the problem ma y

b e solv ed b y again ignoring the presence of v ertices of degree larger than t w o in the pixel con tour

graph. Another problem of con tours de�ned on pixels is p osed b y one pixel wide regions or parts

of regions, whic h mak e it di�cult to use a stopping condition as simple as \Stop when the initial

v ertex of the con tour is attained", whic h is often used when co ding con tours de�ned on edges.

Suc h regions ma y also require the existence of a turning bac k (180

�

) direction in the c hain co des,

rarely used, whic h ma y cause some VLCs to b e ine�cien t (for instance Hu�man).

4

In general, c hain co des corresp ond to the sp eci�cation of a subgraph, consisting of a set of trails,

in the underlying image or line graph. A con tour connected comp onen t consists of a set of trails

link ed at junctions and crossings. Eac h trail can b e represen ted b y:

1. a p osition for the �rst v ertex of the trail, ma yb e implicitly indicated in a previous crossing

or junction information; and

2. a string of sym b ols, the c hain co des, whic h ma y include crossings and junctions informa-

tion.

Both the �rst v ertex p osition and the c hain co des are then en trop y co ded. The construction of

the c hain co des ma y also include con tour simpli�cation pro cedures.

Sev eral tec hniques ha v e b een prop osed in the literature for en trop y co ding the initial v ertices

and the c hain co des:

4

Consider an alphab et consisting of t w o sym b ols A and B with equal probabilities 0.5: the corresp onding

Hu�man co de will ha v e one bit p er sym b ol. If a third, improbable but p ossible, sym b ol C is added, and the

probabilities are p ( A ) = 0 : 495, p ( B ) = 0 : 495, p ( C ) = 0 : 01, the n um b er of bits p er co de w ord will b e 1, 2, and 2,

resp ectiv ely . The a v erage n um b er of bits p er sym b ol will b e 1 : 505, 40% w orst than the minim um of 1 : 071.
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1. zero order Hu�man and arithmetic co ding (adaptiv e or not) [133 , 106], whic h tend to b e

ine�cien t, since region b orders are usually v ery di�eren t from a Bro wnian random w alk

through the image or line graph;

2. n th order Hu�man and arithmetic co ding (adaptiv e or not) [31 , 133, 42];

3. Ziv-Lemp el (or Ziv-Lemp el and W elsh) co ding [202 , 197], whic h is a form of \dictionary-

based co ding" [90]; and

4. run-length co ding, whic h groups c hain co des in to runs of related sym b ols [86 , 133], usually

corresp onding to straigh t line segmen ts [93 , 10, 133] (and hence constituted either of a

single sym b ol or of t w o sym b ols, with adjacen t directions, whic h v erify the conditions

de�ned b y Rosenfeld in [173 ]).

In the framew ork of the MPEG-4 core exp erimen ts on binary shap e co ding [140], extensions

to basic or di�eren tial c hain co des ha v e b een prop osed. In [52, 140] a lossy m ulti-grid c hain

co de is prop osed whic h, according to the authors, reduces b y an a v erage of 25% the co ding

cost with resp ect to di�eren tial c hain co des. In [196] a metho d is prop osed whic h decomp oses

a (di�eren tial) c hain co de in to t w o c hain co des with half the resolution, plus additional co des

if lossless co ding is desired.

P arametric curv es

These tec hniques appro ximate con tours (or con tour segmen ts) b y parametric functions, usually

p olynomials. The functions can usually b e represen ted b y either a set of co e�cien ts or a set of

con trol p oin ts [175 , 43]. The co e�cien ts or the co ordinates of the con trol p oin ts are quan tized

and then en trop y co ded. Notice that when p olynomials of degree one are used (with rectangu-

lar co ordinates), the con tours are appro ximated b y p olygons. The use of con trol p oin ts [152 ]

simpli�es the quan tization pro cess, since it is simpler to con trol the errors in tro duced b y quan-

tizing the co ordinates of con trol p oin ts than the errors in tro duced b y quan tizing the co e�cien ts

of a p olynomial. In the case of mosaic partitions, the crossings and junctions of con tours are

frequen tly selected as con trol p oin ts [43, 97 ].

One of the most imp ortan t problems in parametric curv e represen tation of con tours is error

con trol. Iterativ e tec hniques are commonly used whic h successiv ely split the con tour un til a

su�cien tly small appro ximation error is obtained for eac h resulting segmen t [43, 97]. The error

is frequen tly calculated from the geometrical distance b et w een the parametric curv es and the

real con tours [97 , 53], but some researc hers prop ose the use of the con trast across the con tours,

assuming it is a v ailable [43 ]. Metho ds ha v e also b een prop osed whic h follo w the split phase b y

a merge phase [157, 154]. Suc h split & merge metho ds for p olygonal appro ximation of con tours

w ere the precursors of similar metho ds used later in image segmen tation.

When con trol p oin ts are used, their di�erences along the con tour graph are usually en trop y

co ded. These metho ds deal with junctions and crossings in a v ery similar w a y to c hain co ding

tec hniques.

As part of the MPEG-4 core exp erimen ts on binary shap e co ding [140], parametric curv e tec h-

niques ha v e also b een ev aluated [53 , 148, 89, 25] (some of these tec hniques stem from the
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earlier [73]). These tec hniques appro ximate the con tours with p olygons or splines using a set

of con trol p oin ts c hosen again with a split algorithm. The selection of whic h appro ximation

metho d to use is either done for eac h con tour segmen t (b et w een con trol p oin ts) or for eac h ob-

ject. The prop osed tec hniques also tak e adv an tage of time redundancy b et w een con trol p oin ts

along the successiv e partitions. One-dimensional transform co ding metho ds, some of whic h

m ulti-resolution, are prop osed to comp ensate the residual error b et w een the parametric curv e

appro ximation and the actual con tours (see the next section).

T ransform co des

The con tours are represen ted �rst as parametric curv es taking v alues in R , if the con tour (or

con tour segmen t) b eing co ded can b e represen ted b y a p olar function cen tered somewhere in the

image, or in R

2

for other kinds of con tour (or con tour segmen ts). These parametric curv es (still

a lossless represen tation) are then co ded using transform metho ds [22 ], in a one-dimensional

equiv alen t of the transform co ding used in image co ding (e.g., DCT), i.e., the parametric curv es

are transformed and the resulting co e�cien ts are quan tized and en trop y co ded.

T ransform co des ha v e also b een under scrutin y in the MPEG-4 core exp erimen ts on binary

shap e co ding [140 ], b oth for con tour co ding prop er and for co ding the residual error after using

parametric curv e metho ds.

The �rst tec hnique considered in the core exp erimen ts uses a p olar represen tation of the con-

tour [24]. The con tour is represen ted b y a function of the p olar angle, whose v alue is the

distance b et w een the cen troid and the con tour in the direction de�ned b y the angle.

5

The one-

dimensional DCT of the distance function is calculated and then its co e�cien ts are quan tized

and VLC co ded. Some con tours cannot b e prop erly represen ted b y a parametric function of the

p olar angle (since more than one con tour p oin t ma y o ccur for a single angle). Hence, parts of

the con tour ma y ha v e to b e left out. These parts are handled separately using c hain co des. This

tec hnique can also tak e adv an tage of the temp oral redundancy b et w een successiv e partitions.

The other transform co ding tec hniques tested on the MPEG-4 core exp erimen ts use either the

one-dimensional DST or DCT to co de not the con tour itself, but the residual error (distance)

b et w een a parametric curv e appro ximation and the actual con tour [148 , 89 , 25]. In [25 ] the

distance b et w een the appro ximate and actual con tours is calculated either horizon tally or v erti-

cally , dep ending on the slop e of the line b et w een the con trol p oin ts of the con tour segmen t b eing

enco ded. This substan tially reduces the calculations relativ e to the usual orthogonal distance

metho d. In [148 ] a m ulti-resolution v ersion of the DST is used, so as to pro vide con tour (ob ject)

scalabilit y .

5

The cen troid is the p oin t whose co ordinates are the a v erage of the co ordinates of all the pixels in the region

enclosed b y the con tour.
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6.4 A quic k cubic spline implemen tation

Splines are a form of parametric appro ximation of con tours. In the framew ork of the COST

211ter pro ject, the SIMOC1 reference mo del [39 ], made use of a mixture of p olygonal and

cubic spline appro ximation [26] to the con tours of a binary partition (a c hange detection

mask). Among sev eral prop osals made b y the author related with that reference mo del,

namely [116 , 114 , 79, 78], an impro v emen t on the original sp eci�cation of cubic splines and

a fast implemen tation metho d are esp ecially relev an t.

The impro v emen t stems from considering con tin uit y of �rst and second deriv ativ es at all no des

of the spline, since the spline is b eing used to appro ximate a closed curv e (a con tour), giv en a

n um b er of con trol p oin ts. The determination of the spline co e�cien ts is similar to the usual

cubic spline, except that the matrix whic h needs to b e in v erted as part of the algorithm has a

t yp e of symmetry whic h mak es it suitable for e�cien t implemen tations.

6.4.1 2D closed spline de�nition

Giv en a sequence of n con trol p oin ts in R

2

s

0

; s

1

; : : : ; s

n � 1

, with s

j

=

�

x

j

y

j

�

T

,

the aim is to �nd n cubic p olynomials P

j

( t ) =

�

p

x

j

( t ) p

y

j

( t )

�

T

from t 2 [ j; j + 1[ (uniform

parameterization) to R

2

, with j = 0 ; � � � ; n � 1, whic h result in a smo oth in terp olation.

T o ac hiev e the desired smo othness, the same set of constrain ts (6.2) is imp osed for eac h com-

p onen t of the p olynomials, p

x

j

( � ) and p

y

j

( � ), in the sequel referred to generically as p

j

( � ). Let

also f

j

b e x

j

or y

j

according to whether p

j

( � ) = p

x

j

( � ) or p

j

( � ) = p

y

j

( � ).

Eac h p olynomial is de�ned b y the four parameters a

j

, b

j

, c

j

, and d

j

p

j

( t ) = a

j

+ b

j

( t � j ) + c

j

( t � j )

2

+ d

j

( t � j )

3

with j = 0 ; : : : ; n � 1. (6.1)

The constrain ts imp ose con tin uit y up to the second deriv ativ e at eac h no de

6

p

j

( j ) = f

j

p

j

( j + 1) = f

j +1

p

0

j

( j + 1) = p

0

j +1

( j + 1)

p

00

j

( j + 1) = p

00

j +1

( j + 1)

with j = 0 ; : : : ; n � 1, (6.2)

where j = j mo d n and p

0

j

( � ) and p

00

j

( � ) are resp ectiv ely the �rst and second deriv ativ e of p oly-

nomial p

j

( � ).

F rom (6.1) it can b e seen that 4 n co e�cien ts m ust b e found b y the spline algorithm, using the

4 n restrictions giv en b y (6.2) .

6

Notice that the selected restrictions do not generally assure smo othness of the �nal 2D curv e, only of the

individual parametric curv es!
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6.4.2 Determination of the spline co e�cien ts

Substituting (6.1) in (6.2) , one obtains

a

j

= f

j

a

j

+ b

j

+ c

j

+ d

j

= f

j +1

b

j

+ 2 c

j

+ 3 d

j

= b

j +1

2 c

j

+ 6 d

j

= 2 c

j +1

with j = 0 ; : : : ; n � 1.

Simple algebraic manipulations (see [26 ]) lead to the follo wing solution

a

j

= f

j

d

j

=

c

j +1

� c

j

3

b

j

= a

j +1

� a

j

�

2 c

j

+ c

j +1

3

with j = 0 ; : : : ; n � 1,

and

2

6

6

6

6

6

6

6

6

6

6

4

c

0

c

1

.

.

.

c

j

.

.

.

c

n � 2

c

n � 1

3

7

7

7

7

7

7

7

7

7

7

5

= A

� 1

n

3

2

6

6

6

6

6

6

6

6

6

6

4

a

1

� 2 a

0

+ a

n � 1

a

2

� 2 a

1

+ a

0

.

.

.

a

j +1

� 2 a

j

+ a

j � 1

.

.

.

a

n � 1

� 2 a

n � 2

+ a

n � 3

a

0

� 2 a

n � 1

+ a

n � 2

3

7

7

7

7

7

7

7

7

7

7

5

;

where A

n

is the n � n matrix

A

n

=

2

6

6

6

6

6

4

4 1 1

1 4 1

.

.

.

1 4 1

1 1 4

3

7

7

7

7

7

5

:

6.4.3 Appro ximate algorithm

The main part of the spline algorithm is the in v ersion of matrix A

n

( n � n ). If observ ed carefully ,

matrix A

n

has a sp ecial kind of structure, originated in the imp osed spline restrictions whic h

treat all no des equally: eac h line (column) of A

n

ma y b e obtained b y rotating the previous one

to the righ t (do wn), the last elemen t of the line (column) b eing rotated bac k to the b eginning.

Another in teresting c haracteristic of A

n

is that eac h line (column) is symmetric around its

diagonal elemen t.

It turns out, as can b e pro v ed analytically , that the in v erse of A

n

has exactly the same structure.

This means that A

� 1

n

can b e constructed from the kno wledge of the �rst half of its �rst line,

viz. n=== 2 + 1 elemen ts where === stands for truncating in teger division. Let those elemen ts
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i

0 1 2 3 4 5

3 0.2777777778 -0.0555555556

4 0.2916666667 -0.0833333333 0.0416666667

5 0.2878787879 -0.0757575758 0.0151515152

6 0.2888888889 -0.0777777778 0.0222222222 -0.0111111111

7 0.2886178862 -0.0772357724 0.0203252033 -0.0040650407

n 8 0.2886904762 -0.0773809524 0.0208333333 -0.0059523810 0.0029761905

9 0.2886710240 -0.0773420479 0.0206971678 -0.0054466231 0.0010893246

10 0.2886762360 -0.0773524721 0.0207336523 -0.0055821372 0.0015948963 -0.0007974482

11 0.2886748395 -0.0773496789 0.0207238762 -0.0055458260 0.0014594279 -0.0002918856

12 0.2886752137 -0.0773504274 0.0207264957 -0.0055555556 0.0014957265 -0.0004273504

13 0.2886751134 -0.0773502268 0.0207257938 -0.0055529485 0.0014860003 -0.0003910527

T able 6.1: The �rst 6 q

i

( n ) for n = 3 ; : : : ; 13.

b e q

0

( n ) ; : : : ; q

n=== 2

( n ) (the v alue of the elemen ts dep ends on n , of course). T able 6.1 sho ws

the ev olution of these elemen ts. Notice that it is assumed that n � 3, since n = 1 and n = 2

conduce to degenerate splines. Notice also that, for i � 2, elemen t q

i

( n ) only exists if 2 i � n .

An example ma y clarify the structure of the matrices. Supp ose the in v erse of A

6

is to b e

calculated. The �rst step is to cop y the elemen ts in ro w 6 of T able 6.1 to the �rst half of the

�rst line of A

� 1

6

A

� 1

6

=

2

6

6

6

6

6

6

4

0 : 28889 � 0 : 07778 0 : 02222 � 0 : 01111

3

7

7

7

7

7

7

5

:

The second step is to re
ect the elemen ts of the �rst line around the diagonal elemen t

A

� 1

6

=

2

6

6

6

6

6

6

4

0 : 28889 � 0 : 07778 0 : 02222 � 0 : 01111 0 : 02222 � 0 : 07778

3

7

7

7

7

7

7

5

:

Finally , the remaining lines are �lled b y successiv e rotation of the �rst line

A

� 1

6

=

2

6

6

6

6

6

6

4

0 : 28889 � 0 : 07778 0 : 02222 � 0 : 01111 0 : 02222 � 0 : 07778

� 0 : 07778 0 : 28889 � 0 : 07778 0 : 02222 � 0 : 01111 0 : 02222

0 : 02222 � 0 : 07778 0 : 28889 � 0 : 07778 0 : 02222 � 0 : 01111

� 0 : 01111 0 : 02222 � 0 : 07778 0 : 28889 � 0 : 07778 0 : 02222

0 : 02222 � 0 : 01111 0 : 02222 � 0 : 07778 0 : 28889 � 0 : 07778

� 0 : 07778 0 : 02222 � 0 : 01111 0 : 02222 � 0 : 07778 0 : 28889

3

7

7

7

7

7

7

5

:
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i

0 1 2 3

3 0.2777777778 -0.0555555556

4 0.2916666667 -0.0833333333 0.0416666667

5 0.2878787879 -0.0757575758 0.0151515152

6 0.2888888889 -0.0777777778 0.0222222222 -0.0111111111

7 0.2886762360 -0.0773524721 0.0207336523 -0.0055821372

n 8 0.2886762360 -0.0773524721 0.0207336523 -0.0055821372

9 0.2886762360 -0.0773524721 0.0207336523 -0.0055821372

10 0.2886762360 -0.0773524721 0.0207336523 -0.0055821372

11 0.2886762360 -0.0773524721 0.0207336523 -0.0055821372

12 0.2886762360 -0.0773524721 0.0207336523 -0.0055821372

13 0.2886762360 -0.0773524721 0.0207336523 -0.0055821372

T able 6.2: The appro ximate elemen ts ^q

i

( n ) for n = 3 ; : : : ; 13.

Hence, one metho d for in v ersion of matrices A

n

corresp onds to storing the �rst half of the �rst

ro w of A

� 1

n

in a lo okup table for sev eral v alues of n and to apply the steps ab o v e. Should this

metho d b e to o memory demanding for the giv en application, an appro ximation can b e used as

deriv ed b elo w.

One in teresting fact ab out the elemen ts q

i

( n ) (see T able 6.1) is that they are negligible for high

enough i . In particular for i � 4, since j q

i

( n ) j < 0 : 003 ( 8 n and i � 4) whic h is v ery small

compared to j q

0

( n ) j (alw a ys ab out 0 : 29). It is th us p ossible to appro ximate the in v ersion of A

n

b y considering all q

i

( n ) elemen ts to b e zero for i � L (e.g., L = 4).

The elemen ts q

i

( n ) form a rapidly con v ergen t succession with n , for eac h i . Hence, a go o d

appro ximation to all q

i

( n ) with i < L and n > N is q

i

( M ), pro vided M ( � N ) and N are large

enough n um b ers.

Ha ving the describ ed b eha vior in mind, the follo wing appro ximation w as implemen ted:

^q

i

( n ) =

8

>

<

>

:

q

i

( n ) if n � N ,

q

i

( M ) if n > N and i < L , and

0 if n > N and i � L ;

with L set to 4, M to 10 and N to 6. The appro ximate elemen t v alues ^q

i

( n ) can b e seen in

T able 6.2.

The appro ximation presen ted is quite go o d, though the degree of accuracy of the algorithm ma y

b e further impro v ed b y increasing L , N and/or M .

Implemen tation

The in v erse of a matrix can b e calculated as its transp osed adjoin t divided b y its determinan t

A

� 1

=

adj

T

( A )

det ( A )

:
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The calculation of the adjoin t and the determinan t of a matrix in v olv es only sums and m ultipli-

cations, hence, if the elemen ts of A

n

ha v e in teger v alues, det( A ) and the elemen ts of adj ( A ) will

also ha v e in teger v alues. This is the case for the particular A

n

considered in this w ork. Since

the v alues f

j

also ha v e in teger v alues, the spline algorithm can b e implemen ted using solely

in teger arithmetic. See Algorithm 3.

6.4.4 Exact algorithm

The matrix to in v ert as part of the spline algorithm is a sp ecial case of a more generic class

of matrices. Matrices whose columns can b e obtained b y successiv ely rotating the left column

up w ards (or do wn w ards) are called column circulan t matrices. Matrices whose ro ws can b e

obtained b y successiv ely rotating the top ro w righ t w ards (or left w ards) are called ro w circulan t

matrices. Ro w circulan t matrices can b e transformed in to column circulan t matrices simply b y

transp osition. If a matrix is b oth ro w and column circulan t, then it is also symmetric.

An e�cien t w a y of in v erting a circulan t matrix can b e easily devised using the DFS (Discrete

F ourier Series), or its fast algorithmic v ersion, the FFT (F ast F ourier T ransform).

Let A b e a n � n non-singular do wn w ards column circulan t matrix with �rst column a ( # is the

do wn w ards rotation op erator)

A =

�

a a #

1

� � � a #

n � 1

�

;

with

a =

2

6

4

a

0

.

.

.

a

n � 1

3

7

5

:

Let b = F ( a ), where F ( � ) is the DFS, and also let

c =

2

6

4

c

0

.

.

.

c

n � 1

3

7

5

=

2

6

4

1

b

0

.

.

.

1

b

n � 1

3

7

5

;

then A

� 1

can b e calculated as

A

� 1

=

�

d d #

1

� � � d #

n � 1

�

;

where d = F

� 1

( c ), with F

� 1

( � ) the in v erse DFS.

In the case of the spline algorithm,

a =

2

6

6

6

6

6

6

6

4

4

1

0

.

.

.

0

1

3

7

7

7

7

7

7

7

5

;
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Algorithm 3 F ast closed cubic spline algorithm (in C).

/*

* word and dword are signed integer types with 16 and 32 bits.

* af corresponds simultaneously to the f vector of points to interpolate

* and to the a vector of spline parameters.

* n is the number of nodes in the spline.

* det3 is det(A)/3.

* b, c, and d are scaled output vectors of spline parameters.

* b and d should be divided by det(A)=det3*3 and c by det3 to obtain the

* corresponding spline parameters.

*/

void spline(dword *b, dword *c, dword *d, dword *af, dword n, dword *det3)

{

word j;

dword a0, a1, a2, a3, a4, a5, b0, b1, b2, b3, b4, b5, det;

/* d will temporarily store the RHS of the matrix equation: */

d[0] = af[1] - (af[0] << 1) + af[n-1];

for(j = 1; j < n-1; j++)

d[j] = af[j+1] - (af[j] << 1) + af[j-1];

d[n-1] = af[0] - (af[n-1] << 1) + af[n-2];

/* Efficient and approximate matrix inversion, calculation of c: */

if(n == 3) {

*det3 = 6;

c[0] = d[0] * 5 - d[1] - d[2];

c[1] = d[1] * 5 - d[2] - d[0];

c[2] = d[2] * 5 - d[1] - d[0];

}

else if(n == 4) {

*det3 = 64;

a0 = d[0] << 4; a1 = d[1] << 4; a2 = d[2] << 4; a3 = d[3] << 4;

c[0] = d[0] * 56 - a1 + (d[2] << 3) - a3;

c[1] = d[1] * 56 - a2 + (d[3] << 3) - a0;

c[2] = d[2] * 56 - a3 + (d[0] << 3) - a1;

c[3] = d[3] * 56 - a0 + (d[1] << 3) - a2;

}

else if(n == 5) {

*det3 = 22;

a0 = d[0] * 5; a1 = d[1] * 5; a2 = d[2] * 5; a3 = d[3] * 5;

a4 = d[4] * 5;

c[0] = d[3] - a4 + d[0] * 19 - a1 + d[2];

c[1] = d[4] - a0 + d[1] * 19 - a2 + d[3];

c[2] = d[0] - a1 + d[2] * 19 - a3 + d[4];

c[3] = d[1] - a2 + d[3] * 19 - a4 + d[0];

c[4] = d[2] - a3 + d[4] * 19 - a0 + d[1];

}

else if(n == 6) {

*det3 = 30;

a0 = d[0] * 7; a1 = d[1] * 7; a2 = d[2] * 7; a3 = d[3] * 7;

a4 = d[4] * 7; a5 = d[5] * 7;

b0 = d[0] << 1; b1 = d[1] << 1; b2 = d[2] << 1; b3 = d[3] << 1;

b4 = d[4] << 1; b5 = d[5] << 1;

c[0] = b4 - a5 + d[0] * 26 - a1 + b2 - d[3];

c[1] = b5 - a0 + d[1] * 26 - a2 + b3 - d[4];

c[2] = b0 - a1 + d[2] * 26 - a3 + b4 - d[5];

c[3] = b1 - a2 + d[3] * 26 - a4 + b5 - d[0];

c[4] = b2 - a3 + d[4] * 26 - a5 + b0 - d[1];

c[5] = b3 - a4 + d[5] * 26 - a0 + b1 - d[2];

}

else {

*det3 = 418;

c[0] = d[n-3] * -7 + d[n-2] * 26 - d[n-1] * 97 + d[0] * 362 - d[1] * 97 + d[2] * 26 - d[3] * 7;

c[1] = d[n-2] * -7 + d[n-1] * 26 - d[0] * 97 + d[1] * 362 - d[2] * 97 + d[3] * 26 - d[4] * 7;

c[2] = d[n-1] * -7 + d[0] * 26 - d[1] * 97 + d[2] * 362 - d[3] * 97 + d[4] * 26 - d[5] * 7;

for(j = 3; j < n - 3; j++)

c[j] = d[j-3] * -7 + d[j-2] * 26 - d[j-1] * 97 + d[j] * 362 - d[j+1] * 97 + d[j+2] * 26 - d[j+3] * 7;

c[n-3] = d[n-6] * -7 + d[n-5] * 26 - d[n-4] * 97 + d[n-3] * 362 - d[n-2] * 97 + d[n-1] * 26 - d[0] * 7;

c[n-2] = d[n-5] * -7 + d[n-4] * 26 - d[n-3] * 97 + d[n-2] * 362 - d[n-1] * 97 + d[0] * 26 - d[1] * 7;

c[n-1] = d[n-4] * -7 + d[n-3] * 26 - d[n-2] * 97 + d[n-1] * 362 - d[0] * 97 + d[1] * 26 - d[2] * 7;

}

det = 3 * *det3;

/* Calculation of b and d: */

for(j = 0; j < n-1; j++) {

b[j] = (af[j+1] - af[j]) * det - (c[j] << 1) - c[j+1];

d[j] = c[j+1] - c[j];

}

b[n-1] = (af[0] - af[n-1]) * det - (c[n-1] << 1) - c[0];

d[n-1] = c[0] - c[n-1];

}
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so c

i

is

c

i

=

1

4 + 2 cos( i

2 �

n

)

:

Hence, the exact computation requires only the calculation of one FFT, whose run time is

O ( n ln n ).

6.4.5 Results

In order to assess the accuracy of the appro ximate algorithm, a few simple exp erimen ts w ere

done:

1. Generate 100 sets of n random con trol p oin ts eac h �tting in to a windo w sligh tly smaller

than QCIF: x

j

2 [10 ; 165] and y

j

2 [10 ; 133].

2. Solv e the spline problem for eac h of the 100 sets of no des using the appro ximate algorithm

and a non-appro ximate algorithm.

3. F or eac h set, calculate the maxim um error b et w een the t w o v ersions of the spline. This

error is calculated indep enden tly in x ( e

x

) and y ( e

y

).

4. Calculate an upp er b ound for the error b et w een the t w o lines

7

:

q

e

2

x

+ e

2

y

.

5. Calculate the maxim um of the upp er b ounds calculated for eac h set.

The ab o v e exp erimen t w as rep eated for di�eren t n um b ers of no des. Since the algorithm used

is exact for n � 6, the exp erimen ts w ere done only for n > 6, viz. n = 7, 8, 9, 10, 15, 20, 40,

and 100. The maxima of the upp er b ounds (whic h can b e considered as estimates of the error

upp er b ound for eac h n um b er of no des) are sho wn in T able 6.3.

Observ ation of the error table leads to the conclusion that the appro ximate algorithm pro duces

errors of at most 1 = 3 of a pixel when w orking on con trol p oin ts lo cated in a windo w of ab out

QCIF size. Hence, it is a go o d candidate for e�cien t implemen tation.

6.5 Conclusions

A camera mo v emen t comp ensation metho d w as presen ted in Section 6.1. The metho d has b een

sho wn to lead to small impro v emen ts in classical co decs suc h as H.261. As discussed, this do es

not render camera mo v emen t estimation useless, since it is imp ortan t information to b e around

7

This is an upp er b ound for t w o reasons. The �rst is that the maxim um errors in x and y usually do not o ccur

for the same t . The second is that the error b et w een t w o lines should actually b e calculated as the maxim um of

the distance b et w een an y p oin t in one of them to the nearest p oin t in the other.
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n error upp er b ound

7 0 : 101775

8 0 : 304761

9 0 : 116038

10 0 : 230298

15 0 : 270953

20 0 : 28581

40 0 : 283622

100 0 : 299161

T able 6.3: T able sho wing the ev olution with n of the estimated error upp er b ound.

for the end user to use in its manipulations of the con ten ts of video sequences, b esides b eing of

use for indexing and camera stabilization.

A systematization of the �eld of partition co ding has b een prop osed in Section 6.2. It has

the form of a taxonom y tree whic h is divided in t w o main lev els: partition t yp e and partition

represen tation. The prop osed systematization is b eliev ed to simplify the comparison b et w een

partition co ding tec hniques, b y establishing clearly whic h t yp e of partitions a giv en partition

co ding tec hnique addresses, and whic h partition represen tation that tec hnique is based on.

An o v erview of the partition co ding tec hniques a v ailable for eac h partition t yp e and the corre-

sp onding partition represen tations has b een presen ted in Section 6.3.

Finally , some suggestions for e�cien t appro ximate implemen tations of closed cubic splines ha v e

b een prop osed in Section 6.4, whic h ma y b e of use in parametric curv e partition co ding tec h-

niques.
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Chapter 7

Conclusions: Prop osal for a new

co dec arc hitecture

In the previous c hapters a series of analysis and co ding to ols w ere dev elop ed. Spatial analysis

to ols w ere dev elop ed in Chapter 4 and discussed in the uni�ed framew ork of SSF and related

graph theoretical concepts. Time analysis to ols w ere dev elop ed in Chapter 5, where camera

mo v emen t estimation algorithms and image stabilization metho ds ha v e b een prop osed. Co ding

to ols w ere dev elop ed in Chapter 6, whic h additionally prop osed a systematization of the �eld

of partition co ding. The logical conclusion for this thesis is a prop osal for a co dec arc hitecture

that migh t in tegrate most of these to ols. The next section con tains suc h a prop osal, whic h is

follo w ed b y suggestions for future w ork and b y the list of the thesis con tributions.

7.1 Prop osal for a second-generation co dec arc hitec-

ture

This section prop oses an arc hitecture for a four-criteria (bitrate, distortion, cost, and con ten t

access e�ort) second-generation video co dec. This w ork as already b een published in [117], and

it o w es m uc h to the fruitful discussions b et w een the author and the Image Pro cessing Group

of the UPC (Univ ersitat P olit � ecnica de Catalun y a), whic h later made their o wn con tribution

through the Sesame v eri�cation mo del prop osal to MPEG-4 [30].

P ossible source mo dels for co decs with the prop osed structure are discussed in this section.

The main blo c ks of the co dec, namely image and motion analysis, are also discussed and some

p ossible solutions prop osed.

F rom the p oin t of view of this prop osal, the MPEG-4 functionalities [139 ] considered are those

addressing con ten t access and impro v ed co ding e�ciency . The ob jectiv e is th us to minimize

rate, distortion, and cost (i.e., maximize co ding e�ciency) as w ell as to minimize the con ten t

access e�ort (the \fourth criterion" [162 ]). Notice, ho w ev er, that con ten t manipulation is not

addressed here. A simpli�ed ob jectiv e w as deemed to b e the pro vision for means to access easily
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the con ten t of a video stream.

The main blo c ks of the prop osed arc hitecture are describ ed from a functional p oin t of view,

and the requiremen ts eac h blo c k m ust ful�ll are presen ted.

7.1.1 Source mo del

The source mo del selected is not new [40]: 
exible 2D+1/2 ob jects. That is, ob jects are

understo o d as 2D regions that can c hange shap e o v er time (
exibilit y), and that can o v erlap

eac h other. This is the same mo del used in Sesame. Eac h ob ject's motion can b e describ ed b y a

single set of motion mo del parameters. The motion mo del used can b e translational, a�ne, or

more complex. As to textures, no explicit assumptions are made, except that motion b oundaries

should coincide with texture b oundaries (except in pathological cases).

According to the adopted source mo del, ob jects are de�ned as a set of regions with coheren t

motion. Hence, image analysis, within this framew ork, is based essen tially on motion analysis.

This means that ob jects can b e, and usually will b e, inhomogeneous in terms of texture.

The approac h tak en b y MPEG-4 has b een di�eren t [77 ]. Essen tially , MPEG-4 is an extension

to previous MPEG standards pro viding \sequences" with arbitrary shap es, viz. V Os (Video

Ob jects). Usually the V Os corresp ond to ob jects with some seman tical meaning. MPEG-

4 also pro vides a structured scene description as an acyclic graph of no des sp ecifying b oth

syn thetic and natural ob jects. In the later sense, MPEG-4 is also an extension of the VRML

standard. Nev ertheless, the inside (color or texture) of the V O, and its time ev olution, is

sp eci�ed with tec hniques whic h stem directly from the previous MPEG standards and H.261

and H.263 [136 , 137 , 62, 63], ev en if some more mo dern approac hes, suc h as sprites, meshes and

face ob jects, are used. Notice, ho w ev er, that the insides of sprites are also still enco ded with

tec hniques whic h can b e classi�ed as lo w-lev el vision, and that face ob jects, whic h corresp ond

to a 3D scene description, can hardly b e considered generic, since they apply only to a v ery

particular t yp e of scene. It can b e said that MPEG-4 video is classical texture co ding on

arbitrarily shap ed ob jects. Ev en if it indeed can b e classi�ed as a go o d step to w ards second-

generation video co ding, it is still in the transition. The Sesame [30] prop osal to MPEG-4,

whic h w as not accepted due to its w eak er p erformance, could, on the other hand, b e classi�ed

as truly second-generation.

It is exp ected that MPEG-4 v ersion 2, through its pro vision for programmable terminals, will

allo w more sophisticated arc hitectures, suc h as the Sesame one or the one prop osed here, to

b e dev elop ed indep enden tly and blended in to the to ol set of MPEG-4 to pro vide extended

functionalities or capabilities.

In the follo wing, the w ord image ma y b e replaced b y V OP, th us allo wing the prop osed arc hi-

tecture to b e used for enco ding of arbitrarily shap ed sequences.
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7.1.2 Co dec arc hitecture

Figures 7.1 and 7.2 sho w the prop osed arc hitecture for the co dec. The main blo c k is \Image

analysis", whic h partitions eac h image in to its comp osing ob jects, eac h with an estimated set of

motion parameters. Motion parameters are (di�eren tially) enco ded b y the \Motion parameter

enco ding" blo c k. The \P artition enco ding" blo c k enco des the image partition di�eren tially

using the estimated motion for comp ensating the partition of the previous image. After \Motion

comp ensation" of the previous deco ded image, new ob jects and unco v ered areas of the image

are enco ded using an in tra mo de. The \Detection of MF (Mo del F ailure) areas" blo c k detects

areas in the image where the underlying source mo del fails. Those areas are then enco ded b y

the \Enco ding of MF partition" and \Enco ding of MF texture" blo c ks.

The in terface signals

Some in terface signals ha v e b een de�ned in the blo c k structure:

P , E Denote the image partition and the extra partition parameters. These signals represen t

the curren t partition and extra parameters related to its spatial and temp oral structure.

P ma y b e simply a partition image, where eac h class lab el corresp onds to an ob ject,

some sp ecial v alues b eing used to iden tify unco v ered parts of ob jects. Notice that no

constrain t on the connectivit y of ob jects w as men tioned: an ob ject can consist of a

collection of disjoin t connected regions (disconnected classes). E consists of some of the

follo wing extra information ab out the partition: n um b er of class lab els in use, maxim um

lab el in use, graph of o cclusions, that is a graph sp ecifying whic h regions o v erlap whic h,

and information regarding the temp oral ev olution of ob jects, that is whic h classes are

new and whic h no longer exist, or whic h classes where split or joined together.

P

MF

Denotes the MF partition (see discussion b elo w).

M Denotes the motion mo del parameters. A v ector of motion mo del parameters for eac h

ob ject in the scene (new ob jects ma y lac k this information, though). These parameters

ma y b e translational parameters, a�ne motion parameters, or parameters of some other

more complex motion mo del. It ma y also include parameters of a giv en camera mo v emen t

mo del used, used to comp ensate global motion in the sequence.

I Denotes an image.

Image analysis

The purp ose of the \Image analysis" blo c k is to describ e the scene in terms of its comp onen t

ob jects, according to the source mo del de�ned. As a �rst approac h to the problem, this analysis

is supp osed to b e done in a causal w a y and b y lo oking at no more than t w o images at a time.

This approac h has b een selected b ecause real time and lo w dela y video comm unications are

en visaged. One should k eep in mind, ho w ev er, that for applications suc h as storage, these

restrictions do not necessarily apply .
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Image analysis is required to segmen t the curren t image (using also the previous image, the

previous partition information, and the previous motion parameters) in to a set of connected

regions, group ed in to (not necessarily connected) ob jects: a partition. Often the detected

ob jects will consist only of parts of the real ob jects in the scene, e.g., in the case of o cclusion b y

other ob jects. These ob jects will mostly b e related to ob jects presen t in previous images, though

new ob jects are lik ely to app ear from time to time. This partition is additionally required to

con tain information ab out unco v ered regions. Unco v ered regions should b e lab eled as b elonging

to one of the adjacen t regions. F or all practical purp oses, new ob jects are unco v ered areas that

are not deemed to b elong to an y of the adjacen t ob jects.

Ob jects should ha v e coheren t motion, i.e., all visible (non-unco v ered) parts of an ob ject should

b e represen ted b y a single set of (bac kw ard) motion mo del parameters, also obtained b y this

blo c k. The partition should desirably b e coheren t with the underlying texture. F or that, spatial

analysis ma y ha v e to b e used, as discussed in Chapter 4.

If there is camera mo v emen t in the scene, the image analysis blo c k should estimate its parameters

according to a giv en camera mo v emen t mo del, as discussed in Chapter 5.

Finally , the image analysis blo c k is required to tak e in to accoun t the ev olution of the ob jects

in the scene. That is, segmen tation should also b e coheren t in time. This is wh y the previous

partition information and the previous motion parameters are fed bac k in to the image analysis

blo c k.

P artition enco ding

The \P artition enco ding" blo c k should enco de the curren t image partition and the extra pa-

rameters as e�cien tly as p ossible. It seems reasonable to exp ect that considerable sa vings in

bitrate ma y result from enco ding partitions di�eren tially using motion comp ensation. Notice,

ho w ev er, the follo wing problems:

1. in order to motion comp ensate (pro ject) ob jects from the previous image in to the curren t

image, forw ard motion m ust b e a v ailable; and

2. the motion parameters of an ob ject are usually enco ded with resp ect to the ob ject's

shap e and p osition, and the ob ject's shap e and p osition are predictiv ely enco ded using

the ob ject's motion.

Hence, apparen tly , problem 1 mak es it necessary to in v ert motion estimation from bac kw ard

to forw ard, whic h w ould create additional problems when comp ensating the inside (texture)

of regions, viz. the p ossibilit y of gaps app earing, while problem 2 creates a c hic k en and egg

dilemma.

Ho w ev er, if motion mo dels suc h as a�ne are used, the problems are easy to solv e. As to

problem 1, a�ne motion is almost alw a ys in v ertible, so it is simple to obtain forw ard motion

from the bac kw ard motion parameters. Regarding problem 2, one can alw a ys enco de the a�ne

motion parameters with regard to the ob ject shap e and p osition in the pr evious image.
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The graph of o cclusions from the previous partition image is used here to decide whic h ob ject

tak es precedence o v er whic h in case sev eral comp ensated ob jects o v erlap.

As to the graph of o cclusions itself, its top ology often do es not need to b e enco ded, since it is

implicit in the deco ded partition. Hence, b oth co der and deco der are able to build the same

undirected graph, giv en the curren t image partition. By making the graph directed, o cclusions

ma y b e represen ted. If an arc is undirected, the regions do not o cclude eac h other. If it

is directed, the direction sp eci�es whic h region o ccludes whic h. Direction information m ust

b e enco ded for eac h arc in the implicit undirected graph. If m utual o cclusions o ccur, then

m ultigraphs ma y ha v e to b e used, eac h parallel arc sp ecifying a segmen t of b oundary b et w een

t w o regions with giv en o cclusion c haracteristics. This extra information ma y also b e built on

top of the implicit undirected (simple) graph.

The prediction error of the motion comp ensated partition can b e enco ded using the tec hniques

discussed in Chapter 6.

Finally , some means of enco ding the temp oral ev olution of ob jects, in terms of split and merged

ob jects and of disapp eared and newly app eared ob jects, m ust b e devised.

Motion parameters enco ding

Motion mo del parameters are a v ery sensitiv e t yp e of information. Motion enco ding errors can

ha v e considerable rep ercussion in the qualit y of motion comp ensation and hence on the qualit y

of the predicted image obtained b y motion comp ensation. Th us, motion parameters should

probably b e enco ded losslessly or at least with high accuracy . Some sc heme for di�eren tially

enco ding the motion parameters for eac h ob ject will probably b e of use.

Often the b est w a y of enco ding the parameters of some mo del (of texture or of motion) in

a giv en region is to send samples of the region v alues whic h are su�cien t for the deco der to

estimate accurately the original mo del parameters. Often the lo cation of these samples can

b e inferred b y the deco der with the a v ailable information, whic h ma y or ma y not include the

region shap e. The adv an tage of this sc heme o v er sc hemes where mo del parameters are enco ded

directly stems from the fact that, if the mo del is w ell b eha v ed (and t ypical mo dels are), the

e�ects of quan tization on the deco ded region are more clearly understandable if this op eration

is p erformed on the function samples than if it is p erformed directly on the mo del parameters.

A t ypical example is a�ne motion mo dels, whic h are v ery useful for represen ting region motion.

F or 2D images, the parameters of a�ne motion of a region can b e represen ted b y three non-

collinear sample motion v ectors.

1

The errors of the motion v ectors within the triangle limited

b y the three samples will alw a ys b e smaller than the quan tization errors of the quan tized sample

motion v ectors, for eac h motion v ector comp onen t. A reasonable c hoice for the sample p ositions

seems to b e the v ertices of a triangulation of the ob ject (e.g., the en v eloping triangle with the

smallest area). Since this triangulation ma y b e done b oth at enco der and deco der, one needs

only to enco de the v alues of the sample motion v ectors of all regions, ma yb e in raster order,

using prediction as in H.263 [63].

1

If the region itself consists of collinear pixels, then this restriction ma y b e relaxed. Tw o non-coinciden t

samples are su�cien t. Similarly for the trivial one-pixel region.
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As already men tioned in the previous section, motion mo del parameters will b e enco ded b efore

enco ding the curren t partition, so that the partition of the previous image can b e motion

comp ensated. The ab o v e referred triangulation is th us based on the previous p osition and

shap e of the ob jects.

Motion comp ensation

Once the image partition is kno wn and motion mo del parameters are a v ailable for eac h ob ject,

motion comp ensation consists simply in pro jecting the previous image in to the curren t one

according to the motion v ector �eld recreated from the motion parameters. If references from

the future are allo w ed, as in MPEG-2 and MPEG-4, pro jection can also b e p erformed from the

future, and th us also for new ob jects. This requires, nev ertheless, anc hor in tra images, where

ob jects are enco ded without an y reference, or anc hor images predicted only from the past. Since

in terp olation ma y b e needed to obtain the corresp onding pixel in the reference (deco ded) image,

progressiv e smo othing of the ob jects' texture ma y result. This ma y b e solv ed b y building an

ob ject store, and b y comp ositing the motions b et w een successiv e images in order to fetc h the

texture from this store. This metho d w as originally prop osed in COST211ter's SIMOC1 [39 ],

and is similar to the one used for sprite up date in MPEG-4.

In tra enco ding of unco v ered texture

Unco v ered areas are those with no corresp ondence in the previous (deco ded) image. They ma y

corresp ond to new ob jects or to unco v ered areas of existing ob jects. These areas ha v e to b e

co ded in in tra mo de. There are sev eral p ossibilities, from shap e adaptiv e DCT and related

metho ds [184 , 84, 54, 88 , 87] to V Q (V ector Quan tization) [59 ]. Ho w ev er, other metho ds ma y

b e attempted, suc h as V Q using the part of the ob ject that w as not unco v ered (if it exists) as

a co deb o ok, in the case of textured areas, or some kind of extrap olation plus prediction errors,

in the case of smo oth areas.

F or new ob jects, it migh t b e useful to use texture based segmen tation co ding sc hemes, since

it w ould create a smo oth ev olution path to w ards hierarc hical source mo dels. In that case, the

spatial analysis to ols prop osed in Chapter 4 ma y pro v e useful, as w ell as the partition co ding

to ols discussed in Chapter 6.

Mo del F ailure blo c ks

No matter ho w complex the motion mo dels, there will alw a ys b e some ob jects (or parts thereof )

undergoing mo v emen ts whic h do not �t them. In suc h cases either these ob jects are split in to

smaller, and th us easier to mo del, ob jects, whic h ma y b e extremely incon v enien t from the p oin t

of view of con ten t-based functionalities, or motion comp ensation errors, i.e., MFs [40 ], will ha v e

to b e allo w ed.

The \Detection of MF areas" blo c k uses criteria based on motion comp ensation errors. This

blo c k should tak e in to accoun t the curren t image partition in order to pro duce a coheren t MF
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partition. This MF partition is then enco ded b y the \Enco ding of MF partition" blo c k.

Finally , the \Enco ding of MF texture" blo c k enco des the texture of the MF areas using shap e-

adaptiv e tec hniques.

7.1.3 Conclusions

A new second-generation co dec arc hitecture has b een prop osed whic h ma y use some of the to ols

dev elop ed in the previous c hapters. The next section discusses ho w this arc hitecture and the

to ols prop osed ma y b e impro v ed.

7.2 Suggestions for further w ork

7.2.1 Co dec arc hitecture

Regarding the prop osed co dec arc hitecture, the �rst issue that remained for future w ork w as

its full implemen tation making use of the analysis and co ding to ols prop osed in the previous

c hapters.

Source mo del

The selected source mo del ma y b e impro v ed in sev eral w a ys. One of the p ossibilities is to allo w

the ob jects to ha v e memory [167]. That is, ob jects can b e successiv ely �lled from the partial

information a v ailable at eac h image. This w ould corresp ond to the la y ered approac h of Adelson

et al. [3 ]. In his mo del, eac h ob ject is represen ted b y a mask, sp ecifying the kno wn shap e of

the ob ject, and b y the ob ject's texture. One di�cult y with this sc heme is the represen tation

of m utually o v erlapping ob jects, though this migh t b e solv ed b y adding discriminating depth

v alues to the ob ject's mask (at the exp ense of some extra bitrate).

Other approac hes include more realistic 3D mo dels of the scene, though exp erience has sho wn

that this task is tremendous, except when a priori kno wledge ab out the scene is a v ailable (e.g.,

face ob jects in MPEG-4).

Finally , since facilitating the manipulation of video con ten t is one of the aims of mo dern co decs,

it seems that the de�nition of ob jects as zones with coheren t motion ma y not pro vide enough

con ten t access discrimination: for instance, a static bac kground will b e considered as a single

ob ject, though the user migh t b e in terested in manipulating individual ob jects (suc h as a pain t-

ing on a w all). This ma y lead to the de�nition of a hierarc h y of ob jects: at the lo w est lev el

ob jects are de�ned b y homogeneous texture and at the highest lev el b y homogeneous motion.

This has b een the step tak en b y Sesame [30 ].
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Image analysis

Sev eral tec hniques can b e used for image analysis:

Shap e from texture (and motion from shap e)

Firstly segmen tation is carried out using texture information only (though with pro visions

to k eep temp oral coherency), as in Chapter 4. Then motion is estimated for eac h region.

Finally ob jects are built from regions with motion describable b y a single set of motion

parameters. Hence, time analysis is p erformed after a �rst step of spatial analysis.

Shap e from motion

Optical 
o w (2D pro jection of the real 3D motion) is estimated �rst. Then the obtained

v ector �eld is segmen ted (ma yb e using texture for accurate b oundary lo calization). Fi-

nally , the motion mo del parameters corresp onding to eac h region are computed. Notice

that some optical 
o w algorithms detect motion b oundaries that can b e used to help seg-

men tation. In this case time analysis is p erformed �rst. In order to obtain a hierarc h y of

ob jects, the partition ma y then b e re�ned based solely on spatial analysis. Hence, spatial

analysis is p erformed only after a �rst step in time analysis.

Sim ultaneous shap e and motion

Sim ultaneous motion estimation and image segmen tation are attempted. These tec hniques

sometimes corresp ond to iterativ e v ersions of the shap e from motion and motion from

shap e approac hes. In this case, it is also p ossible to use texture information for accurate

b oundary lo calization.

The most promising of these approac hes is the last one, sim ultaneous analysis of shap e and

motion, since it tak es in to accoun t a basic con tradiction in image analysis: a go o d motion

estimation requires accurate segmen tation of the image in to ob jects with di�eren t motion and,

sim ultaneously , an accurate segmen tation requires a go o d motion estimation.

Apart from the desired coherency of motion segmen tation results with the underlying texture

b oundaries, another imp ortan t p oin t for in v estigation is the main tenance of temp oral coherency

along successiv e image partitions. Some in teresting ideas can b e found in [153], whic h ha v e

already b een applied to the spatial analysis to ols prop osed in Chapter 4.

Motion mo dels

As to the motion mo dels used, exp erience has sho wn that translational motion is clearly insuf-

�cien t, since it cannot describ e but the simplest t yp es of pro jected 3D motion. Ho w ev er, a�ne

motion mo dels, though certainly not enough to mo del the p ersp ectiv e pro jection of the motion

of all rigid 3D surfaces, ha v e sho wn to b e reasonably go o d in most situations and relativ ely

simple to manage [41 ] (6 parameters p er ob ject, instead of 2 for translational mo dels).
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Con ten t access e�ort

Though the prop osed co dec arc hitecture and source mo del seem more appropriate for minimizing

the con ten t access e�ort than classical video co ding algorithms, the impro v emen t m ust still b e

quan ti�ed: standard w a ys of measuring the con ten t access e�ort m ust b e devised.

Other issues requiring atten tion are ho w to manipulate ob jects whose description is spread along

the enco ded video stream and ho w to p erio dically refresh ob ject descriptions.

7.2.2 Graph theoretic foundations for image analysis

An issue whic h remained for future w ork w as the study of the theory of cell complexes and the

reform ulation of the SST foundations of image analysis in their framew ork.

An in teresting question whic h also remained for future w ork is the c hec king of whether an y

spanning k -tree suc h that eac h of its connected comp onen ts is a SST of the corresp onding

subgraph corresp onds to a SSS k T of the graph for some set of seeds. If this is true, it w ould

b e in teresting to relate the result to the sk eletons in mathematical morphology . The assertion

is ob viously true if eac h seed can consist of more than one v ertex: simply select as a seed

all v ertices of the corresp onding connected comp onen t. In this case one ma y ask what is the

minimal n um b er of v ertex seeds with the required prop ert y .

7.2.3 Spatial analysis

Region- and con tour-orien ted segmen tation algorithms

The extension of all the notions to 3D, whose treatmen t in this thesis is only partial, and the

study of segmen tation tec hniques, also with a graph theoretic framew ork, but no w using the

concepts of 
o w on graphs [200 ], remained for future w ork.

Another issue requiring further w ork is the study of m ultiple solutions to the SSF or SST

problems and their impact in the m ultiple solutions of the region gro wing, region merging, and

con tour closing segmen tation algorithms.

Finally , the dev elopmen t of faster implemen tations of the globalized segmen tation algorithms

using SST-based concepts also remained for future w ork.

A new kno wledge-based segmen tation algorithm

The classi�cation of sequences can b e impro v ed. A re�nemen t of Class 4 is p ossible b y in tro-

ducing information ab out the kind of mo v emen t in the bac kground:

Class 4A

Uniformly mo ving bac kground, i.e., the whole bac kground su�ers the same motion (ac-
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cording to a giv en motion mo del) from one image to the next (e.g., \F oreman" has this

kind of bac kground mo v emen t). Usually the bac kground motion is due to camera mo v e-

men ts.

Class 4B

Non-uniformly mo ving bac kground (e.g., \Carphone" has a non-uniformly mo ving bac k-

ground, since the landscap e seen through the windo ws mo v es indep enden tly of the bac k-

ground).

Assuming a translation plus isometric scaling motion mo del, class 4A corresp onds to sequences

where mo v emen t in the bac kground is due to camera op erations suc h as pan, tilt and zo om

(camera vibrations can b e considered to consist of small pan and tilt mo v emen ts). The segmen-

tation of this class of sequences migh t b e attempted using the same algorithms as for Class 3 if

image stabilization is p erformed �rst (see Section 5.5). Image stabilization ma y also b e useful in

the case of class 4B sequences, since these scenes usually ha v e a dominan t motion in the bac k-

ground (e.g., in \Carphone" the vibration, if correctly estimated, w ould b e canceled and the

only remaining motion in the bac kground w ould b e due to the mo ving landscap e seen through

the windo w). The com bination of image stabilization and kno wledge-based segmen tation has

not b een attempted, and remained as an issue for future w ork.

RSST segmen tation algorithms

The ma jor dra wbac k of the describ ed algorithms is that they do not deal w ell with textures.

This dra wbac k, ho w ev er, do es not seem to b e related as m uc h to the algorithms themselv es, as

to the region mo dels used. Hence, a sub ject requiring further study is region mo dels whic h can

appropriately represen t textured regions. As to the algorithms, the basic algorithm b ehind 
at

and a�ne RSST needs to b e impro v ed to a v oid o v er adjustmen t for small regions. A p ossibilit y

migh t b e a more thorough in tegration of the split and merge phases of the algorithm.

A related sub ject requiring further study is that of split using mo dels, instead of the simple

dynamic range used in this w ork. Also, a formalization of the impact of split in memory and

computational p o w er required should b e p erformed. Finally , a memory e�cien t v ersion of the

algorithms should b e implemen ted so as to allo w practical segmen tation of larger images.

Sup ervised segmen tation

An issue whic h remained for future w ork is the dev elopmen t of sup ervision algorithms whic h

can substitute, at least partially , h uman in terv en tion. Issues whic h also remain for future w ork

are the optimization of the RSST algorithms with seeds (viz. the global error minimizing ones)

and the test of the region gro wing algorithm (for �nding the SSSS k T) with amortized linear

time execution prop osed in Section 4.3.3.
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Time-coheren t analysis

Three issues remained as the sub ject for future w ork. The �rst is the in tro duction of b etter

region mo dels (e.g., a�ne), in order to a v oid the false con tours, and of illumination mo dels,

to a v oid the arti�cial separation of regions whic h seman tically are one only (see the arm in

Figure 4.24). The second is the in tro duction of motion comp ensation so as to impro v e the

pro jection of past partitions in to the future, whic h has already b een done with success in the

w atershed algorithms, see [105 ]. Finally , the study of region mo dels capable of mo deling b oth

the 2D textures and their motion from one image to the next, for instance according to an a�ne

mo del of motion.

7.2.4 Time analysis

Sev eral issues remained for further w ork:

1. in tro duction of sub-pixel accurate blo c k matc hing, so as to impro v e estimation of small

pan mo v emen ts;

2. quan ti�cation of errors in blo c k matc hing estimates, viz. the estimation of the co v ariance

matrix of the motion v ectors;

3. quan ti�cation of errors in camera mo v emen t estimates;

4. in tro duction of rotation around the lens axis as a p ossible camera mo v emen t;

5. impro v emen t of in terp olation of pixel v alues in the algorithm for image stabilization; and

6. in tegration of motion v ector �eld smo othing with the Hough outlier detector.

7.2.5 Co ding

A few issues remained for future w ork:

1. the extension of the partition tree to include a branc h for line dra wings or \con tours

that ma y b e op en" (whic h are not the dual of some partition); this is of in terest since

con tour-based co ding, or image reconstruction from edges [58 , 19, 37, 43], with its long

history , still seems to ha v e a large p oten tial in image co ding;

2. the implemen tation of optimized c hain co ding using algorithms solving the Chinese p ost-

man problem; and

3. the extension of the taxonom y tree with a systematization of partition co ding tec hniques,

b esides partition t yp es and represen tations.

7.3 List of con tributions

This section lists the con tributions of the thesis according to the corresp onding c hapter.
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7.3.1 Graph theoretic foundations for image analysis

In this case the results are new in the framew ork of image analysis.

1. A thorough discussion of seeded SST algorithms (viz. SSF, SS k T, SSS k T, and SSSS k T).

2. An asymptotically linear amortized time algorithm for obtaining m ultiple SSSS k Ts, for

di�eren t sets of seeds, of the same graph.

3. A discussion of the relation b et w een the SSF and dual graphs, whic h pla ys an imp ortan t

role in pro ving that basic region merging and basic con tour closing are one and the same

algorithm, solving the same problem.

7.3.2 Spatial analysis

1. A prop osal for hierarc hizing the segmen tation pro cess.

2. A discussion of region- and con tour-orien ted algorithms using the common framew ork of

SSTs and related concepts from graph theory .

3. A discussion, in the same framew ork, of the main di�erences and similarities b et w een

region merging, region gro wing, and con tour closing, namely the dualit y b et w een con tour

closing and region merging.

4. A description of the w atershed algorithm as a SSSS k T problem.

5. An application of the asymptotically linear amortized time SSSS k T algorithm for obtain-

ing m ultiple region gro wing segmen tations of an image, e.g., in a sup ervised segmen tation

en vironmen t.

6. First ideas regarding globalization of information in the basic segmen tation algorithms,

whic h ma y lead to a more thorough theoretical foundation for segmen tation in the future.

7. A kno wledge-based mobile videotelephon y segmen tation algorithm, able to cop e with

vibration and camera mo v emen t.

8. Extensions of the RSST algorithms, namely the new RSST, the 
at RSST with an added

split phase, and the use of a�ne mo dels in the a�ne RSST.

9. Extensions of the RSST so that seeds are used, and its use for sup ervised segmen tation.

10. Use of the seed extensions of the RSST algorithms for time-recursiv e segmen tation of

mo ving images.

7.3.3 Time analysis

1. Tw o camera mo v emen t estimation algorithms based on blo c k matc hing, using least squares

estimation with remo v al of outliers (see also [4]), though b oth using motion v ector smo oth-

ing as an in termediate step in order to impro v e estimation.

2. An image stabilization metho d making use of the estimated camera mo v emen t factors.

7.3.4 Co ding

1. A camera mo v emen t comp ensation metho d for classical co decs (whic h is also applicable

to more mo dern ones, suc h as those complian t with the forthcoming MPEG-4 standard).
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2. A systematization of partition t yp es and represen tations in the form of a taxonom y tree.

3. A suggestion for impro ving c hain co des of mosaic partitions through the solution of the

Chinese p ostman problem or related problems.

4. A new fast (appro ximate) closed cubic spline algorithm.
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App endix A

T est sequences

When we lo ok at a television pr o gr am, we se e

mor e than 
ickering dots: we se e p e ople.

Douglas R. Hofstadter

This app endix discusses brie
y the formats under whic h digital video sequences are a v ailable,

and then pro ceeds to describ e the test sequences used in this thesis.

A.1 Video formats

Digital video sequences usually come in the format sp eci�ed b y the ITU-R Recommendation

BT.601-2 [20 ] or a deriv ativ e thereof. That is, in the Y

0

C

B

C

R

color space, with an in terlaced

sampling lattice, where the c hroma signals are horizon tally subsampled b y a factor of 2 relativ e

to the luma signal, and the c hroma samples are co-sited with the ev en luma samples (assuming

the �rst luma sample in eac h line is sample 0). This format is referred to as 4:2:2. The n um b er

of samples is 720 horizon tally and 288 v ertically (for eac h �eld) for the luma signal, for 625 line

TV systems (Europ ean), and 720 and 240 for 525 line TV systems (American).

In digital video co ding, ho w ev er, t w o di�eren t formats are t ypically used: CIF (Common In-

termediate F ormat) and QCIF (Quarter-CIF). Both ha v e a 4:2:0 sampling, meaning that the

c hroma signals are also v ertically subsampled b y a factor of 2 relativ e to the luma signal, and

b oth are progressiv e. The n um b er of samples in CIF is 352 horizon tally and 288 v ertically for

the luma signal. In QCIF it is 176 horizon tally and 144 v ertically for the luma signal. The

image rate in b oth cases is 30 Hz. Both formats w ere c hosen as in termediates b et w een the

Europ ean SIF (Standard In terc hange F ormat) format, with 25 Hz image rate and 352 b y 288

samples, and the American SIF format, with 30 Hz image rate and 352 b y 240 samples (b oth

result in the same total n um b er of samples p er second). It is an in termediate format b ecause

271



272 APPENDIX A. TEST SEQUENCES

it requires time resampling to go from Europ ean SIF to CIF, and space resampling to go from

American SIF to CIF. In practice, though, Europ ean SIF sequences are often used as if they

w ere CIF. Hence, in the list of test sequences in Section A.2, the image rate is alw a ys indicated,

if a v ailable. This inconsistency has v ery little impact on the p erformance of the algorithms

presen ted in this thesis, though.

Another inconsistency has to do with the relativ e sample lo cations b et w een luma and c hroma

samples. The de�nitions of CIF and QCIF in H.261 and H.263 [62, 63] sp ecify that c hroma

samples are lo cated in the middle of the corresp onding four luma samples in eac h 2 � 2 blo c k.

Ho w ev er, MPEG-4 [77] sp eci�es that c hroma samples are lo cated in the middle of the t w o

left luma samples in eac h 2 � 2 blo c k, whic h is compatible with the format sp eci�ed b y the

ITU-R Recommendation BT.601-2 [20 ]. Hence, in the list of Section A.2, sequences whic h

are o�cial MPEG-4 test sequences are indicated explicitly . Those sequences ha v e the ITU-R

Recommendation BT.601-2 p ositioning of samples, while the other sequences are b eliev ed to

ha v e the H.26x p ositioning of samples. Again, this small inconsistency has v ery little impact

on the p erformance of the algorithms presen ted in this thesis.

Some algorithms in the thesis, notably the segmen tation ones in Chapter 4, mak e use of the

R

0

G

0

B

0

255 color space, where all color comp onen ts ha v e the same n um b er of pixels (no subsam-

pling), and the samples of the three color comp onen ts ha v e the same lo cations. Con v ersion from

the Y

0

C

B

C

R

CIF and QCIF format to R

0

G

0

B

0

, with the same n um b er of samples as the luma

signal, has b een p erformed in t w o steps. In the �rst step, the c hroma signals ha v e b een upsam-

pled b y a factor of 2 horizon tally and v ertically through simple rep etition (sample-and-hold).

Then, the follo wing color space transformation has b een p erformed for eac h pixel:

R

0

255

=

�

596 � ( Y

0

� 16) + 817 � ( C

R

� 128)

�

== 9 ;

G

0

255

=

�

596 � ( Y

0

� 16) � 201 � ( C

B

� 128) � 416 � ( C

R

� 128)

�

== 9, and

B

0

255

=

�

596 � ( Y

0

� 16) + 1033 � ( C

B

� 128)

�

== 9 ;

where == 9 means rounded division b y 2

9

= 512. The calculations ha v e th us b een p erformed in

in teger arithmetic. The transformation w as tak en from [164 ], but an extra bit of precision w as

added.

A.1.1 Asp ect ratios

Sequences in the ITU-R Recommendation BT.601-2 format are obtained through sampling of

TV signals with a picture asp ect ratio of 4/3. The CIF and QCIF sequences are t ypically

obtained b y subsampling sequences in the ITU-R Recommendation BT.601-2 format. Hence,

the pro cedure for obtaining a CIF sequence from a ITU-R Recommendation BT.601-2 Europ ean

sequence is:

1. Drop the second �eld in eac h frame. The result is a 25 Hz sequence with 288 lines of 720

luma pixels and 360 c hroma pixels.

2. Subsample b oth the luma and c hroma signals b y a factor of t w o horizon tally (the �lters

for the c hroma signals are di�eren t according to the desired sample p ositioning: H.26x
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or MPEG-4). Eac h result image will th us ha v e 288 lines with 360 luma samples and 180

c hroma samples, corresp onding to an image area with 4/3 asp ect ratio.

3. Subsample the c hroma signal b y a factor of t w o v ertically . The resulting images th us ha v e

288 lines of 360 luma pixels and 144 lines of 180 luma pixels.

4. F or eac h luma line, drop the �rst and the last four pixels. Also drop the �rst and the last

t w o pixels of c hroma. The result will ha v e the CIF spatial format, though with a 25 Hz

image rate.

5. Resample the images in time to go from 25 Hz to 30 Hz.

The con v ersion to QCIF is usually p erformed from the CIF sequences and in v olv es only sub-

sampling.

Hence, it can b e easily concluded that the asp ect ratio of the CIF and QCIF pixels is

4

360

3

288

, whic h

is 16 = 15. Ho w ev er, some authors men tion a sligh tly di�eren t v alue of 128 = 117 (cf. 16 = 15 =

128 = 120), arguing that not all of the 720 samples, only 702, are view able in the 4/3 screen [168 ].

A.2 T est sequences

In this thesis the only formats used are CIF and QCIF, though with the n uances men tioned in

the previous section. Sequences ma y b e quali�ed b y the acron ym of their format, suc h as CIF

\Carphone" or QCIF \F oreman". When they app ear without an y quali�er, the format should

b e understo o d to b e CIF, unless it is clear from the con text that the format is QCIF. The

images in the sequences are n um b ered from zero, i.e., the �rst image is image 0. The sequences

used are describ ed b elo w (the �rst images of eac h sequence are sho wn in Figures A.1 and A.2).

The concept of class, de�ned in Chapter 4, is used in the descriptions:

\Carphone" (CIF and QCIF, 25 Hz, 382 images)

Videotelephon y sequence on a mobile, car moun ted device. The sequence exhibits camera

vibration and bac kground motion (the landscap e seen through windo ws). Most of the

time it is a class 4 sequence. [Shot b y Siemens, German y , for the CEC RA CE MA VT

pro ject.]

\Claire" (CIF and QCIF, 25 Hz, 494 images)

Videotelephon y sequence on a studio with a �xed and relativ ely uniform ligh t bac kground.

The bac kground, ho w ev er, is quite noisy , making it hard for motion estimation. It is a

t ypical class 1 sequence. [Shot b y CNET, F rance.]

\Coastguard" (CIF and QCIF, 25 Hz, 300 images, MPEG-4)

Outdo ors scene sho wing part of a riv er with t w o mo ving b oats and w ater mo v emen t, and

sho wing also the bank of the riv er.

1

It has sev eral panning camera mo v emen ts.

1

Images 277 and follo wing are corrupted, so \Coastguard" has really 277 images.



274 APPENDIX A. TEST SEQUENCES

\Flo w er Garden" (CIF only , 25 Hz, 125 images)

Camera tra v eling mo v emen t o v er a scene with a sloping garden and a ro w of houses. In

the �rst plane, though out of fo cus, the trunk of a tree.

\F oreman" (CIF and QCIF, 25 Hz, 300 images, MPEG-4)

Videotelephon y sequence on a mobile, hand-held device. Small panning camera mo v e-

men ts o ccur, together with some rotation of the camera around its lens axis. The �nal

part is a large panning mo v emen t in whic h the sp eak er disapp ears from the image. In

this last part the camera rotation mo v emen ts are more prominen t. Most of the time it is

a class 4 sequence. [Shot b y Siemens for the CEC RA CE MA VT pro ject.]

\Grandmother" (QCIF only , 25 Hz, 870 images)

Videotelephon y sequence with a �xed bac kground, con taining parts of a sofa and lea v es

of a plan t against an uniform w all.

\Miss America" (CIF and QCIF, 30 Hz, 150 images)

Videotelephon y sequence on a studio with a �xed and uniform dark bac kground.

2

It has

p o or con trast b et w een the bac kground and the sp eak er, notably b ecause of the dark hair.

It is a class 1 sequence.

\Mother and Daugh ter" (QCIF only , 25 Hz, 961 images)

Videotelephon y sequence with a �xed bac kground con taining parts of a sofa and a picture

against an uniform w all.

\Salesman" (CIF and QCIF, 30 Hz, 449 images)

Videotelephon y sequence in a home or o�ce en vironmen t with a �xed, highly non-uniform

and structured bac kground. The sp eak er sometimes nearly stops. It is a t ypical class 2

sequence.

\Stefan" (CIF and QCIF, 25 Hz, 300 images, MPEG-4)

Sp orts TV sequence with a tennis pla y er on a rather uniform tennis �eld and with tex-

tured public in the seats. The sequence has strong panning mo v emen ts and some zo om

mo v emen ts.

\T able T ennis" (CIF and QCIF, 25 Hz, 300 images, MPEG-4)

T elevision sequence of a table tennis game. It has t w o di�eren t shots with a clear sepa-

ration. The �rst shot has a clean zo om mo v emen t appro ximately b et w een images 20 and

107. The bac kground is �nely textured. [Shot b y CCETT, F rance.]

\T rev or" (CIF and QCIF, 25 Hz, 150 images)

Video conference sequence on studio with �xed but non-uniform bac kground.

3

It is divided

in t w o shots, the �rst merging through an a v erage image (image 59) to the second. The

�rst shot is a v ertically split t w o-view video conference scene in a studio, with sev eral

p ersons in eac h view. It has 59 images (0 to 58). The second shot (T rev or, one ma y

presume) is a t ypical head and shoulders scene with 90 images (60 to 149), whic h ma y b e

seen as videotelephonic. The second shot is class 2. In the text, only the second shot is

used. [Shot b y BTRL, UK.]

2

The CIF v ersion of \Miss America" has really 360 pixels p er line.

3

The CIF v ersion of \T rev or" is a v ailable only as part of the \VTPH" sequence, see b elo w.
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Additionally , there is a sequence called \VTPH" (created b y CSEL T, Italy) whic h w as edited

from \Claire", \Miss America", and \T rev or". It has 160 images (0 to 159), the �rst 80 coming

from the b eginning of \Claire" (with a temp oral subsampling of 3, so that only ev ery third

image are extracted, from 0 to 3 � 79), the next 51 (80 to 130) coming from the b eginning of

\Miss America" (also with a temp oral subsampling of 3),

4

and the last 29 (131 to 159) coming

from \T rev or", starting at image 60 (also with do wnsampling of 3, from 60 to 60 + 3 � 28). The

sequence is th us a conco ction whic h sim ulates a h yp othetical videotelephon y conference talk

shot at 10 Hz.

5

4

It should b e noticed that the \Miss America" part of the sequence su�ers from t w o problems, whic h in no

w a y in v alidate the results of the sim ulations. Firstly , the images are missing 12 lines at its top (corresp onding

to bac kground), and ha v e the same n um b er of lines of noise in the b ottom. Secondly , image 100 of the \VTPH"

sequence is a rep etition of image 99, i.e., images 19 and 20 of the \Miss America" shot are equal (b oth corresp ond

to image 57 in the original \Miss America" sequence).

5

Rigorously sp eaking, the \Claire" and \T rev or" parts are 25 = 3 Hz.
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(a) \Carphone" image 0.

(b) \Claire" image 0 (image 0 of

\VTPH").

(c) \Coastguard" image 0. (d) \Flo w er Garden" image 0.

(e) \F oreman" image 0. (f ) \Grandmother" image 0.

Figure A.1: The test sequences.
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(a) \Miss America" image 0 (image

80 of \VTPH").

(b) \Mother and Daugh ter" image 0.

(c) \Salesman" image 0. (d) \Stefan" image 0.

(e) \T able T ennis" image 0.

(f ) \T rev or" image 60 (image 131 of

\VTPH").

Figure A.2: The test sequences (con tin ued).
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App endix B

The F rames video co ding library

It has b e en often said that a p erson do es not r e-

al ly understand something until after te aching it

to some one else. A ctual ly a p erson do es not re-

ally understand something until after te aching it

to a computer ...

Donald E. Kn uth

The F rames library of ANSI-C functions w as dev elop ed to simplify the task of writing video

co ding and image pro cessing algorithms:

1. F rames is free, it is under the GPL (GNU General Public Licence) of the FSF (F ree

Soft w are F oundation);

2. F rames 's curren t v ersion is 3.2;

3. the F rames do cumen tation can b e found in [118 ], though the do cumen t re
ects v ersion 2

of the library; and

4. F rames will so on b e put in to an FTP (File T ransfer Proto col) site; for the time b eing copies

of F rames can b e ask ed from the author b y sending email to Manuel.Sequeira@iscte. pt .

F rames w as started in July 1992, and has b een ev olving ev er since. It had small but signi�can t

con tributions made b y Carlos Arede, Diogo Dias Cortez F erreira, P aulo Correia, and, sp ecially ,

P aulo Jorge Louren� co Nunes. The bug rep orts of man y users of the library w ere also a great

help.

The next sections brie
y describ e the F rames library .

279
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B.1 Library mo dules

This library is comp osed of sev eral mo dules, eac h of whic h de�nes data and functions with

related purp oses. A list of the corresp onding header (in terface) �les and a brief description of

eac h is giv en b elo w (the pre�x of functions, macros, t yp es and global v ariables is sho wn b et w een

braces). The mo dules are alw a ys describ ed through their header �les.

1. Basic header �les:

frames.h { includes all headers from the library , th us giving access to all its data struc-

tures, macros, and functions.

types.h { de�nes sev eral basic t yp es and macros; all other header �les include this one.

errors.h { f ERR g implemen ts consisten t error pro cessing across the library .

io.h { f IO g basic input/output functions (partially substitutes stdio.h ).

matrix.h { f M g de�nes (3D) matrix data t yp es and a w ealth of functions whic h op erate

with them.

mem.h { f MEM g memory allo cation mo dule.

sequence.h { f S g implemen ts data structures and functions for dealing with video se-

quence �les.

2. Main header �les:

arguments.h

{ f ARG g to ols for command line argumen t pro cessing.

bitstring.h

{ f BS g mo dule dealing with strings con taining only c haracters '0' and '1' , whic h

are in terpreted as n um b ers in binary represen tation.

buffer.h

{ f B g general bu�er to ols (curren tly de�nes a bit bu�er �le designed for bit-lev el

reading and writing).

chc.h

{ f CHC g to ols for Co op erativ e Hierarc hical Computation analysis of images [16].

colorspace.h

{ f CS g to ols for color space sp eci�cation and con v ersion.

contour.h

{ f C g to ols for con tours and partition matrices.

dct.h

{ f DCT g functions for calculating the DCT.

draw.h

{ f D g functions for dra wing on image matrices.

filters.h

{ f F g discrete 2D or 3D image �lters and op erators.
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fstring.h

{ f FS g mo dule de�ning a sp ecial t yp e of c haracter string, compatible with all ANSI-C

string functions, whic h can b e made to gro w automatically as needed when functions

from this pac k age are used.

getoptions.h

{ f GO g to ols for pro cessing command line argumen ts. It p erforms a similar function

to arguments.h , though it is simpler and easier to use.

graph.h

{ f G g to ols for pro cessing simple graphs.

heap.h

{ f HP g implemen tation of heaps, i.e., e�cien t hierarc hical (or priorit y) queues.

list.h

{ f L g implemen tation of simple lists.

machine.h

{ mac hine dep endencies �le (generated during installation).

mmorph.h

{ f MM g mathematical morphology op erators (but no w atersheds...).

motion.h

{ f MD g to ols for motion detection and estimation.

options.h

{ f OPT g functions to use together with arguments.h for command line option pro-

cessing.

parse.h

{ f P g a simple parser of option �les.

qsort.h

{ fast macros for sorting v ectors (faster than using the ANSI-C library function

qsort() ).

random.h

{ f RAND g pseudo-random n um b er generators.

select.h

{ fast macros for selecting the n th largest elemen t of a v ector.

spiral.h

{ f SP g functions dealing with spirals and distances in lattices.

spline.h

{ f SPL g functions for calculating the co e�cien ts of splines.

splitmerge.h

{ f SM g framew ork for segmen tation algorithms with a split phase and three merge

phases (see [33 ]).

string.h

{ functions w orking on strings whic h complemen t the ANSI-C libraries.

vlc.h

{ f VLC g to ols for VLCs.
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A brief description of the most imp ortan t mo dules (header �les) is giv en in the sections b elo w.

B.1.1 types.h

Digital images ha v e usually w ell de�ned sizes, in bits, for storing eac h color comp onen t of the

pixels. Being so, it is v ery imp ortan t for an image pro cessing library to de�ne appropriate t yp es

with �xed, mac hine indep enden t sizes. It is the main purp ose of this mo dule. It de�nes in teger

t yp es with 8, 16, and 32 bits, signed and unsigned. If the mac hine do es not supp ort suc h a set

of in tegers, the library will not compile. It also de�nes a b o olean t yp e whic h is missing in C.

F or reasons of consistency , this mo dule also de�nes 
oating p oin t t yp es, though with mac hine

dep enden t sizes and precisions. Sev eral general purp ose macros are also de�ned in this mo dule.

B.1.2 errors.h

Error conditions are dealt with in a consisten t w a y across this library . Usually functions where

a fatal error o ccurs return an error indication (in the form of a sp ecial return v alue) and store

information ab out the error in v ariables in ternal to the errors.h mo dule, the so-called error


ags. The user ma y then c hec k for errors and pro ceed appropriately , e.g. b y ab orting execution

and prin ting an error message. If macro DEBUG is de�ned in this mo dule at compile time, then

error messages are prin ted immediately as they o ccur. The same b eha vior can b e obtained using

the one of the mo dule functions. In an y of these cases, the program will b e said to b e in debug

state.

There are three classes of ev en ts: errors, w arning and diagnostic. Non fatal ev en ts (i.e., w arnings

and diagnostics), do not set the error 
ags. Messages are prin ted only if the program is in debug

state for the corresp onding class of ev en ts, otherwise nothing is done. There are functions for

c hanging the debug state of eac h of the ev en t classes. It is also p ossible to clear error conditions

and to ask for a string describing the curren t error.

B.1.3 io.h

This mo dule de�nes t yp es and functions whic h deal with basic input/output. It con tains basi-

cally substitutes for the ANSI-C stdio.h functions and t yp es. As with some of the functions

of mem.h , this w as done to pro vide consisten t error c hec king across the library . It also con tains

pro vision to attac h a debug output stream to an y giv en output stream. This allo ws prin ting

commands to prin t to the t w o streams. This ma y b e used to send to the terminal all the text

that is also prin ted in a giv en �le.
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B.1.4 mem.h

This mo dule pro vides the same functionalit y as the memory managemen t functions of ANSI-C,

though with error pro cessing consisten t with the rest of the pac k age (see Section B.1.2). It also

adds a few functions simplifying the task of dealing with 2D and 3D dynamic arra ys of an y

t yp e.

B.1.5 matrix.h

The matrix mo dule de�nes t yp es and functions dealing with matrices (3D arra ys of elemen ts

of the basic t yp es). Ev en though all matrices are really 3D, and hence organized in to planes,

lines, and columns, the user ma y use them as 2D matrices almost transparen tly . Matrices can

b e either temp orary or p ermanen t. The v alidit y of p ermanen t matrices is not a�ected b y an y

functions in this mo dule except for the memory freeing functions. T emp orary matrices are used

to store in termediate results of matrix op erations and are destro y ed immediately after b eing

used.

F or functions whic h require a matrix to store the op eration result, a n ull return matrix passed

as an argumen t will force the creation of a temp orary matrix. T emp orary matrices are freed

automatically when passed as op erands (and not as result matrices) of matrix functions (except

for output functions and except for self op erating functions). T emp orary matrices can b e set

p ermanen t and vice v ersa.

Aside from p ermanen t or temp orary , matrices can also b e categorized as:

1. sub-matrices vs. �rst-hand,

2. con tiguous vs. non-con tiguous,

3. static vs. dynamic,

4. restricted vs. full.

Sub-matrices are just lik e regular matrices except that the data they refer to b elongs to another

matrix. Sub-matrices can b e used to refer to part of matrix (e.g., only ev en lines) without

w orrying ab out indexing issues. Changing the original matrix will c hange corresp ondingly the

sub-matrix (since their data is the same), and vice v ersa.

Con tiguous matrices ha v e their planes and lines stored one after another in memory without

gaps. This means their data can b e accessed as a large v ector ha ving the same n um b er of

elemen ts as the matrix itself. Con tiguousness can considerably increase the sp eed of some

matrix functions. Usually sub-matrices are also non-con tiguous.

Regular matrices are dynamic, and are created b y functions of this mo dule. Ho w ev er, some

functions allo w y ou to \fo ol" the library b y masking an existing matrix so that it lo oks lik e a

library matrix. These matrices are named static b ecause their data is not freed b y functions of

the F rames pac k age.

Also, eac h matrix can b e in restricted mo de. In this mo de, the n um b er of planes, lines, and

columns of the matrix are set as if the matrix w ere smaller then its real size. This allo ws



284 APPENDIX B. THE FRAMES VIDEO CODING LIBRAR Y

functions to op erate on a small windo w of the real matrix without ha ving to use sp ecial functions

or w orrying ab out indexing issues. It also allo ws the remaining elemen ts of the matrix to b e

accessed using otherwise in v alid indices. Restricting is reen tran t and rev ersible: a matrix ma y

b e restricted an y n um b er of times and then unrestricted successiv ely .

This mo dule con tains a large n um b er of functions op erating on matrices. Sp ecial v ersions of

the functions are also usually a v ailable. F unction with names ending in S store the result in the

�rst op erand matrix, and th us do not ha v e a result argumen t. F unctions with names ending in

Sc use as second op erand a scalar v alue instead of a matrix. F unctions with names ending in

ScS use as second op erand a scalar v alue instead of a matrix and store the result in the �rst

op erand. F unctions with names ending in P w ork only on a 3D sub-matrix (for 2D matrices the

su�x R ma y b e used). Of course, com binations of P or R with S and Sc are p ossible.

B.1.6 sequence.h

This mo dule de�nes functions and t yp es whic h simplify reading and writing the �les corresp ond-

ing to sequences of images. A t presen t only the IST sequence format is supp orted (see [118 ]

for a description of the format). The reading and writing functions are capable of automatic

color space con v ersion. Supp ort for pixel asp ect ratios, di�eren t bits p er pixel formats, etc. is

pro vided. Images are read and written using matrices (see previous section). Use of 3D matrices

allo ws sev eral images to b e read or written at the same time.

B.1.7 contour.h

This mo dule deals with con tours and partitions. It con tains functions dealing with partition

matrices, con tour matrices, con tours, etc. F unctions for calculating the connected comp onen ts

of lab el images are also pro vided.

B.1.8 dct.h

This mo dule con tains functions for calculating the DCT and its in v erse. The functions w ere

built sp ecially for 2D DCTs o v er rectangular regions. The calculations are p erformed in in te-

ger arithmetic with a precision sp eci�ed b y the user. Pro vision for c hec king whether a giv en

precision complies with the IEEE (The Institute of Electrical and Electronics Engineers, INC.)

standard 1180-1990 is also included. Compliance with that standard is required b y most video

co ding standards.

B.1.9 filters.h

This mo dule con tains functions that �lter matrix images in sev eral w a ys. Essen tially t w o t yp es

of functions exist: those whic h op erate on isolated pixels (scalar �lters) and those whic h op er-
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ate o v er windo ws or neigh b orho o ds (windo w ed �lters). In general the size of the windo ws or

neigh b orho o ds is enco ded in the function name.

The fact that the v alue of a pixel dep ends on the v alues of a surrounding windo w p oses some

problems near the b orders of the images. By default, the functions adapt to this situation b y

reducing the n um b er of pixels a v ailable for calculation. When other solutions are used they

are explicitly enco ded in the function name b y means of a p ost�x. Curren tly , the only p ost�x

a v ailable is M , when the v alue of inexisten t pixels b ey ond the image b orders are obtained b y

re
ections of the existing pixels (mirror e�ect).

Tw o other p ost�xes exist (unrelated to windo wing e�ects near b orders, though): T and Tr . The

�rst is used when the �lter result is thresholded so that the output is either 1 or 0 according

to whether the result is larger than the threshold or not (the threshold is passed as the last

argumen t of the function). Tr is used when the �ltered result is calculated using truncation

instead of rounding (of course, this only mak e a di�erence for in teger matrices).

Y et another category of �lters exists: those whic h in terpret the images as b eing binary . F or

these functions a zero is a zero, an ything di�eren t from zero is seen as a one. Instead of b eing

pre�xed b y F these functions are pre�xed b y Fb .

With some exceptions, the functions in this mo dule are v ery similar to the ones of the matrix

mo dule. When an input matrix in temp orary , it is freed. When the output matrix do es not

exist, a temp orary matrix is created.

B.1.10 graph.h

This mo dule deals with simple graphs. It will so on b e extended to deal also with pseudographs.

It w as implemen ted so that:

1. user data is easily asso ciated with b oth v ertices and arcs;

2. v ertices and arcs ha v e an asso ciated lab el and w eigh t;

3. when certain op erations are done o v er a graph or one of its arcs or v ertices, appropriate

user functions (called ho oks) are in v ok ed;

1

and

4. ev en if it implies additional memory exp enditure and redundancy , the data structure

represen ting a graph is easily accessible in sev eral w a ys (there is a list of all arcs, a list of

all v ertices, and eac h v ertex con tains a list of its o wn arcs).

F unctions are a v ailable for inserting and remo ving v ertices and arcs to and from a graph, for

p erforming mergings and splits of v ertices, for coloring a graph, etc.

B.1.11 heap.h

Often image pro cessing tasks suc h as segmen tation, edge detection, and motion estimation,

require the minimization of cost functionals. Some of the optimization tec hniques whic h can b e

1

In a sense, this allo ws users to sub-class the graph data structure.
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used to solv e suc h a minimization problem require that one k eeps trac k of the elemen t of a set

ha ving the minim um v alue, where the set can v ary along the optimization.

This mo dule de�nes a data structure and functions whic h help to trac k v ery e�cien tly the

minim um v alue in a c hanging set of elemen ts, eac h with an asso ciated v alue. The mo dule is

v ery e�cien t pro vided that:

1. after eac h c hange in the set, the n um b er of eliminated elemen ts is small compared with

the cardinal n um b er of the set; and

2. eac h set c hange should a�ect the v alues of a small n um b er of set elemen ts;

where a set c hange means the total c hanges required so that the next iteration of the algorithm

can pro ceed, that is, all the c hanges un til the new minim um v alue in the set is required.

T rac king of minima is done b y asso ciating a heap tree structure to the user data structure

con taining the elemen ts from whic h the minim um is to b e found.

The heap trees de�ned in this mo dule are basically binary trees with N lea v es, where N is the

n um b er of elemen ts of the set from whic h the minim um is to b e trac k ed. Eac h no de, except

the lea v es, has t w o c hildren (branc hes). The lea v es store (as generic p oin ters) the user data

asso ciated to the elemen ts of the set. All other non-leaf no des, when the heap tree is arranged,

store the smallest of their c hildren's v alue. Hence, in an arranged heap tree, the ro ot no de

alw a ys stores the smallest v alue of the set. More ab out heaps (of a sligh tly di�eren t t yp e) can

b e found in [28 , 165].

B.1.12 motion.h

This mo dule deals with motion detection and estimation. The functions curren tly de�ned deal

only with blo c k matc hing motion estimation. Sev eral functions are a v ailable, allo wing for a

n um b er of v ariations of the basic blo c k matc hing algorithm. Pixel masks and lists of v alid

motions can b e pro vided to the functions. It is also p ossible to use short-circuited calculation

whic h considerably decreases running time. When t w o or more motion v ectors yield the same

minim um error, the full searc h functions in this mo dule are guaran teed to return the smallest

of those motion v ectors in terms of the usual Euclidean norm (but without pixel asp ect ratio

correction), except when a list of v alid motion v ectors is pro vided, in whic h case the �rst of

the motion v ectors in the list leading to the minim um error is selected. This allo ws n -step

algorithms, or ev en pixel asp ect ratio corrected Euclidean distances, to b e used.

B.1.13 splitmerge.h

This mo dule deals with RSST segmen tation algorithms, despite its name. The user con trols

the merging and splitting criteria and sc hedule, so the mo dule is fully con�gurable. It mak es

use of the graph.h and heap.h mo dules. The results of all RSST segmen tation algorithms in

Chapter 4 w ere obtained b y soft w are using this mo dule. F ull supp ort for 3D segmen tation is

pro vided.
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The user con�gures the segmen tation b y pro viding the data to segmen t, usually some images,

and b y pro viding p oin ts to ho ok functions to b e called in particular places of the algorithm.

Hence, the user can sp ecify what happ ens when t w o regions are merged or split, when an

adjacency arc is c hanged, whether to regions should b e merged or split, whic h regions should

b e merged �rst, etc. The mo dule also mak es an accoun ting of region areas (or v olumes) and

b order lengths (or areas) to whic h the user can refer whenev er necessary .

B.2 An example of use

Since this app endix only con tains a v ery brief description of the F rames library , an example of

use follo ws whic h can mak e the capabilities of the library more clear.
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An example of use of the F rames library:

/*

* Program: rsst

*

* Description:

* Segmentation as specified in the Vlachos and Constantinides

* paper (1993), but with an initial split phase (which can be

* eliminated). See my PhD thesis for details.

*

* Authors:

* Manuel Menezes de Sequeira, IST.

*

* History:

* Author: Date: Notes:

* MMS 1998/8/28 first release

*

* This file is part of the frames library: a library of C functions

* for video coding and image processing.

*

* Copyright (C) 1998 Manuel Menezes de Sequeira (IT, IST, ISCTE)

*

* This library is free software; you can redistribute it and/or

* modify it under the terms of the GNU Library General Public

* License as published by the Free Software Foundation; either

* version 2 of the License, or (at your option) any later version.

*

* This library is distributed in the hope that it will be useful,

* but WITHOUT ANY WARRANTY; without even the implied warranty of

* MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the GNU

* Library General Public License for more details.

*

* You should have received a copy of the GNU Library General Public

* License along with this library (see the file COPYING); if not,

* write to the Free Software Foundation, Inc., 675 Mass Ave,

* Cambridge, MA 02139, USA.

*/

#include <frames/splitmerge.h>

#include <frames/mem.h>

#include <frames/matrix.h>

#include <frames/sequence.h>

#include <frames/getoptions.h>

#include <frames/errors.h>

/* Global information about a segmentation: */

typedef struct f

Matrixub R, G, B; /* the image data (matrices of

unsigned bytes). */

ubyte maxDR; /* maximum region dynamic range. */

dword maxRegs; /* maximum final number of

regions. */

g segmentation;

/* Region data: */

typedef struct f

dfloat avgR, avgG, avgB; /* average of color components. */

ubyte minR, minG, minB; /* minimum of color components. */

ubyte maxR, maxG, maxB; /* maximum of color components. */

g region;

/* Border data (actually, set of borders to the same adjacent

region): */

typedef struct f

dfloat errContr; /* contribution of border elimination

(region merging) to global

error. */

g border;

/* When a new region is created: */

static void *newRegion(SMregion *smreg, SMpartition *part)

f

segmentation *seg = part->data; /* get segmentation

information. */

SMpppd p = *smreg->pppds; /* to get rectangular region size. */

region *reg; /* pointer to new region. */

reg = MEMalloc(sizeof(region)); /* create new region. */

/* Calculate average of color components in region: */

reg->avgR = MsumubP(seg->R, p.p, p.l, p.c, p.np, p.nl, p.nc) /

smreg->size;

reg->avgG = MsumubP(seg->G, p.p, p.l, p.c, p.np, p.nl, p.nc) /

smreg->size;

reg->avgB = MsumubP(seg->B, p.p, p.l, p.c, p.np, p.nl, p.nc) /

smreg->size;

/* Calculate dynamic range of color components in region: */

reg->maxR = MsmaxubP(seg->R, p.p, p.l, p.c, p.np, p.nl, p.nc);

reg->minR = MsminubP(seg->R, p.p, p.l, p.c, p.np, p.nl, p.nc);

reg->maxG = MsmaxubP(seg->G, p.p, p.l, p.c, p.np, p.nl, p.nc);

reg->minG = MsminubP(seg->G, p.p, p.l, p.c, p.np, p.nl, p.nc);

reg->maxB = MsmaxubP(seg->B, p.p, p.l, p.c, p.np, p.nl, p.nc);

reg->minB = MsminubP(seg->B, p.p, p.l, p.c, p.np, p.nl, p.nc);

return reg;

g

/* When a region is freed: */

static boolean freeRegion(SMregion *smreg, SMpartition *part)

f

MEMfree(smreg->data);

return ok;

g

/* When a new border is created: */

static void *newBorder(SMadjacency *smadj,

SMregion *smreg1, SMregion *smreg2,

SMpartition *part)

f

region *reg1 = smreg1->data; /* get first region data. */

region *reg2 = smreg2->data; /* get second region data. */

border *bord; /* pointer to new adjacency. */

bord = MEMalloc(sizeof(border)); /* create new border. */

/* Calculate contribution to global error: */

bord->errContr = (sqr(reg1->avgR - reg2->avgR) +

sqr(reg1->avgG - reg2->avgG) +

sqr(reg1->avgB - reg2->avgB)) *

smreg1->size * smreg2->size / (smreg1->size + smreg2->size);

return bord;

g

/* When a border is freed: */

static boolean freeBorder(SMadjacency *smadj, SMpartition *part)

f

MEMfree(smadj->data);

return ok;

g
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/* When two regions are merged: */

static boolean mergeRegions(SMregion *smreg1, SMregion *smreg2,

SMadjacency *smadj,

boolean bysize, SMpartition *part)

f

region *reg1 = smreg1->data; /* get first region data. */

region *reg2 = smreg2->data; /* get second region data. */

/* Calculate the color component averages for the merged

regions and store them in the first region (reg1), which is

the one remaining after the merge (reg2 is freed

eventually): */

reg1->avgR = (smreg1->size * reg1->avgR +

smreg2->size * reg2->avgR) /

(smreg1->size + smreg2->size);

reg1->avgG = (smreg1->size * reg1->avgG +

smreg2->size * reg2->avgG) /

(smreg1->size + smreg2->size);

reg1->avgB = (smreg1->size * reg1->avgB +

smreg2->size * reg2->avgB) /

(smreg1->size + smreg2->size);

return ok;

g

/* When a border needs recalculation (one of the corresponding

regions changed): */

static boolean recalculateBorder(SMadjacency *smadj,

SMregion *smreg1, SMregion *smreg2,

SMpartition *part)

f

region *reg1 = smreg1->data; /* get first region data. */

region *reg2 = smreg2->data; /* get second region data. */

border *bord = smadj->data; /* get border data. */

/* Calculate contribution to global error: */

bord->errContr = (sqr(reg1->avgR - reg2->avgR) +

sqr(reg1->avgG - reg2->avgG) +

sqr(reg1->avgB - reg2->avgB)) *

smreg1->size * smreg2->size / (smreg1->size + smreg2->size);

return ok;

g

/* Decide whether to split a rectangular region: */

static boolean shouldSplit(SMregion *smreg, SMpartition *part)

f

segmentation *seg = part->data; /* get segmentation

information. */

region *reg = smreg->data; /* get region data. */

/* Should split only if the dynamic range of some component

exceeds the maximum allowable: */

return ((reg->maxR - reg->minR > seg->maxDR) ||

(reg->maxG - reg->minG > seg->maxDR) ||

(reg->maxB - reg->minB > seg->maxDR));

g

/* Verify whether a border should be eliminated before another: */

static boolean eliminateBefore(void *smadj1v, void *smadj2v,

void *dummy)

f

border *bord1 =

((SMadjacency*)smadj1v)->data; /* get first border data. */

border *bord2 =

((SMadjacency*)smadj2v)->data; /* get second border data. */

/* The first border should be eliminated before the second only

if its contribution to the global error is smaller: */

return bord1->errContr < bord2->errContr;

g

/* Decide whether two regions should be merged together: */

static boolean shouldMerge(SMadjacency *smadj, SMsize nregs,

SMmergePhase phase, SMpartition *part)

f

/* Get segmentation information: */

segmentation *seg = part->data;

switch(phase) f

case SMbyThresh:

case SMbySize:

/* The RSST segmentation algorithm of Vlachos and

Constantinides has only one merge phase: */

return false;

case SMbyNumber:

/* Merge if the number of regions is larger than the

allowable maximum: */

return nregs > seg->maxRegs;

g

g

/* For segmenting an image: */

static

boolean segmentImage(Matrixdw labels, /* output partition. */

/* input image matrices: */

Matrixub R, Matrixub G, Matrixub B,

ubyte maxDR, /* maximum dynamic range. */

dword maxRegs, /* maximum number regions. */

dword blockSize) /* initial split block size. */

f

/* The partition used by the split and merge module functions: */

SMpartition *p;

/* Pointer to new segmentation information. */

segmentation *seg;

/* Create new segmentation: */

seg = MEMalloc(sizeof(segmentation));

/* Store image data: */

seg->R = R;

seg->G = G;

seg->B = B;

/* Store information for split and merge criteria: */

seg->maxDR = maxDR;

seg->maxRegs = maxRegs;

/* Initialize segmentation by performing split. The hook

functions are passed to customize the algorithm: */

p = SMsplit(R->npla, R->nlin, R->ncol, blockSize,

no, /* borders are not 3D. */

/* hook functions (user functions): */

eliminateBefore, /* border ordering in merge by

threshold and merge by number (in

this case only the latter phase

is used). */

NULL, /* border ordering in the merge by

size phase (not used). */

newRegion, newBorder, /* new regions and borders. */

freeRegion, freeBorder, /* real frees. */

freeRegion, freeBorder, /* simple removals. */

recalculateBorder, /* recalculating a border. */

mergeRegions, /* region merging. */

NULL, /* border merging (not used). */

NULL, /* broken border (not used). */

shouldSplit, shouldMerge, /* split and merge

criteria. */

NULL, NULL, /* printing regions (not used). */

NULL, /* labeling regions (not used). */

seg, /* our segmentation information. */

NULL); /* report (not used). */

/* Perform the merge steps: */

while(SMmergeStep(p) != SMnoMerge)

continue;

/* Fill partition matrix with the attained partition: */

SMlabel(labels,

NULL, /* no number of regions necessary*/

p,

1); /* same resolution as input image. */

SMfree(p); /* free partition. */

MEMfree(seg); /* free segmentation information. */

return ok;

g
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/* Configuration variables for the segmentation: */

static ubyte maxDR; /* maximum dynamic range. */

static dword maxRegs; /* maximum number of regions. */

static dword blockSize; /* initial split block size. */

/* Configuration variables for reading the sequence: */

static char *path; /* where to read sequences from. */

static char *opath; /* where to write files to. */

static dword first, period, total;/* images: first, period, total. */

/* For segmenting a sequence using the configuration above: */

void segmentSequence(char *partitionName, char *sequenceName)

f

Sfile in; /* input image sequence. */

IOfile out; /* output partition file. */

dword n, last; /* image counter, last plus one. */

Matrixub R, G, B; /* input image matrices. */

Matrixdw labels; /* output partition matrix. */

/* Open input image sequence: */

if((in = SopenFile(path, sequenceName)) == NULL)

exit(EXIT_FAILURE);

/* Create input image matrices: */

if(!ScreateRGBBuffers(in, &R, &G, &B))

exit(EXIT_FAILURE);

/* Create output partition file: */

if((out = IOcreatePath(opath, partitionName)) == NULL)

exit(EXIT_FAILURE);

/* Create output partition matrix: */

if((labels = Mcreate2Ddw(R->nlin, R->ncol)) == NULL)

exit(EXIT_FAILURE);

last = first + (total == 0 ? in->pages : total) * period;

/* Cycle images: */

for(n = first;

n < last && Sseek(in, n) && SreadRGB(in, R, G, B) == 1;

n += period) f

/* Segment current image (n): */

segmentImage(labels, R, G, B, maxDR, maxRegs, blockSize);

/* Write partition matrix to partition file: */

Mwritedw(out, labels);

g

SfreeBuffers(R, G, B); /* free input image matrices. */

Mfreedw(labels); /* free output partition matrix. */

Sclose(in); /* close input image sequence. */

IOclose(out); /* close output partition file. */

g

/* Main program: */

int main(int argc, char **argv)

f

GOoptions *options; /* for reading command line. */

/* Enumeration of command line options: */

enum f DYNRANGE, REGIONS, BLOCKSIZE,

HELP, ENV, DEF, PATH, OPATH, FIRST, PERIOD, TOTAL g ;

/* Table of command line options definitions: */

char *table[][GO_MAX_SYNONYM] = f

/* Segmentation options: */

f "-mdr", "--maxdynrange", "&12", /* default is 12. */

"%argument is maximum dynamic range." g ,

f "-mr", "--maxregions", "&10", /* default is 10. */

"%argument is maximum number of regions." g ,

f "-bs", "--blocksize", "&16", /* default 16x16. */

"%argument is initial split block size." g ,

/* Help options: */

f "-h", "--help", "%shows help and finishes." g ,

f "--env", "%show environment variables in help." g ,

f "--def", "%show default values in help." g ,

/* Sequence reading options: */

f "-p", "--path", "FRAMESPATH",

"%argument specifies where to search for sequences." g ,

f "-op", "--outputpath", "FRAMESOPATH",

"%argument specifies where to write created sequences." g ,

f "-f", "--first", "&0",

"%argument is the first image to read." g ,

f "-i", "--increment", "&1",

"%argument is the time period of read images." g ,

f "-t", "--total", "&0",

"%argument is the total of images to read (0 means all)." g ,

g ;

/* Number of command line options: */

dword n = sizeof(table) / sizeof(table[0]);

/* Help information: */

GOhelp help = f

"rsst",

"segments a sequence according to the Vlachos and

"Constantinides paper (1993), but with an initial split"

"phase.",

"1.0",

"August 1998",

"Manuel Menezes de Sequeira",

"1998 IT/IST/ISCTE",

"[options] partition sequence"

g ;

boolean showEnv = no, showDef = no;

char *partition = NULL;

char *sequence = NULL;

dword totalArgs = 0;

/* Initialize option interpreter: */

if((options = GOnew(table, n, argv, help)) == NULL)

return EXIT_SUCCESS;

/* Interpret options and arguments: */

forever f

switch(GOnext(options)) f

/* Segmentation options: */

case DYNRANGE:

maxDR = atoi(GOgetParameter(options));

break;

case REGIONS:

maxRegs = atol(GOgetParameter(options));

break;

case BLOCKSIZE:

blockSize = atol(GOgetParameter(options));

break;

/* Interpretation events: */

case GOargument:

totalArgs++;

if(partition == NULL)

partition = GOgetArgument(options);

else

sequence = GOgetArgument(options);

break;

case GOend:

if(totalArgs == 2) f

segmentSequence(partition, sequence);

return EXIT_SUCCESS;

g

ERRprint("Must suply two arguments! (-h for help)");

return EXIT_FAILURE;

case GOinvalid:

ERRprint("Invalid option! (-h for help)");

return EXIT_FAILURE;

/* Sequence options: */

case HELP:

GOshowHelp(options, showDef, showEnv);

return EXIT_SUCCESS;

case ENV:

showEnv = yes;

break;

case DEF:

showDef = yes;

break;

case PATH:

path = GOgetParameter(options);

break;

case OPATH:

opath = GOgetParameter(options);

break;

case FIRST:

first = atol(GOgetParameter(options));

break;

case PERIOD:

period = atol(GOgetParameter(options));

break;

case TOTAL:

total = atol(GOgetParameter(options));

break;

g

g

return EXIT_SUCCESS;

g
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